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8 Oo ME account of the following work. alt 
of che motive which induced me to pu- 
bu it, will perhaps be expected by the reader. 
1 am perfectly diſpoſed to gratify this reaſon- 


able expectation; and the more ſo, as an at- 


tempt, which propoſes great innovations in the 


long eftabliſhed ſyſtem, mies an apology. 


. 9 
My Wear intention was not to include the 
Firſt Elements of Geometry, It then appeared 


to me, chat the Elements of Euelid might con- 


tinue to ſerve the purpoſe which they had done 
for many ages. My deſign was only to build 
upon the foundation which that illuſtrious au 
thor had laid, and, under the ſeveral heads of 
Conic Sections, Men/uration, and Spherics, to 
complete a ſyſtem of Geometry for the inſtrue- 

. non 


, 
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1 tide of youth. The expediency and utility of 15 
'Y ſuch a work would, I thought, have occurred to 
every, teacher. I even en wonder that it 
bac not been attempted, Though r are 
many :excellert performances in our own lan- 
guage, on every branch of mathematical ſcience, 
yet the high price which books of ſcience com- 
monly bear, renders the purchaſe. of them too 
4 5 10109253, 1M, 2 ; 
"In the execution of tröfk, F Had wan, 
cim culties to encotfatee. * As L propoſed to eſtal 
bliſh it entirely pda geometrical principles, i 
could derive no aſſiſtance ffom: ſome of (the beſt 
autllbrs on the ſubjrcts I tteat Ho have intro- 
duced: both Algebrazand-Fluxions/ifito their de- 
monſtrations. Beſides, the conciſe, plan which 

1 meant to follow; rendered the works of on 
thers, where, diffuſe, of liitle advantage to me. 


* | 1 had, therefore, many new Hemontrations to 
4 ; inveſtigare;» But the greateſt difficulty aroſe 
1 from the narrowneſs of the baſis oh which'f 
8 had to build. In the preſent advanced ſtate of 
3 Geometry, there re many ulefel Theorems, 


IF | Which, though: not in Euclid; ure conſidered by 
I. molt Gebmeéters 48 "Utmentary *propoſitions. 
. age... Theſe 


* 
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* 1 # Tbete could not admit, without-proaf B. and. 
| to demonſtrate them, I muſt either have incum- 
bered the demonſtrations of almoſt every pro- 
poſition, or have interſperſed the work with! 
Lemmas. Both of theſe methods appeared to . 
me. equally unſyſtematical andi inelegam. Ta 
begin, therefore, from the very faundation, 
ſeemed the beſt method to communicate con 
* and order to the ſyſtem L en 
form. nenden. 9 
4 e e . or- St 205 n 
The + ge of Fucld bave continued fot 
two thouſund years to hold poſſeſſion of the 
Schools: This fingular fact, and the bad ſuc- 
ceſs of tue attempts that have been made 10 
ſupplant them, have been reckoned cohvineing 
proofs of their ſuperior excellence. But theſe 
attempts may alſo ſerve to ſupport what I ſug- 
geſted above, that, eonſidering the improved tate 
ö of mathematics,” Enclid's Geometry is how in- 
5 adequate and deftctive, as an elementary Work. 
[ The bad facegſs bf new elements may be owing 
partly to the prejudice Which ſtrongly prevails 
in favout of Euelid, and which ſerves to eoun- 
terbalance the merit of improvements; but 
_ to the peculiar objections to which their 
1 imper- 


« 
| v 
$5 -* 


by Euclid, diſcovers, great penetration and ſa- 


1 R R K ACE 


imperfoctions ſeem to he liable. If, heſides, at be * 
conſidered, that the moſt exceptionable part of 
the ancient Elements, is that in which ſucceeding 
writers have moſt failed, it will not appear ſur- 
priſing that Euclid's name ſhould have n 


5 ed over partial 1 improvements. 2 er 


IT een AE 79 
The doctrine of. Proportion i is 3 the 
moſt; important in mathematics, and, as treated 


gacity. la, order to include incommenſurables, 


he aſſumes, i in his definition, « a 1 property 
of , proportionals, very remote wt common 

| Ji , 
apprebenſion. F On this Property, be "builds a 


47 * 


very ingenious and <qwprehenfive theory ; ; yet 


not with: all that clearnels and ſolidity for which 


Nos * a+ AI 


1 che reſt, « of his Elements is ſo remarkable, In- 


itt 
* 76 


ceed, his 2725 of eating this difficult and 
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almoſt yningelligible t to the learner. It was 


os uh | 01 P fn t — 


defire to .rendler this 1 intricate an] 1 ulefyl « dodrine 
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br 
abſtra bye, 1 10 . be as to render it 
Of ſuby N 


more ſi * mple and intelligible, lieh determined 


i 


me, ig atrempt.a new r of. Proportion, and 
to introduce a new yſtem of the Elements of 
Seger as the fi firſt daß of my, Y work, .. ct 
7151; 0 of grote zz boxacias oy What 2 
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. Wust I offer tothe Fublte, on the! ſubject of 
Proportion: will, I trull, fufficietitly evince that 
my labourd habe not been altogeitier ünfuceew:⸗ 
ful. Aud che approbation With which/ they | 
have been honoured by men of "diſtinguiſhed 
abilities in mathematical reſearches, gives me 
ground to hope that they may be uſeful. The 
principle I have aſſumęd is the moſt gpl and 
obvious! and the theory have founded rr 

it; is not leſs general. than that of Euclid A 
As to the plan 1 have followed in "he ai | 
the Elements, „nate conſtantly kept if view the 
celebrated Ancient. Indeed, I have nev never de- 
| ugh 1 | could Sire mort 1 


t 


" n 


tary ee Ea 4107 
is ſo much ahridged, as to reager ae Dh: of - 
it a a taſk of one leſs labour and difficulty.” 


s 4 po THETA hne 31 7 1 3} ** 


ak aware "+ to an ob objection, ariſing from the 
coneiſeneſs of this volt” It will be faid, per- 
haps, that 1123 


many fopolitions are leſt undethon- 


ſtrated, and annexed as corollaries to others, 
while 
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while | Gabis depetdkinsebe Weſe War alivious 
to a beginner. But I have to abſerve, that ſuck 


\ 


wy, 


propoſitions ſerve to ſharpen the genius and to 
exerciſe the invention, of youth; and that, con- 


ſidering how much they are acruſtomed to ex · 
ereiſes of memory in theifirſt-biranthes of edu; 
cation, it ĩs of the utmoſl importance to engage 
them now to exert the powers of the under: 
ſtanding. This exertion cannat be effected by 
long formal demonſtrations. Maay ſtudents 
eſtimate the diffieulty of rheis taſk by its length; 
they wiſh to continue to lay the Hurden on their 
memory; and they imagine, that'to rpent is 
the ſame” thing as to comprehendl hat they 
may be induced; therefore, to: apply all the 
powers'iof reaſon, and may reap the moſt: ad- 
vantage from ſuch application, I have thought 
it requiſite, not only to make the: ſtyle of de. 
monſtratiom imple and conciſe, hut alſo to leave 
fuch propoſitions, as eaſily follow from thoſe 
that are demonſtrated, without further evidence 
of their truth: For, if the evidence ariſing from 
thence be explained,” when neceffary; by the 
teacher, they will be much-ſooner apprebended 
than in the methed of formal demonſtration. 


To illuſtrate this remark, ſuppoſe the learner 
perfectly 


0 


9 


: PREFACE ix 
ertediy maſter of ihe Fourth n of 


* N arm that he, will 
L. . N. f. the truth of the fol- 


eee 7 by dedueing it from thence, 
and imagining the triangles to be iſoſceles, than 
by the long aud, intricate, demonſtration, of Eu- 
clid. I would not, however, be underſtood to 
inſinuate that equal advantage will be gained in 
every inſtance. in which have conyerted into 
corollaries the Fropoſitions which Euclid. has 
demonſtrated.” 1 only 'preſume to 3 from 
his aud Of r inſtances Fhjch wight be. addu- 
ed, that the d k. Jas purſued, inſtead of 
being incumbertd With diffleülties, as Euelid's 
admirers| will be apt to alledge, will — much 


to facilitate rational and uſeful pr rogreſs 
Fiemeiſtd och Jo aof öh ils e e 
9 884 As 4 of batoqqut Ma u 39ioQ womb 
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In the Sixth Book, whichqtreats of ſolids, L 


Have. omitted, dhe, propoſitians keſpeckint «the 
meaſuring. of aþe phere.gnhigſt becauſe: they are 
demonſtrated, in the Third Book of Meatuta- 


tion, in a manner, -BMgomiiſtent perkups(wvith 


the ancient ſtricneſs of Geometry, bur equally 
convincing ; and with much more evitiſthefs, 
ny a ' regard to that ſtrictneſs, which I have 

Me” always 


: 


# qouuass>., 


always endeavoured to” ralive/ ia the "Us. © 


ments, would#hayer admitzed; and, ſecondly; | 
becauſe' I would refer the young proficient in 
Geometry to Archim zedes's Treatiſe on the 
Sphere and Cylader, where, is the fimple and 
accurate, though prolix method, of Ancient de- 
monftration, his mind will trace with peculiar 
pleaſure the very ſteps by which that illuſtrious 
philoſopher r . at cheſe en diſco 
veries.” 43 1 n Hor 2/7 * * £0 . 
| ne.. L hase $A | 
to adopt the arrangement which is moſt 

— not that which is commonly: obſer- 
ved in teaching ; "becauſe "the latter may be va- 
ried, while the former, remaining the ſame, 
tends to give clear and diſtiner views of the ſe- 
| veral ſubjects. * haye alſo interſperſed a, great 
variety of Problems and Theorems, which, tho 
intended for exerci ſes to the learner, are not un- 
wortlry the notice of thoſe who- are farther ad- 

. — We EPS: in . e ſpe- 


1 


» 4: 


5 + 6 * * * N * fo 


0 Ek OM E T R V. 


7 166385 4 | ; 
„ o 0K * 


or es 


E OME TRV is the ſcience in which the 
properties and relations of thoſe quantities 


which have extenſion, called [TINTING are inveſti- 


gated. 

Extenſion is diſtinguiſhed into oY waks, 
and thickneſs, 

2. A line is that which has only length. The 
bounds or extremes of a line are points. 

3. A ſurface-is that which has only length 2 
breadth. ; 

The bounds of a ſurface are lines. 


A 4. A 


| & 
1 

| 7 
| 
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4. A right or ſtraight line is that which _ 


where tends the ſame way. 


5. A plane ſurface is that in which any t two e 
being taken, che ſtraight line that joins them lies | 


- wholly in that ſurface. 
6. The opening between two Araight lines which 
meet in the ſame point, 1s called an angle. _ 


1 7. When one ſtraight line, ſtanding upon another, 


makes the adjacent angles equal, each of them is 


þ | called a right angle, and the former line is ſaid to be 


perpendicular to the latter. 
. An acute angle is that which is leſs than a right 
angle. 

9. An obtuſe angle | is * which is e than a 
right angle. 


10. The diſtance of two points is the ſtraight line 


joining them. And the diſtance of a point from a 


ſtraight line is a perpendicular drawn to the Ane 


from that point. 
11. Parallel ſtraight Unes are ſuch as hs in the 


ſame plane, and, though produced to any length both 
ways, do not meet. 

12. A figure is a bounded ſpace. When i i is a 
ſurface, it is called a plane figure. 

13. A plane rectilineal figure is that which is 
ace by ſtraight lines. 

14. Every plane figure, bounded by three "OY 
lines, is called a triangle, of which the three ſtraight 

_ lines 


it 
it 
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lines re the fides. That fide upon which the triangle 
is conceived to ſtand, is named the anc and the. ” 
poſite angular point the vertex.” 

15. An iſoſceles triangle i is _ which has two ſides 
equal. 

16. An equilateral triangle is that which has all 
its tides equal. 

6 9 right angled triangle is that which has a 
right angle. The ſide oppoſite t to the right angle is 
called the hypothenuſe. 

18. An obtuſe angled triangle is that which has an 
obtuſe angle. 

19. Every plane figure, bounded by four Qraight 
lines, is called a quadrangle or quadrilateral, of 
which the ſtraight line Jounhg two W ns is 
called a diagonal. 

20, A parallelogram is a quadrilateral, of net 
the oppoſite ſides are parallel. 

21. A rectangle is a e which has all its 
angles right. | 

22. A rhombus is a parallelogram which has all 
its ſides equal. 

23. A ſquare is a parallelogram which has all its 
ſides equal, and all its angles right. | 

24. Every plane figure, bounded by more than 
four ſtraight lines, is called a polygon. 

2 5. Acircle i nh, plane figure bounded by one line, 

called the circumference, which is ſuch, that all 


| ſtraight 


3 | B'LEMENTS, BooxlL 
* Araight lines drawn. to it, from a certain point with- 
in, the figure, called the center, are equal; and theſe 
ſtraight lines are named the radit of the circle, 


POSTULATES, 


1. Let it be granted, that, from any given point, to 
any other given point, a ſtraight line may be drawn. 
2. That a terminated ſtraight line may be produ- 
ced to any length, : | | 

3. That a circle may be deſcribed about any center 
at 1 diitance from that center. 
4. And that any magnitude, however ſmall, may 


be e lo as to exceed a given magnitude of 
the ſame kind, 


XI O M s. 


1. Thoſe magnitudes which, if applied to one ano- 
ther, would coincide, or exact fill the ſame ſpace, 
are equal. 


2. Things that are equal to > the ſame are * to 
one another. 

3. If equals de added to equals, the 8 are 
equal; and, if equals be taken from equals, the re- 
mainders are equal. 


4. If 


re- 


4 
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4. If equals be added to unequals, or taken from 
them, the ſums, or remainders, will ſtill be _ 
and have the ſame difference. - | 

5. The doubles, or halves of equal things, are e- 


qual. 


6. Every e is greater than its part, and equal 
to all its parts taken together. 


7. From any one point, to any other point, more 


| than one ſtraight line cannot be drawn. 


8. All right angles are equal to one another. 

9. A ſtraight line cannot firſt come nearer to a 
ſtraight line, and then go farther from it, without 
cutting it; nor can a ſtraight line firſt recede from 


another, and then come nearer to it. 


PROPOSITION 


"I. 4 
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mornmamnen 1. Fe er n 


Upon à given firaight line to deſeribe an Sar nh 


triangle. 


ET AB be the given ſtraight line, upon which 
it is required to deſcribe an equilateral triangle. 


About the centers A, B, with the ſame radius AB, 
5 let the circles BCD and Ack be deſcribed * ; and, 
from the point C, where they interſect, let the Qraight 


lines CA, CB, be drawn to the points A, BY » then 
ABC1 is an equilateral triangle. 


For AC is equal to AB ©, becauſe they are radii of 


the ſame circle; BC is equal to AB for the ſame 
| reaſon ; and, by conſequence, AC is equal to BC *. 


PROP. Il, PR OB. 


From a given point to draw a ſtraight line equal to 4 
given ſtraight line. 


Let A be the given point, and BC the given 
ſtraight line; it is required to draw from A a 
ſtraight line equal to BC. Let the ſtraight line AR 
be drawn *, and the equilateral triangle ADB deſcri- 
bed 


ed upon it. About the center B, with the radius 
BC, let the circle CEF be deſcribed e, interſecting DB * poſt. 3. 
produced in Ee. And about the center D, with the *poſt- 2+ 2 
radius DE, let the circle EGH be deſcribed, inter- 

ſetting DA produced in G. Then AG is a ſtraight 

line drawn. from A equal to BC. For, the ſtraight 
lines DG, DE are equal, becauſe they are radii of the def. 25. 
ſame circle, and DA, DB parts of theſe are equal, 
becauſe they are ſides of an equilateral triangle; there- 

fore the remainder AG is equal to the remainder BE“. f ax, 4. 
But BC is likewiſe equal to BE ; for BC; BE are | 

radii of the circle CEF ; nen AG is oye 


o BC. K e bar, 2. 


1 


e 
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rom the greater of two given Araight lines to cut 1 
part equal to the leſs. | a 


Let AB and C be the two given ſtraight lines, of Fig. 3. 
rhich AB is the greater; it is required to cut off 
om AB a part equal to C. From the point A let 
ere be drawn the ſtraight line AD equal to C., prop. 2. 
ad about the center A, with the radius AD, let the 4 


wen g 
A's ircle DEF be deſcribed, interſecting AB in E: 
an Ihen AE is a part cut off from AB, equal to C. 


For 


Fig. 4. 
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tion 3 therefore AE is equal to C*. 


Af #wo * FOR lev Mile 4460 one jen 006 


"DF *. At the ſame time, the point B would fall up- 


For AE: is equal to AD, becauſe they are radii of 
the ſame circle; and C is equal to AD by conltruc-: 


Roo + THE OR Ed :: 


© fades of the other, each to each, and have likewiſe the 


| angles contained by theſe fides equal, ge 


in __ a> ral 


12 ABC, DEF be two triangles, having the fide 
AB equal to DE, AC equal to DF, and the angle 
BAC equal to DEF ; then ſhall the remaining ſides 
BC, EF be equal, and the angles ſubtended by equal 
ſides equal, viz. ABC to DEF, and ACB to DFE ; 
and the whole triangle ABC mall be en the 
whole triangle DEF. 

For, ſince the angles BAC, EDF are equal, if they 
were applied to one another they would coincide ; 
the ſide AB would fall upon DE, and AC upon 


on E, becauſe AB is equal to DE; and the point C 
upon F, becauſe AC is equal to DF*. Conſequently 
the ſtraight line BC would coincide with EF *, the 
angle ABC with DEF, the angle ACB with DE, 
and the whole triangle ABC with the whole triangle 
DEF) 


4 
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DEF. (And therefore the triangles muſt be qual in 4 5 4 


n. 41 Lee 

' /CoroLLARY. If two ſides of damage be ee ; 
the angles oppoſite to them are | 
 P R OP. V. HES itoq4o 


If twa triangles have two angles of the one equal to two 
angles of the other, each to each, and have likewiſe 
the fides between "_ ow "—_ OY AY be _ | 


in N 8 | 


Let ABC, DEF b be two triangles, having the angle Fig 4. 
ABC equal to DEF, the angle ACB equal to DFE, 
and the ſide BC equal to EF; then ſhall the remain- 
ing angle BAC be equal to the remaining angle 
1 and the ſides ſubtending equal angles equal; 

. AB to DE, and AC to Dr, and the whole. 
3 ABC ſhall be equal to the e ny 
DEF. 

For, ſince the ſides BC, EF are Sons if * 
were applied to one another they would coincide . ak. 1. 
And, at the ſame time, tlie triangle ABC being ap/ = 
plied to DEF, the fide AB would fall upon DE *;/ 
becauſe the angle ABC is equal to DEF, and the ſide 
AC upon DF, becauſe the angle AB is equal to 
DFE, Therefore the point A, where AB and AC” | 

B meet, 


4 
% f 
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4 1 6 And thus the fide AB 


* 


a would coincide with DE, the ſide AC with DF, the 


angle BAC with EDF, and the whole triangle ABC 
with the whole triangle DEF, Conſequently theſe. 


triangles are equal in every reſpect. 1 
Cog. If two angles of a triangle be equal, the iden 
oppoſite to them Fe: equal, | 


# © 
Lg 


PROP. M. TE OR. 


If tzwo triangles have the three Ader of the one equal to 4he 
three ſides of the other, each to each, they * be e- 
ny in every *. oF s 


1 ARC, Dy be two 5 3 _ fide | 


AB equal to DE, AC to DF, and BC to EF; then 


the angles. ſubtended by equal ſides ſhall be equal; 


viz. ABC to DEF, ACB to DFE, and BAC to EDF, 
and the whole triangle ABC ſhall be * to the 


whole triangle DEF. 
For, fince the baſes BC, EF. are equal, if ne 


Ver to one another they would coincide * ; and then, the 


triangles being on different ſides of their common 
baſe, the ſtraight line DA, which joins their verti- 
ces, would interſect the common baſe EF, or that 
line produced, or would paſs through one of its ex- 


75 If 
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I Oz interſeted"EF, or E produced, it would Fig. 5. | 


form with the two equal ſides AB, DE a triangle 


DBA, having the angle BAD equal to BDA; and o cor. C 


Having the angle CAD equal to CDA. Therefore 
the whole or remainder, the angle BAC, is equal to 


the whole or remainder, the angle EDF. e ax. 8. 


It DA paſſed through the point F, the ſides AC, Fig. 7. 
DF would be in one ſtraight line, and-the angle 
BAD equal to bene N that i endl BAC to kor, as be- 
fore. Y 


+04 ee theſe bee are _—_ in ttyl re- 


. , * ” * * d , 
* 
F * E 
„ 0 9 7 4 7 — 


7 ee. 
1 1 bo 


"PROP. mu. % 


ot Fog: nn 
e jd ren eu. ; 
>: Sy 


at ABC bs the go une req vc 
divide it into two equal parts. - a 

. 
let BE be eut of equal to BD; let DE be drawn, * pr. ,, 
the equilateral triangle DFE be deſcribed upon DE», » pr. «, 
and the points B, F joined. e | 
ſects the angle ABC. * 

For, let the triangles BD, BEF be compared; the 1 
fide BD is equal to BE by conſtruction, DF, FE are 


equal, 


pr. 6. 
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equal, becauſe they are ſides of an equiliteral 
triangle, and BV is common to both; therefore 
theſe. triangles are equal in eyery reſpect . Thus, 
the angles DBF, FBE ſubtended by DF, FE are 
equal, and en ee eee 
5 SON tors wir wobaticic gs ＋ 
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Let AB be the given ſtraight line; it is required to 


divide it into two equal parts. 


Upon AB let the equilateral triangle ABC be de- 
ſcribed *, and) let the angle ACB be biſęcted by the 
ſtraight line CD * ; CD alſo biſects AB. 

For the triangles ACD, BOD having AC equal to 
CB, CD common to both, and the angle ACD equal 


© pr,-4 to BCD, are equal in every reſpect *. Thus, A0 is 


equal to DB, and the whole line AB biſected in D. 
Con. The ſtraight line which biſects the vertical 
angle of an iſoſceles . biſects alſo the baſe at 
- Tight angles. THY T < Hebe 
ne I nie Hats 
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PRO IX. FRO B. 


To draw a firaight line perpendicadar io c given Araigte 


line n, point in the ſums. auen 3 e e 
Let AB be the given ſtraight * and 0 the 3 Fig. 16. 
point in it; it is required to draw: n e. 1 
line perpendicular to AB. % M n el 
Een end eee ch 
let E be cut off equal to CD. Pet the equilateral * pr. 3. 
triangle, DFE be deſcribed upon DE,, and the poluts o pra-. 
F, C de joined. e e as 
lar to A. ney ® 
For the e FDC. FEC in FD SS 
FE, DC equal to CE, and FC common to both, are 
equal in every reſpect . Thus, the angle DC is e- . pr. 6 
qual to ECE, that is, the angles at C are right eee 4 4 70 
is perpendicular to DE or AB 4. 
Con. A line drawn from the yertex. of an ilolcetes 
triangle to biſect the baſe, is perpendicular to it, and 


biſects the vertical angle. 
Ty. 3 f Wann 
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PROP. 
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PROP. X. PN O B. id 

| KK. 

| To draw @ ſtraight line perpendicular to @ given firaight Wl 

| line of an unlimited length, from a given pole u. arc 

ont it. | Par 

[Dig nt ad ns the given ſtraight line, and C the given be 
point without it; it is required to draw from Ca ſt 

e e Spano ee e any 

* Let any point D be aſſumed on the other ade of o 

1 AB, and about the center C, with the radius CD, | « 

let the circle EDF bo deſcribed, meeting AB in the Ifid 

» pr. 8. oo, F. Let EF be biſected in Ge, and the Wet 


polite . C be 6 (ined 3 thes CG is perpendicular to 4 


- AB; g vo „ K ku 14 ann 


( 

» def. 25. Hoſceles triangle, and CG a line drawn from the .* 
. vertex to biſect the baſe; ere n 
gor. 9. een | 


734+ 833 ; : * * | ein 
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| The argle which one ſtraight line makes with another, 


upon one fide of it, are together equal to two right 
_ 


1. oc 


\ 
1 
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Let the ſtraight line AB make with CD, upon one Fig: 12. _ 
ide of it, the angles ABC, ABD; nnn WO" 
gether equal to two right angles. | 
1f AB be perpendicular to'CD, then ABC, ABD 
are two right angles. If not, let BE be perpendicu- 
lar to it *, and BE divides the greater angle ABC pr. „. 
into the two parts EBC, EBA. Now, the one part EBC | 
being a right angle, and the other part EBA, added » def. 5, - 
o the leſs angle ABD, being equal © to another right f. g, , 
angle v; it is plain that the whole angle ABC, added 
to ABD, is equal to two right angles. We 
Cor. 1, All the fimple angles formed upon one 
fide of a ſtraight line, at the ſame point in it, are to- a 
gether equal to two right angles. ; 
Con. 2. All the ſimple angles, formed about the 


ame point, are together equal to four right angles. ba 
Cor. 3. The converſe of the propoſition. | If two 
the traight lines, drawn from the extremity of another, 
ick. Wake with it two angles, which are together equal to 
70 right angles, they are in the ſame ſtraight line. 
Ig If ABC, ABD be together equal to two right Fig. 7”, 
ngles, BD is in the ſame ſtraight line with CB. 
or, if not, let BF be the continuation of CB, then 
BC, ABF would be equal to two right angles, and 
her, erefore equal to ABC, ABD; which is impoſſible. 


PROP. 


Fig. 14. 


w ELEMENTS 


Book I. 


P R OP. XII. THE O * 
N o fragt ie ene, te ya an 
are equal. 


"Let Ks id ſtraight lines AB, CD cut each other 
in E, the angle AEC ſhall be equal to BED, and 
CEB to AED. For the angles which AE makes 


pr. 11. with CD are together equal to two right angles*; ; and 


„ ax, 2. 


RY 


the. angles which DE makes with AB are alſo equal 
to two right angles; therefore the two former AEC, 
AED are together equal to the two latter AED, 
DEB *. And the angle AED, which is common, 
being taken aways there remains the angle AEC e- 
qual to DEB. In the ſame manner, CEB may be 
proved equal to AED. 

Con. If ſrom the ſame point, i in a ſtraight line, 


two others be drawn on different ſides of i it, making . 
the. oppoſite angles equal, they ſhall be in the fame 

. eraight line ©. 

„ PROP. XM. PROB. f 


1 
18. 


From a given point, in a given fraigbi line, to draw an 
other ſtraight line, that ſhall make with the 2855 al 
angie equal to a given angle. 


les 


0 an 


[ 
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Let AB be the Set tins, and CDE the ln ms. 
adi It is requited to draw à line from the . 
A, that ſlafl make with AB am adgle'equal to CD.. 

IHE be a"vight angle, KP Ak be drawn per- 
pendieulat to ABB“, and it is done“ If not, from * pr. 9 
any point G, in CD, let a perpetidiculat E be 
dratyn to ve, produced 11 neceſſary 6, 6. Then, from > pr. 16 


AB let AH be cut off equat to DF ©, let the erben. pr. 3+ 


dicular HK be drawn *equal t 0, FG *, and let the 


points A, K be joined. ©The ale Kl, beim 
in _= — , wilt be equal 1 in every ry relpelt 1 bw, the 


I © 


0 to CDE, , and conſequently 0 to cb, 3 . £ i 


EI F N # 
45 #4 * n * ff 
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ner ar. rr a 
161 | un 92 ; : 218110 
7 a Abe link, auth 15 n two 22 Ahh lines, | 
; male the alternate a anglet equal, "theſe fwws lines oy | 
| every where equdlly 40 rant from one anither, oy” 


| 14 
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Let the abit line EF, falling upon che two Fig. 16. 
ſtraight lines AB, CD, make the alternate angles = 
AEF, FFD equal; then TY cb are every where 
equidiſtant. ; 

Cast I. When EF is perpendicular to the li nes Fig. 16. 
AB, CI); the diſtance AC of ay Pu Ai in on of 


"a 7 4 


c. | | For, 


* * KE M E N T 81 0 Bovk I. 


1 1 let EB be equal to. EA; FD to.FC, and B, D 


. : N 
— — 


c ar. 9. 

Fig. 17. 
4 pr. 8. 
* pr. 10. 


t pr. 4 


s cor. 12. 


ds, chen, if the angle EFC were applied to KED, 


: and FEA to FEB, FC would fall upon FD * „ becauſe 


dhe age at 5 are equal, and the point. C , 
= the point A 3 fall bes, B. Therefore Hug 
ſtraignt 1 line AC. would coincide - with BDO, and the 
angle ACF with BDF. Conſequently BD is perpen - 
dicular to Cb, and equal to AC. And, ance the 
diſtances AC, BD are equal to one another, it is evi- 
dept that each of them i is equal to EF e. 
Cas I. When EF is not perpendicular to AB, 


| CD; let EF be biſected i in the point 8 d from which 


let GH be drawn perpendicular to 48, alſo let FK 
be equal to HE, and the points G, K joined. The 
— GEH,. GFK. having the angles at E, F e- 
qual by hypotheſis, and the containing ſides equal by 
conſtruction. each to cach, are equal in every re- 
ſpect . .. Hence the angles at G are equal, and con- 
ſequently HGK a a ſtraight line *3 Alſo the angles at 
H and K equal, and therefore the ſtraight line HK 
perpendicular to both the lines AB, CD.. And thus, 
by the Firſt Caſe, the diſtance. of any point, in one 
of the lines AB, CD, from the other, is e to 
Hk. 

Cok. 1. If a ſtraight line, falling upon two _ 
 Kraight lines, make the alternate angles equal, the 
two lines are e parallel ; Hence, 


Cor, 


F16.16. 


r 
. 
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„Con“ 2. If it make the exterior: angle equal to he | 


interior and oppoſite angle on the ende, the two | 
lines are parallel .. A tt OO! ld 
Con. 3. If it make the two interior e upon 
one ſide of it together equal to two e angles, the 
two lines are parleſ>, tt 4 © 71) 99 ANY 
Con. 4. Through a given point a late line may 
be drawn parallel to a given ſtraight line. For, if 


„ I 
! pr. 12. 
cor. 1. 1 


pr. 11. 
cor. 1. 14. 


E be the given point, and CD the given line, let EF _ 


be drawn perpendicular to CD',: and EA perpendi- ' 
cular to EF, then EA is parallel to co). 


LY f 1 10 i F een: e 
1 RO p. XV. II A en 
1 0 | " 
17 a Praight line Wan upon tis other Kunde 
lines, make the beer ae ee pe Jl of i; 
together, leſs than two right angles, theſe two lines 
ow! ROY e meet "_ other” on "that 


T EF 
10 


Let the ſtraight line AC make, with the two p 


ſtraight lines AB, CD, the two interior angles BAC, 


AC, upon one fide of it, together, leſs than two ; 
right angles, the lines AB, CD, being indefinitely. 


produced, meet each other on the ſame ſide of AC. 
For, through the point A, let the ſtraight line FI. 
be drawn to make the angle FAC equal to the alter. 


nate 


pr. 10. 
* pr. 9. 


1 282 1.14. 
* 
* 7 4 


. 


M übe ſuch. a ppint, and let the perpendicular MN, 


— 


* E MEN T8: 8 Bogk. I. 


. Angle A; then che angles LAC, ACD are 
- together equal to two right angles , and therefore 


the angle LAC greater than BAC. Hence AB is on 


the ſame fide of FL with CD. From any point E in 
CD, and from B in AB, let the perpendiculars EF, 
BH be drawn to FL*. In Ah and HB: produced, 


let BK be taken equal to BA, and BG equal to BH ; 


alſo let G, K be joined, and KI, be perpendicular to 
I. The triangles: AHB, GRK have the oppoſite 


angles at B equal*, and the containing ſides equal by 
conſtruction, each to each; therefore che angles at 
H and G are equal, and conſequently, KL equal to 


GH; that is, the diſtance of K from AL is the 
. of: NH. In like manner, a point may be 
found in Ak produced, whoſe diſtance from AL 
ſhall. be the double of KL ; aud ſo on. Conſequently 
a point may be found in the ſame line AB ſuch, that 
its diſtance rom Al. ſhall be greater than EFI, Let 


upon AL, meet CD in O. Then, becauſe EF. and 


ON are equal, MN is alſo greater than ON; there- 
_ fore the point M is on the other fide of CD with re- 
ſpect to the paint A, and a E ABM pales through 
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OF! GEOMETRY. 2 


PROP.” Xvi. en 1 


A frraight line falling upon two parallel makes the hes ry 


nate angles equal, the exterior angle e. equal to the inte- 
rior oppoſite angle upon the ſame fide, and the two'in- 
terior angles —_ the Jo fide 5 ge ow {0 tio 

* e 20 * 
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Let the line xy fall upon the two parallels AB, 


Fig. 19. 


CD, the alternate angles AGH, GHD ſhall be equal, 8 


the exterior angle EGB ſhall be equal to the interior 
oppoſite angle GHD, and the two interior angles 
upon the ſame ſide BGH, * ou be equal to two 
right angles. e * 

For, if poſtble, let AGH be greater than CHD, 


5 , «xe 


BGH, chat i is, 1 than two right ga; 2 and there. * 
fare the lines AB, CD, being produced towards B, | 


meet one another *, which is contrary to the hypothe- * 


ſis, Conſequently the angles AGH, GHD muſt 
be equal. From which it follows that EGB is equal 
to GHD, and BGH, GHD together equal to two 


| right angles * 


Con. 1. A ſtraight line perpendicular to one of 


two parallels, is alſo perpendicular to the other. 

Cor. 2. A ſtraight line which meets one of two 
J Parallels will alſo meet the other. 
2 Cor. 


pr. 15. 


b pr. 12. 
ax. 2. 
. 


ax. 2. 3. 


"lis are a one 8 
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[ f \ 
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I * — hich meet, be ; reſpectively paralll 0 two 
. other lines, which a alſo meet, and all of them. being 


both the former be in the ſame direction with'bath the 
luer, or both in oppoſite directions, the N they 

l unten foul be equal. 

Fig. 7 | * the two ow AB, AC, which meet in A, be 
reſpectively parallel to the two lines DE, DF, which 
meet in D, and being conſidered as drawn from the 
points A, D, let them be all i in the ſame direQion, ar 
both AB, AC in oppoſite directions to DE, DF; the 
auge BAC ſhall be equal to EDF, | 

cor. 2. 16. For, let DF meet AB in G. "Then _ of the 

* pr: 16. angles BAC, EDF is equal to the ſame angle BGF», 

and therefore they a are equal to. one another, | 
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Cor. 3. Straight lines, — to the find ſtraight p 


conſidered as drawn from the points of concourſe, © 
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nor. vr THEOR. 5 


If one fide of a URLS be FOR hits exterior FLAT 1 


| equal, 10 the tipo interior oppoſite angle; and all the | 
three. angles Ul a' erp are Wes 3 to tw 7 


right a 


4 2 15 126 apt: . 9 „nee 10 4 — Fre 1 4 4 0:2 
. Led id 111 - 


* 
1 1 
199 4 


duced to D; the exterior angle AC is equal to the 
two interior oppoſite angles CAB, ABC. | 


For, through the point C let CE be drawn paral- 


ACD into the two parts ACE, ECD, of which the 


ABC. taken together. And to theſe equals the com- 
mon angle Ach being added, the three angles of. 
the triangle are equal to the two angles ACD, . 
and conſequently equal to two right angles. 
Con, 1. The exterior angle of every . W . 
greater than either of the two interior oppoſite angles 
| —any two angles are together leſs than two right 
Y angles—and two of the angles at leaſt are acute. 
Con. 2. If two angles of one triangle be, either 
ſeparately or together, equal to two ven of ano- 
ther, the W angles are equal. 7 


0 ; | Cox, 
\ - X | | 


1 


” lel to AB*. Then the line CE divides the angle * 


Let ABC be a. witagle; dining the! fide BC pro- Fig. 22. 


cor. 4+ 
14. 


former is equal to CAB, and the latter to ABC*. bd o pr. 16. 
Therefore the whole ACD is equal to CAB and 4 


. 27, 
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„ ELEMENTS” Bock: 

1 8 Con. 3. In a right angled triangle, the two acute 
angles are together equal to a right angle and, in 
an iſoſceles right-angled triangle, each of them ls 
half a right angle. N vgs ren 

6 en. „ Each of the We of an Nn! 

'Y triangle is one third of two right e or * 

chirds of one right angle. g 


Con. 5. The four angles of every at are 
25 2 29 77 to ee I . 29-4 
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Fig. 23. Let Ane be a t YELL the fide AB greater 
1.5 See fide AC; then ſhall the angle ACB Oppoſite 
to the former be greater than the angle ABC oppo- '" 
tte to the latter. For, let AD be cut off front AB; & 
2 * AC, andł let C, D be joined. "Then the angle 
is equal to ADC*, and ADC greater” than 
57 therefore Ac (which is only à part of 
Ach,) is greater than ABC. Conſequently | the 
whole ACB iI greater than _ 
-'Eox. 1. Converſely, the greater angle is fabtend: 
a gn ee Rye" N 
4 | | Cox. * 


- 4 
2 
1 * 
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a right angled triangle. e 


8 : 
1 roms 


is the ſum of AB, AC,) is greater than BC*, 237),  * cob. bs, 


door! OF "GEOMETRY. us 
Cor. 2. The hypothenuſe i is the greateſt ſide «8 


Cox. 3. Of all ſtraight lines drawn' from the ſame * 246 
point, to terminate in the ſame ſtraight line, the pers 
pendicular is the leaſt, and that which is nearer the 
perpendicular i is greater than _ VR 18 more e. 
mote. 


. — 


PROF *. uno. 


4 


” A 


Any foo has + a h are together | em than 15 
1 hird fide. - 


Tuo fides AB, AC of the triangle ABC ate toge- Figs a3. 
ther greater than the third ſide BC. For, in AB | 
produced, let AD be taken equal to AC; and C, D | 
joined. Then the angle BCD is greater than ACD, * 6. 
and ACD is equal to ADC e, therefore BCD is cor. 4. 
greater than ADC or BDC. Conſequently BD (which | 


t 

Cor, Any ſide of a triangle is greater n 5 
difference between the other two: ct 
S AY 


| BAC. 


- | 4. * 
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'EL/BMEN/TS Boon . 
#1 # + L b 3 boy 4 99 x I. 
2 % 


PROP. XXI. 1H E o K. 


; Tx. Me] be 95 . confltuted: upon the * "A : 


and the, one be included in the other, the tao fides of 
. the former ſhall be together leſs than the troo fider of 
; the latter, but ſhall contain a greater angle. 


Let ABC, DBC, be two triangles conſtituted upon 


the ſame baſe BC, of which DBC is included in 


ABC, the two ſides BD, DC, ſhall be together leſs 
than the two ſides BA, AC, but the angle 2 


greater than BAC. 
Cask I. When D, the vertex of the triangle BDC, 


is in AC one of the ſides of the triangle ABC; be- 


cauſe BA, AD, are together greater than BD*, if 


DC be added to both, BA, AC, are together greater | 
. -» © than BD, DC; and becauſe BDC is an exterior 
72 n BDA, it is greater than the in 


terior oppoſite angle BAC. 


Cask II. When the point D is within the tfiangle 


ABC. Let BD be produced to meet AC i in E; then, 
by Cass 1. BA, AC, are greater than BE, EC, and 


BE, EC greater than BD, DC; conſequently BA, 
AC, are greater than BD, DC. In like manger, the E: 
| angle BDC is greater than BEC, and BEC great 


er than BAC; conſequently BDC is greater * 


Cor, 


— 


e A<«xm U 


. 


* 
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Cor. If BA be equal to BD, then CA is greater 
than CD. F323" 39 'F a s ** 4); 2 5 


ron. XII. unn. 


e 


Mo 8 bow. aaa es 
des of the ather, each to each, but the included angles 
-  nequal, that which has the greater angle 2 * 


| wiſe have the oe. baſe. \.. 15 $% * Vor 


| Let ABC, ; DEF; be two. triangles, having AB e- Fig: 28. 


qual to DE, aud AC to DE, but the angle BAC 


aer than ENF 4 they Hall the baſs. DF; ho gretir 
than the baſe Ek. 
For, let. tho angle BAG be made equal to E 


pr. 14. 
the fide AG equal to DF or AC, and B, G joined; 


then BG and EF are equal v. Now, if the triangle o pr. 4. 


BGA be included in the triangle BCA, ſince AC is 
equal to AG, BG muſt he greater than BG* or EF. cor. 21. 


is equal to ACG ; therefore the angle BGC, which 


is greater than the former, will be ſtill greater than 
BCG, which is only part of the latter, And henge 
BC, as before, is greater than BG e, or EF. dor. x, 
Con. If two triangles have two fides of the one e- "298 


qual to two ſides of the other, each to each, but 


their daſes unequal, that which has the greater be | 
yall alſo have the greater vertical angle. 


1 
— 
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dy XIII.. THEOR A 


Fo * have Senn en owe 
fedes of the other, each to each, and have likewiſe the 

- "angler ſubtentled by two-equal ſides equal, and if the 
rx ler ſubrended by the other equal: Jides be both acute, 
oer - both  abtuu/#, r 
mne 


| Fig- 29.95 * W DEF be two triangles, having the ſides 
AC equal to the ſides DE, DF, each to each, 
r Ry he 01 B and Eioppoſite to the equal fides 

AC, DF, alſo equal; then, if the angles C, F, op- 
bpoſſte to the ether equal ſides, be both acute, the 
triangles ſhall be equal in evefy reſpect. For, if the 
remaining fides BC;{EF/be:not equal, let BO be che 
greater, and tlie part BG be cut off equal to EFH and 

A, G joined. The wiangles ABG, DEF haeing the 
angles ar B imd E qual, and the ihclading G46 e. 

pr. 4. qual, each to each, „are equal in every reſpect . Thus, 
tee" A8, being equal to DF, will-be equah to 

. and the angle AGB being equal to DF E, vill 


, 


> be an acute angle: Hence 'AGC/will'be an obtale 


{ » pr. 11. angle; but AC is an acute angle; cherefore AG 


© cob. is net equal to AC *, which is repugnant” The fame 
* contradiction will follow from ſuppoſing BC, EP um- 

| equal, when the "angles C, P are boch obüdke! r 

8 when 


s OF "GEOMETRY. OE 
chen one of them is a right angle. The fides BC, 


EF muſt therefore be equal, and conſequently the Weg 
e equal in every reſpect. r ae 


* 


Con. Two right angled eriangles havkig 3 hy- 
pothenuſes, and alſo one fide Wen to one men are 
equal in every 5 Sith. Me ad 


: 
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Let AB, OD be POET me & pallet ene Fig. 30. 
lines, joined towards the ſame parts by the lines 
Ac, BD then ſpa AC, 'BD be allo equal and pa- 
rallel. For, let XD be drawn z the two irlangles 
Ap, Ach have the ſide AB equal to CD, by hy- 
potheſs, and AD common to both, and the included 
angles BAD, ADC are equal; becauſe they are alter. 
nate afigles ; therefore theſe triangles are equal in « pr. 16 
every reſpect . Thus, AC is equal to BD, and the » pr. 4. 
angle CAD to AD Nenn paula to | 


. De Nruott 3:18] W 
| | - 2 cor. 1. 
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* 
. poſing through them does not cut the given line at, 
tight es | 


, angles at the baſe of a triangle, the ſtraight line 


- Por. 4. To deſeribe a right angled triangle; of 
which the hypothenuſe and ane fide taken together 


3e TELE MENN:'T'S8: Boox 1. 1 
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Poe. 1. . 


which joins the point, where they interſect, and the 
vertex, will biſect the vertical angle. 1 | 
Proe., 2. To deſcribe a triangle, having its ſides 


reſpectiyely equal to three given ſtraight lines, any 


two of which are together greater than the third. 


Pnor. 3. If the two ſides of a triangle be biſected 
by perpendiculars, the baſe will alſo be biſected by a 
perpendicular falling upon it from the point, where 
the two former interſect. 


ſhall be equal to a given ſtraight” line, 50 the * 
maining ſide equal to another given line. 
Por. 5. In any triangle, e 


| the perpendicular falling from the vertex upon the 
. baſe, and the ſtraight line biſecting the vertical angle, 


bad to half. the ee n. at the | 


8 4 
271 
o 
= 


G3 6; In; a —＋ Araight line, of an unlimited 


length, to find a point equally diſtant from two given 


points, which are ſo ſituated, that the ſtraight line 


% 
* 


Prop. 


\ n 
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5 YE 1 
Paor. 7. If, from the, vertex of a triangle, two 


ſtraight lines be drawn to meet the baſe, ſo as to 
form two iſoſceles triangles, having, for their vertical 
angles, the angles at the baſe. of the triangle, they 
ſhall contain an angle equal to W ſum en 
angles at the baſGG. Hic wen 

Prov. 8. To conſtruct a triangle; having the A 
at the baſe equal to two given angles, (which are to- 
gether leſs than two right angles), each to each, and 
the ſum nnen n 
line. 

Prov. 9. A two 
ſtraight lines be drawn to meet the baſe, ſo as to 
form two iſcoſceles triangles, having for their vertical 
angles one of the angles at the baſe, and the exterior 
angle adjacent to the other, they ſhall eontain an 
angle equal to half the vertical angle of the triangle. 

Poe. 10. A ſtraight line, of an unlimited length; 
and two points without it being given, to find the 
point or points in the given line, at which ſtraight 
lines from the * oy ſhall ans __ begs 
with it. 

Por. 11. All the interior _ of any reſt 
lineal figure are together equal to twice as many 
right angles, abating four, as the figure has ſides. 

Por. 12. All the exterior angles of any reQli- 
neal figure, formed by producing one fide from each 
. of the angulaf points, are equal to four right angles. 
Prop. 
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Paor. 13. If every two adjacent ſides of any po- 
lygon be produced to interſect the ſide or ſides oppo- 


ſite to them; the ſum of all the ſaliant angles at the 
points of interſeftion ſhall be equal to four right 


angles, if the number of ſides be even, but to two 


| right angles only, if the number of fides be odd. 


- ProP. 14. The ſtraight line which joins the middle 
of the baſe, and the vertex of a triangle, is greater, 
equal, or leſs than half the baſe, according as the 
vertical angle is, acute, right, or obtuſe. - | 5 

Proy. 15. If the baſe of a right angled triangle 
be divided into any number of equal parts, and, from 
the points of ſection, ſtraight lines be drawn to the 
oppoſite angular point, theſe will divide the angle 
contained by the hypothenuſe and perpendicular in- 
to unequal parts, of which that next the perpen- 
dicular is the greateſt, and the nearer to it in greater 
than the more remote. 

Proe. 16. If two ſides of a triangle contain two 


| thirds of a right angle, the equilateral triangle de- 


ſcribed upon the ſum of theſe ſides will be equal to 
that deſcribed upon »the baſe, together with 15 80 


the original n | 
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. the rectaügle ünder two ins Ak; is 
meant the reftangle, of which theſe lines "ou 
ene" ap to them,) are two adjacent fides. * 
2. If through any poltit,” in the Uigonal Wc pa- 
rallelogram, two ſtraiglit fines be drawn parallel to its 
ſides, theſd divide the whole figure into four other 


parallelogtams ; the two. through which the diago- 
nal paſſes are called the parallelograms about the dia- 
gonal, andthe remaining two the complements. 5 
3. If a ſtraight line be cut at any pomt (between 
or beyond its extremes, ) the diſtances of that point 
from its extremities are called the ſegments of the 
line, and its diſtance from the middle of the line the 
mean diſtance of the point of ſection, = 
3 . 


La 


4 a * wit. wares + | 
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Er l 
| | PROP, I TOR. 
| | 5 | | The wy: te Jude ay oppoſite "RO of a parallelogram 
| * „„ JOE: equal, and the diagonal divider it into two equal 
A 


Fig. 31. 1 ET ABCD be 2 parallelogram, of which BD 
6 is the diagonal, the oppoſite ſides ſhall be e- 
qual, AB, to CD, and BC to AD ; the oppoſite 
angles equal, DAB to DGB, 4b DC to ABC; 
and the diagonal BD ſhall divide the 2282 
1 into two equal tiiangles DAB, CB. 
2 - : For, in theſe triangles, the angles ADB, DEC are 
3 16. 1. egal, becauſe they are alternate angles -; ; And the 
angles ABD, BDC equal for the ſame reaſon 5. alſo 
che fide BD between the angles of each, is common 
li to both; therefore theſe, triangles are, equal in every 
1 | 3 reſpect 5. „Thus, AB is equal to CD, BC to AD, | 
de angle DAB to DB, the angle ADC to ABC 
(becauſe their parts are equal), and the whole mate 
| DBA. to the whole triangle DOB. ens 
Fig: 3. Cox. In eyery ne the complements are 
| eue. 137 5 nne n Ditc 4 
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Peale or triangles on the ſan, or ae baſes, 
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I. PARALLELOGRAMS: 1. Let there be two pa- 


25 209 "1 — = 


qual to one, another. For the triangles ADE, BCF, 
having the ſide AD equal to BC ., AE to BF, and 
likewiſe the included angles DAE,” CBF equal *, b, are 
equal in every reſpect Therefore, each of them 
being taken from the ſame figure ABF D, the re- 
mainders muſt be equal, viz. the Parallelogram AC 
to the parallelogram AF.” 
2. Let AC, HF, be two parallalelograms upon e- 
qual baſes AB, HG, and between the ſame parallels 
AG, DF; AC, HF, ſhall be equal. For, let AE, 
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rallelograms AC, AF, on the fame 'baſe AB, and 
between the ſame parallels DF, AB, they ſhall be e: 


Fig, 33- 


Fig. 34» 


BF, be drawn; then AB, being equal to HG, will 


be equal to EF *; and i it is alſo parallel to EF; hence 
the figure AEFB is a parallelogram®*; and it is 


equal to each of the parallelograms AC, HF; 1 
1 they are equal to one another. 
II. TRIANGLES, | 1. Let ABC, ABE, be two tri- 


parallels AB, CE; they ſhall be equal to one ano- 
ther. For, let AD be drawn parallel to BC*, and 


BF 


angles on the ſame baſe AB, and between the ſame 


cor. 4. 
I4 I: 


1 


d 3. 1. 


© COT. 4. 
14. 1. 
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BF to AE, and let them meet CE produced i in D, F; 
then the parallalelograms DB, AF are equal; and 
conſequently their halves, the e ABC, ABE, 
are alſo equal. 1 44 
2. When the 8 are upon equal baſes, and 


between the ſame parallels, they may be eo equal WE) 
in the ſame manner. 


Cos. 1. Of triangles between the fame parallels 
the greater triangle has the greater baſe; ; and con- 


he 


Con. 2. If a en and a triangle A 9 


on the ſame or equal baſes, and between the ſame 


parallels, the parallelogram is double the triangle. 
Cor. 3. Equal triangles, upon the lame baſe; or 


upon e equal baſes, in the fame ſtraight line, and up- 
on the ſame ſide» of it, are between the ſame paral- 


les 


PROP. m. PR O B. 
. deſcribe a ſquare upon a given ſtraight line. 


Let AB be the given ſtraight line, upon which it 


is required to deſcribe a ſquare. From one extre - 


mity A, let the perpendicular AE be raiſed *, from 
which let AD be cut off equal to AB“; and through 


B, D, let BC, DC be drawn parallel to AD, ABe; 
287 then 


1 


l td Ke _ aac at 88 . a. 


1 


1 


ſtruction; hence AD is equal to BC 


ſides are equal to one another. Again, becauſe the 
two interior angles A, B are together equal to two 
right: angles , and one of them A is a right angles 
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d, and AB to 1. 2. 
De; but AD is equal to AB; therefore the four 


© 1G. Is 
the other B muſt alſo. be a right angle. In like man N 
ner, C and P. are proved to be right angles. Con- 


ſequentiy the figure ABCD is a ſquare T-. del. 23. 


Con. 1. A rectangle, under two given lines, may 


be formall in d Giles 80 bo! tes DN 
Co. 2. A parallelogram, having one en right, 
is a rectangle. Figs 
Cor. 3. A parallelogram, having one ing right, 
and two adjacent ſides equal, is a ſquare. 


Cor. 4. The rectangle, under two equal lines, is 
of ſquare. 


\ 


PROP. Iv. THEOR. 


If two adjacent ſides of one rectangle be equal to two Ad. 


jacent fides of another, each to each, the rectangles 
are equal in 92 . 


Let ABCD, EFGH be two rectangles, having the Fig. 38. 


ſides AB, BC equal to EF, FG, each to each, theſe 
lectangles are equal i in every reſpect. 


For, 


3 E IEE ME NITrfS BOE 


For, if the rectangle AC were applied to EG; fo 


/ that'the-point A ſhould fall upon E, and the ſide 


AB upon EF, then AB, EF would (coincide *; be- 
cauſe they are equal; AD, BC would fall upon EH, 
FG, becauſe the angles are right; the point C 


| would fall upon G, becauſe BC, FG are equal; and | 


the fide-CD would fall upon GH, becauſe the angles 
- CG are right, Conſequently the point D en 
fall upon H, and the rectangles coincide. 

Cox. 1. The ſquares of equal lines are 7h and, 
_ converſely, equal ſquares have equal fides. | 


Con. 2. Parallelograms, or triangles of equa bak | 


and CSS: are 0 goes 


— 


If a ſtraigbi line be cut at any point, the mean diſtance of 
the point ſection is equal to half the ſum, or half the 


difference of the ſegments, according as the point is 
beyond or between the extremities of the line. 


. Let the ſtraight line AB, of which C is the 
middle point, be cut at any other point D, between 

its extremes; then CD is equal to half the difference 
of AD, DB, For, fince AC is equal to CB, AD is 
equal to CB, CD, taken together ; and, from-theſe e. 
.quals, DB being taken away; the difference of AD, 
DB is equal to the double of CD *. - Jo , 
5 > ; 2. Let 
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2, Let the ſtraight line AB, of which C is the Fig. 40. 
middle point, be cut at any point D, beyond its ex: | 
tremes ; then GD is equal to half the ſum of AD, 
DB. For, ſince A0 is equal to CB, AD. is equal to 
CB, CN, taken together; and, to theſe equal BBs 
being added, the ſum of A, DP: 6 n * 
double of CO.. Sued baun ; ian 51 * 


” ls 


Los. 1. The /greater' of two. unequal. magni 
rages is equal to half, their ſum added to half their 
differe See eee eee 


. 2. | If nee of ithe: Reo 
tudes above the ſecond be equal to the exceſs of the 
ſecond above the third, the eee to half 
| the ſum of the firſt and third. | bis Nu 
? an 
of 73 NE. ni hebivib ed aul! af gift it $31-:\.5 (604d. 5 
2 ao |; r RiDiher I. HO RK. 
is Aan 2 58 lo epa ot ies s rope 19 
The fun f all the geen 8 ane ug be W 
; the ſeveral parts of. angther, is- * to the rectangle 
he . under the two whole Bhs 1 lets oth 
en | tia 9405 
ce _- there fog two * 06 ng AB, 21 0. of Fig. 41. 


is which AB is divided into any number of parts, AE, 
e- EF, FB; then ſhall the ſum of the rectangles under 
C and AE, C and EF, C and FB, e 
. under C and AB. | 


* 
For, 


ö * 
/ Ws 
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1. point A., equal to C, and the parallelogram HB 


completed; let the ſtraight lines EL, FK be drawn 
from the ſeveral points of Aivifion in AB parallel to 


cor. & AH. Then the parallelogram AG, and the parts 


14. 1. 


e cor- 2. 
3. 2. 
4 1. 2. 


IL, EK, FG, into which it is divided by theſe Lines, 
are rectangles; and, becauſe AH is: equal to ©; and 
BL; FK, each equal to AH a4, A is the rectangle 
under C and- AB, AL. under C and AE, EK under 
and EF, FG under C and FB. Now, the whole 
AG being equal to all its parts AL, ey FG, taken 


* 0 8 0 the propoſition is manifeſt. 2 


Con. 1. If a ſtraight line be divided ha akin | 
of parts, the ſum of the rectangles under the whole | 


line, and each of the parta, is equal to the ſquare of 


the whole line f. 
Con. 2. If a ſtraight line be divided into any two 


parts, the rectangle under the whisle line, and one of 


the parts, is equal to the ſquare of that park 88 


Wh the rectangle under the two parts. 2 


© Cox. 3. The rectangle under one ſtraight tine, 


3 the double, triple, &c. of another, is equal to 


—_ * Ke. = ed gras, ih under the two — 
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PROP. VIII. THE OR. 
Twice the redtan ole 4 the ſegments of a" ſtraigbi line 
is equal to the difference between the ſquare of the line, 
and the ſum of the ſquare of its ſegments. 


Let AB be the ſtraight line, and AD, DB its ſeg- 
ments; twice the rectangle under AD, DB is equal to 


the nnn RL 
of the ſquares of AD, DB. 


For, let the ſquare ABEF be deſcribed upon 
AB*, from BE or BE produced, {according as the 
point D is between or beyond A, B), let BG be cut 
off equal to BD, and through G, D, let GK, DL be 
drawn parallel to AB, BE, interſecting each other in 
H, and meeting the oppoſite ſides of the ſquare in 
K, L. Then, becauſe AB, BE are equal, and BD, 
BG equal, the wholes or remainders AD, GE are e- 
qual; but AD is equal to FL o, and GE to FK; 
therefore FK is equal to FL. Hence the figure 


KHLF is a ſquare e, and equal to the ſquare of A. ; 


And DBGHis the ſquare of DB . Now the difference 
between the ſquare ABEF and the ſum of the ſquares 


KHLF, DBGH is the ſum of the rectangles AH, 


HE, which is equal to twice the rectangle under AD, 
DB. 
F Cox. 
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Cox. 1. If a ſtraight line be divided into two 
parts, the ſquare of the whole line is equal to the 
ſquares of the two parts, together with twice the rec- 

tangle under theſe parts. 

Con. 2. The ſquare of a iraight line i is equal to 
"a times the ſquare of half the line; and half its 


.  -» fquare is double the ſquare of its half. 


Cox. 3. Twice the rectangle, under two unequal 
ſtraight lines; is equal to the difference between the 
ſquare of their ſum and the ſum of their ſquares. 

Cor. 4. Twice the rectangle, under two unequal 
ſtraight lines, is equal to the difference between the 
ſum of their ſquares and the ſquare of their differ- 
ence. 0 
Con. 5. Of two unequal ſtraight lines the ex- 
ceſs of the ſquare of their ſum above the ſum of 
their ſquares, is equal to the excels of the ſum of their 
1 55 above the ſquare of their difference. 

Con. 6. Of two unequal ſtraight lines, the ſum of 
their {ſquares is equal to double the ſquare of half 

their ſum added to double the ſquare of half their dif- 
\ ference* | 

Con. 7. If a ſtraight line be cut at any point, the 
ſum of the ſquares of its ſegments is double the ſum 
of the ſquares of half the line, and the mean diſtance 


of the point of ſection. 


PROP. 
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PRO FP. VII. THE. OR. 


The rectangle under the ſum and difference of two une- 
qual ſtraight lines, is equal to the difference of their 


Squares. 


8 | 
Let AB, CD, be two unequal ſtraight lines, of 


Fig. 43. 


which AB is the greater, the rectangle under the ſum - 
and difference of AB, CD is equal to the difference 


of their ſquares. For, let the ſquare ABEF be 
deſcribed upon AB ; from EF, EB, and AB produ- 


ced, let EH, EK, and BG, be cut off, each equal to 


CD, and let KL, parallel to AB, interſect GM. HN, 
parallel to BE, in M, N, and AF in L. The figure 
EKNH is a ſquareꝰ, and equal to the ſquare of CD»; 
therefore the ſum of the rectangles HL, LB is the 
difference of the ſquares of AB, CD. Again, be- 
cauſe EB is equal to AB, and EK to CD, BK or GM, 
which is equal to it, is the difference of AB, CD, 
and AG is their ſum ; therefore AM is the rectangle 
under their ſum and difference. Now, the rectangle 
AM is equal to the ſum of the rectangles HL, LB, 
becauſe LB is common to both, and the remaining 
rectangles HL and BM are contatned by equal 
lines. | | 

Cor. The rectangle under the ſegments of a 
ſtraight line is equal to the difference between the 


ſquares 
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ſquares & the Kalf line," a d the mean diſtance of the 


point of feQion 3 and the ſum of the rectangle, and 


one of the ee is * to the ober. 
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PROP. Ix. THETA: 
1 | 
i ba right angled Sas,” the ſquahe of the by pot he- 
a _ muſe is equal to the fam of ry 8 of the aber 

805 * 8 | 
Fig. 44 | 07 ABC be a right arigled angle, of which AC 
is the hypothenuſe; the ſquare of AC is equal to 

the ſum of the ſquares of AB, BC. 

For, let the ſquares AE, FB, BI be deſcribed upon 
3. 2. the three ſides ; through B let LM be drawn paral- 
el to AD, meeting FG in M, and DE in L; allo, 
5 let DA be produced to meet FG in K. The triangles 
d 5. 1. Ark, ABC are equal in every reſpect »; for the 
A angles at F and B are equal, becauſe they are right 
angles; the angles FAK, BAC are equal, becauſe 
each of them is leſs than a right angle by the ſame 
angle KAB; and the ſides AF, AB are equal, be- 
cauſe they are ſides of the ſame ſquare. Thus, AC 
or AD is equal to AK, and therefore the paralle- 
logram AL equal to the parallelogram AM. But 
AM is equal to FB. Conſequently the parallelo- 
$45 Ui A In the ſame 
manner, 
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manner, the parallelogram CL may de proved e- 


$008 
* 


qual to the ſquare BI. Therefore the whole ee . 


AE is equal to the ſum of the ſquares FB, Bl 


Cor. The ſquare of one of the ſides of a right 


angled triangle. is equal to the difference of the 
ſquares, or the rectangle under the ſum and differ- 
ence, of the een and the a W 


r 


In every triangle, the ſquare of one of the fades is greater 
or leſs, according as the oppoſite angle is obtuſe or acute, 
than the ſum of the ſquares of the gther fide and ie 
baſe, by twice the rectangle under the baſe and the 


diſtance of the perpendicular from the angular pag 


\ EY 
Let ABC be a triangle, having an obtuſe or an acute 


angle at B, and let CD be the perpendicular from 
the vertex C upon the baſe AB; the ſquare of AC is 
greater or leſs than the ſum of the ſquares of AB, 
BC, by twice the rectangle under AB, BD. 

For, ſince the ſquare of AC is equal to the ſum of 
the ſquares of AD, DC ;, and the ſquare of BC equal 
to the ſum of the ſquares of BD, DC, the differ. 
ence between the ſquare of AC, and the ſum of 


Fig. 45. 


9. 2. 


the ſquares of AB, BC, is equal to the difference 


between 
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© cor. 9. 2. 


f 4. c. 3. 2. 


. 7 5. 2. 


between the ſum of the ſquares of AD, Dœ, and 
the ſum of the ſquares of AB, BD, DC ; which is the 
ſame with the-difference between the ſquare of AD 
and the ſum of the ſquares. of AB, BD o. But the 
ſquare of AD. is greater or leſs than the ſum of the 


_ ſquares of AB, BD, by twice the reQtangle under 


AB, BD, according as the point D is on the other 
fide of B, or on the ſame fide with Ae, that is, ac- 


- cording as the angle BCA is obtuſe or acute 4. 


Therefore alſo the ſquare of AC is accordingly 
greater or leſs than the ſum of the ſquares of AB, 


BC, by twice the rectangle under AB, BD. 


In the caſe in which the point D coincides with 
A, CAB is a right angle, and conſequently CBA an 
acute angle; and, ſince the ſquare of AC is leſs than 
the ſquare of BC, by the ſquare of AB*, it will be 
leſs than the ſum of the ſquares of AB, BC, by twice 
the ſquare of AB, which is the ſame with twice the 
rectangle under AB, BD. 

Con. 1. If a ſtraight line be drawn from the ver- 


tex of a triangle to the middle of the baſe, the ſum 
. of the ſquares of that line, and half the baſe, is 


equal to half the ſum of e TANIPG the two 
fides*. 
Con. 2. Thema. of a Angie is obtuſe, 


ane or aue acodin as .the ſquare of the baſe is 


mot od hed n e den Od; greater, 
ge 38, : s 1 1 4 4* 
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greater, equal, or leſs, than the ſum of py FI of 
the two ſides. | oendgan FY'w9 


PROP. XI. T H E OR. 


The difference of the ſquares, or the rectangle under the 
ſum and difference, of the two ſides of a triangle, is e- 
qual to twice the rectangle under the baſe, and the di- 
ftance of the perpendicular from the middle 'of the 
baſe. 6 1 . 


Let ABC be any triangle, of which the baſe BC is Fig. 46. 
biſected in E, and let AD be the perpendicular; the 
difference of the ſquares of BA, AC is equal to twice 
the rectangle under BC and EDBʒU. 

For, ſince the ſquare of BA is equal to the cares 
of BD, DA“, and the ſquare of AC equal to the 9.2. 
ſquares of DC, DA =» ; the difference of the ſquares of 
BA, AC is equal to the difference of the ſquares f 
BD, DC". But the difference of the ſquares of BD, » ax. 3. 4. 
DC, is equal to the reQangle under their ſum and 
difference ©, that is, to the rectangle under BC, and g. 3 
twice ED, or twice the rectangle under BC and « ;, 2. 
ED *. Therefore the difference of the ſquares, of z. c. 6. 2. 
BA, AC, or the reQangle under their ſum and dif. 
ference, is equal to twice the rectangle under BC and 


# ED, 


In 


on E L E M E N IT Ss Bdox. II. 


\ 


7 


In the cat in ich the pit D coincides with B 
or C, the propoſition is evident. 


PROP. XII. FRO B. 


* divide a given firaight line into two parts, fo that the 
© refangle under the whole line, and one of the Paris, 


| 1 75 be See to the 0 80 90 the other . 


Fig. 47. 
8 3. 2. i 


Upon the given ſtraight line AB 10 * 8 AC 
be deſcribed *; let the fide AD be biſe&ed in E, and 


che points E, B joined ; in EA produced let there be 


dc, 8. 2. 


99. 2. 


taken EF equal to EB, and let the ſquare AFHG be 
defcribed upon AF: The line AB will be divided in 
the point G, ſo that the rectangle under AB, BG 
ſhall be equal to the ſquare of AG. For, let HG be 
produced to meet DC in K; the rectangle under 
DF, FA, together with the ſquare of AE, is equal to 
the ſquire of EF*, or EB. But the ſquare of EB is 
equal to the ſquares of AB, AE ©, Therefore the rec- 
tangle under DF, FA, together with the ſquare of 


AE, is equal to the ſquares of AB, AE; and the 
rectangle under DF, FA, equal to the ſquare of AB, 


that is. DH equal to AC; from which the common 
part AK being taken away, there remains FG equal 
to GC, that is, the Tquare of AG, equal to the rec- 


% tangle under AB, BG, 


Cor, 
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Cox. The line that is compounded of the given 
line, and its greater 5 0 divided in the 
lame mne [oro oft Hg e ebe de id 

9innk i 0 ei e ic tt guinnes 
v4 ür 8 4 
Ft . E N. {Th rn 
| Proe. 1. Every quadrilateral eh. whoſe oppo- 
ſite ſides or oppoſite angles are equal, is a parallelo- 

Proe, 2. If two ſides of a triangle be biſected, the 
ſtraight line which joins the points of ſection will be 
parallel to the remaining ſide, and equal to the half 
. 

Proy. 3. To make a triangle that ſhall be equal to 
a given quadrilateral figure,  _. 

Prop. 4. It, from any point, in an equilateral tri- | 


angle, perpendiculars be let fall upon the ſides, theſe | 


perpendiculars, taken together, ſhall be equal to the 
perpendicular of the triangle. 

Poe. 5. If a ſtraight line be drawn from the ver- 
tex, to any point in the baſe of an iſoſceles triangle, 
the ſquare of that line, together with the rectangle 
under the ſegments of the baſe, will be equal to the 
ſquare of one of the equal ſides of the triangle. | 

Prop. 6. To find the fide of a ſquare that ſhall be 
equal to two or more given ſquares. . 

| G 5 Proe. 


3 ELEMENTS 


"Proe. 7. If, from the vertex of a triangle, a 
ſtraight line be drawn to biſect the baſe; it will alſo 
biſect any other ſtraight line parallel to the baſe; and 
terminating in the two ſides of the triangle. 

Proe. 8. The two diagonals of a parallelogram 
mutually bife& each other, and the ſum of their 
ſquares is equal to the lum of the 0 of all 5 
ſides. 


Paor. 9. To make a fectangle that ſhall be hit 
to a given rectilineal figure. 


1 = oy - 


PRor. 10. If, from any point, kart lines be 


drawn to the four angular points of a rectangle, the 
ſums of the ſquares of thoſe drawn to the oppoſite 
angles will be equal, 

Pop, 11. In any quadrilateral figure, the ſum of 


the ſquares of the diagonals, and four times the ſquare ' 


S*®% 


of the line joining their middle points, i is equal to the 
ſum of the ſquares of all the ſides. 

Par. 12. To find the ſide of a ſquare that ſhall be 
equal to the difference between two given ſquares. 

PRop. 13. In any quadrilateral figure, the ſum of 
the ſquares of the diagonals is equal to double the 
ſum of the ſquares of the two lines that join the 
middle points of its oppoſite ſides. 

PzoP. 14. If the vertical angle of a triangle be two 
thirds of two right angles, the ſquare of the baſe 
will be equal to the rectangle under the two fides 
added to the ſum of their ſquares : But, if it be two 

thirds 


Bbok II. 


1 
* 1 


- 


Boox.H- 0 F G HOMETR Y. 5 


thirds of one right angle the ſquare of the baſe vill 
be equal fo the difference of the redangle under the 


two ſides, and the ſum of their ſquares. 


Proe. 15. To biſe& à given triangle by A abe 


line drawn from a given point in one of its ſides. 


Pgor. 16. If, from the extremities of the baſe of a 
triangle, ſtraight lines be drawn to biſect the oppo- 


ſite ſides, another ſtraight line drawn through their in- 
terſection, from the yertex, vill biſec the baſe. 
. Prov. 17. If a ſtraight line be drawn parallel to the 


baſe of a triangle, and the diagonals of the quadrila» 
teral figure be drawn, then a ſtraight line, drawn 


through their interſection, from the vertex, will bi- 


Je& the baſe. * . 
Paop. 18. To find the gde of a ee tha ſhall be 
equal to a given rectangle. 


Prov. 19. The equilateral triangle, deſcribed upon 
the hypothenuſe of à right angled. triangle, is equal to 
the ſum, of the equilateral triangles n upon 


the two ſides. 


Ps or. 20. If, through one of 8 paints of 
a ſquare, a ſtraight line be drawn, to cut the two op- 


| polite ſides, and from one of the points of ſection a 


perpendicular to that ſtraight line he raiſed to meet 
the fide oppoſite to that from which it is drawn; 
then ſhall the ſquare of the produced part of that op- 
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poſite ſide bet equal to the ſquare b. the line between 
the points of fection added to the original ſquare. 
Paor. 21. To divide à given ſtraight ine! into _—y 
-propoſed number of equal parts. | 
Poe. 22. If a ſtraight line be divided into three 
parts, ſo that the quares of the lines, compounded 
of two adjacent © parts, be together equal to the ſquare 
of the whole line, then ſhall the rectangle under the 
two extreme parts be equal to double the rectangle 
under the whole line, and the n. part; 5 and con- 
verſely. 20 io ctr 6d. 503 ! 6 aur! 9 As 
% PRor. 23. If a Wande be conſtituted upon 
tlie baſe of à triangle, and on the ſame ſide with the 
triangle, and, upon the other two ſides, parallelo- 
grams be likewiſe conſtituted, ſo that their oppoſite 
ſides paſs through the angular points of the former; 
then ſhall the parallelogram on the baſe be equal to 
the ſur or” difference of thoſe on the ſides, accor- 
ding as they fall both without wigs or one of 
— . upon it. 

- Prob. 24. Let there be four points, A; B, C, D, 
in the ſame ſtraight line, and let E be the point in 
that line that is equally diſtant from the middle of 
the ſegments AB, CD; then, F being any other 
point whatever, the ſam of the ſquares of the diſtan- 
ces of F from the four points A, B, C, D, ſhall ex- 
ceed the ſum of the ſquares of the diſtances of E from 
the ſame points, by four times the ſquare of EF. 
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n 4 B 0 _ III. 
DEFINITIONS. 


Diameter of a circle is a ſtraight line drawn 
| through'the center, and terminated on both 
ſides by the circumference. It divides the circle into 


two 2 called ſemicirele. 1 
An arch of a circle i is any part of ! its circumſe- 
rence. | 


3. The chord of an arch is the line joining its ex- 
treme points. 

4. A ſegment of a circle is a ed bounded by an 
arch and its chord. 

5. A ſeQor of a circle is a figure bounded dy us 
radii, and the arch between them : When the radii are 
perpendicular to one another, it is called a quadrant. 
| 6. An angle in a ſegment is that which is con- 
1 tained by two ſtraight lines, drawn from any point in 
ö + its arch, to the extremities of its chord, 

I 7. An 


mr DT 2 _ —— — 4 —y 
c 2 — A 


4 ELEMENTS Boon UI. 
7. An angle is ſaid to ſtand upon the arch chat is 


intercepted between its ſides. 


8. A tangent to a circle is a ſtraight line, which 
meets the circumference in one point, and every 
where elſe falls without i it. 9 ö 

9. Two circles are faid to touch one + anther when 
the circumference of one of them meets the circum- 


= 


-ference of the other in one point, and every where 


elſe falls without it. 
10. A ſtraight line is ſaid to be applied in a circle 
when both its extremes are in the circumference. 
11. When all the angular points of a rectilineal 
figure 2 are in.the circumference of 2 circle, the,figure 
is ſaid to be inſcribed i in the clhecle, or the circle de- 
ſcribed about the rectilineal figure... 
” 12. When all the ſides of a rectilineal — * touch 
the circumference of a circle, the figure i is ſaid to be 
Jelcribed about. the circle, or the circle inſcribed it in 
the rectilineal figure, | 
13. When all the angular — ofa ES fi- 
gure are placed in the ſides of another, and the one 
figure wholly included i in the other, then the former 
is ſaid to he inſcribed i in the latter, or the latter de- 


ſcribed about the former. | 
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To nN the renter of 6 given Al. 


Let ADB be the N circle, of which it is coquired Fig. 48. 
to find the center. | 
Having afſumed two points, A, B, in the e 
rence, let the ſtraight line AB which joins them be 
bile&ed at right angles by the line CD ' meeting the 8. 1. 
circumference in D, E, then DE being biſected in 
F, the point F will be the center of the circle. * 


For, if not, let any other point G, without the 


line DE, be the center, and let GA, GB, GC, be 
drawn. The triangles GAC, GBC have the ſides 
GA, GB equal, as being radii of the eirele, alſo 
AC, CB equal by conſtruction, and CG common; 
therefore they are equal in every reſpect'. Hence » 6. 1. 
the angles GCB, GCA are equal, and each of them 
a right angle. But FCB is a right angle: Therefore 
GCB muſt be equal to FCB, a part to the whole, 
which is abſurd. 
Cor. 1. A ſtraight line, which biſeQs a chord at 
right angles, paſſes through the center of the circle. 
Cor. 2. If two chords be biſected by perpendicu- 
lars, their interſection will be the center: And thus 
the center of a given ſegment may be determined. 
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If a ſtraigbi line, drawn thraugh the center of a circle, 
Biſect any chord of the ſame, not paſſing through the 


center, it will alſo biſef the arches which the See 


* 


ns the circle AF B, * the iraight line FCE, 1 


7 Ling through the center C, biſect the chord AB in D, 


and it ſhall alſo biſect the arches AFB, AEB. 

For, let AC, CB, be drawn; then the triangles 
ADC, BDC, having AC, CB equal, as being radii of 
the circle, AD, DBB equal by hypotheſis, and CD 
common to both, are equal in every reſpe& *. Hence 
the angle ACE is equal to BCE. Now, if 'the ſemi- 
circle FAE, by revolving upon FE, were applied to 
the ſemicircle FBE, the line AC would fall upon 


- CB, becauſe the angles ACE, BCE are equal o, the 


point A would fall upon B, becauſe AC, CB are e-. 
qual and every point in the arch FA would fall up- 
on FB, becauſe every point in each of them is e- 
qually diſtant from C, that is, the arches FA, FB 
would coincide; conſequently they are equal. 
Cor. 1. If a ſtraight line do any two of theſe five, 

- paſs through the center of a circle, biſect an angle at 
the center, biſect the arch upon which it ſtands, bi- 
ſect the chord of * arch, cut the chord at right 
angles; 
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angles ; it muſt neceſſarily do the other three, provi- 
ded the chord be not a diameter i in that caſe which is 
ſtated in the propoſition. 

Cor. 2. If a ſtraight line paſs through the center 
of a circle, it biſects the circle, and its eee ; 
and converſely. n 7 © V9, Wy, harris 

Cor. 3. In the fame circle, or in circles of equal 
radii, equal angles at the center ſtand upon equal 
arches, and the greater angle ſtands upon the greater 
arch; and converſely. 

Cox. 4. A right angle at the renter! of a — 
ſtands upon a fourth porn of the circumference ; and 
converſely. | 

Cor. 5. Whatever part an angle at the center is of 
four right angles, the ſame part will the arch upon 
which it ſtands be of the whole cireumference. | 

Con. 6. When the radi are equal, ſectors which 
have equal angles are equal; alſo ſemicircles are e- 
qual, and circles equal. 

Cor. 7. The method of biſecting a given arch, or 
a given ſegment, is evident, 

Cor. 8. A ſtraight line, biſecting two parallel 

, chords, paſſes through the center. 


x 
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| 4 + Fig. 50. 


chords will be equal: For, ſince the arches AH, DG 


4 cor. 23. 


* the ſame ſemicircle, or in emicietis f IPA radu, e- 


e the K arch ; and eee 


For the radii” CH, FG being drawn, the triangles 


the ſides AC, CH are equal to DF, FG. Therefore, | 


the baſe . 
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qual chords ſubtend equal arches, the greater chord 


Let AHB, DKE be two \ fomicireles Af radii 
AC, DF, and in theſe let AH, DG be two equal 
chords ; the arches which they ſubtend will be equal. 


ACH, DFG have all their ſides equal, each to each; 
therefore the angle HCA is equal to GFD*, and 
conſequently the arches upon which they ſtand are 
equal v; alſo convetſely, if the arches be equal, their 


are equal, the angles ACH, DFG are equal >, But 


in the triangles ACH, DFG, the baſe AN 1 is * to 


Next, let the chord DK be greater than the chord 
AH; and the arch Dk will alſo be greater than the 
arch AH. For the triangles DFK, ACH have the 
ſides DF, FK equal to AC, CH, but the baſe DK 
greater than the baſe AH: Therefore the angle DFK 
1s greater than the angle ACH, and conſequently 
the arch DK greater than AH. The converſe is 
proved in like manner. 


PROP. 
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ene e 2200! 

T he an is the . chord in a . 1 5 

chords which are equally diſtant from the center are 

equal; and that which is nearer the center is greater 
than that which is more remote ; and RA 


"Let:AFE-be'a 1 n 
AB is greater than any other chord, as DE, that does 
not paſs through the center. For DC, EC being 
drawn to the center, nnn 
CE, and therefore greater than DBE. 

Next, let AF, DE. be two chords equally. diſtant 
from the center, that is, let the perpendiculars CG, 
CH be equal, then AF is equal to DE. For the 


Fig: 31. 


1 20. 1. 


right angled triangles AGC, DHC having their hy- 


pothenuſes AC, CD equal, and the ſides CG, CH 
equal, are equal in every reſpectb. Thus, AG is e- 
qual to DH, and their doubles © AP, DE alſo equal. 

Laſtly, Let DE be nearer to the center than AK; 
that is, let the perpendicular CH be leſs than CL, 
then DE is greater than AK. For the ſum of the 
ſquares of CH, HD is equal to the ſum of the ſquares 
of CL, LA, becauſe each of them is equal to the 
ſquare of the radius 4. And from theſe the unequal 


8 of CH, CL being taken away, there remains 
the 


Fig. 52. 


80. 1. 


be drawn, and CG joined; then CD, being equal to 


05 R * 


8 riese pen 


the ſquare of HD greater than the ſquare of LA; 
therefore the line HD is greater than LA, and DE, the 
double of HD, greater than AK, the double of LA. 
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Of all * n lines that can be drawn to meet the cir- 


rumference fla circle, from any point that it not the 
center, that which” paſſes thraigh the center is the 
(greateſt ; that which, when produced; paſſes. through 

- the center, is the leaſt ; ithoſe which intercept: equal! 

arches, from the extremity f the greateſt, are equal, 
und that tobicb e the Nees. arch is the _ ; 
| Gn ery 6545 ee 

= Lek C bs 3 center 46 ths, 7 1 A any $40 
poine. Of all the lines that can be drawn from A to 
the circumference, AB, which paſſes through the cen- 
ter, is the greateſt. For, if any other, as AE, be 
drawn; then, CE being joined; AB is equal to the 
ſum of AC, CE, and therefore greater than AE. 
Next, AD, which, when produced, paſſes through 
the center, 'is the leaſt. For, if any other, as AG, 


CG, will be leſs than the ſum of CA, AG *, and 
therefore AD leſs than AG. 


wo 
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Further, AE, AF, which intercept equal arches 


from the point B, are equal. For, ſince EB, BF are 
equal, the angles ECB, BCF eo, and conſequently 
ACE, ACF«, are alſo equal. But, in the triangles 
ACE, Ac, the ſides EC, CF are equal, and AC 
common to both; therefore the baſe AE ls __ to 
the baſe AF 4, © 

laſtly, AE, which i intercepts the leſs arch, is great- 


er than AG. For, ſince the arch EB is leſs than 


GB, the angle ECB will be leſs chan GCB*®, and 


conſequently ACE greater than Ac * in le 


triangles ACE, Ac, the ſides ck, CG are equal, 


- 
; 44.1. 
4 ; 


and AC common to both; cherefore the baſe AL is 


greater than the daſe AG 
Cor. 1. There cannot be drawn more 4 two e- 
equal ſtraight lines, to the circumference of a aw 
from any point that is not the center. N 
Co. 2. If there be three equal ſtraight links drawn 
from a certain point, to the circumference of a circle, 
that point is the center, 


PROP. VI. THE OR. 


An angle at the center of a circle is double the angle at 
the circumference which andi upon the ſame arch. 


„ 


1 


; 
23. 1. 


Fig. 54 


d 18. "of 


Fig. 56. 


* 30. 1. 
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„ the angle ACB i is the double of ADB. 8 
Fig 53. 


* 
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Let ACB be an angle at the center, and AD an 


53 


angle at the circumference, upon, the lame arch AB, 


EE EE. 


Cask 1. When the center is in DB, one of the lines 
that contain the angle at the circumference : : The 


LIT 


Ee ACD i 18 iloſceles; therefore the angles at A 


and D are equal *, and the angle ACB, which is equal 
to both », will be double one of them. Fa 45.6 

Cass 2. When the center is between the lines AD, 
DB, let the diameter DCE be drawn. The angle 
ACE is the double, of ADE, and the angle E ECB the 
double. of EDB; 3 therefore the whole angle a0 is 
double. the whole angle ADB. 8 

CASE 3. When the center is without the lines AD, 


DB; then, as before, the angle ECB is the double of 


EDB, and the part ACE the double of ADE ; there- 
fore the remaining angle ACB 1 is double the remain- 
ing age ADB. 
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All anger in the fan Jegment of « a . are . 


4 ADEB be any 8 of a circle, all the 
; angles in that ſegment are equal. For, from the cen- 


ter C, let CF be drawn perpendicular to AB *, meet- 
ing the circumference of the other ſegment AGB in 


G, 
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| Fig 54 Let ACB be an angle at the center, and ADB an | 


+ * 


angle at the circumference, upon, the, fame arch 4 AB, 
8 the angle ACB i is the double of ADB. 4 5 


* 


Fig. 58. (Cas * When the center is in DB, one of the lines 
VP > NTP that contain the angle at the circumference : . The 


ee. 4 * 


| triangle 4 ACD i is iſolceles ; ; therefore the angles at A 
* cor. 4. 1. and D are equal, * and the angle ACB, which 1 1s equal 
d 18. 1. to. both», will be, double one of them. 
Fig. 54+ Ca ASE. 2. When. the center is between the lines AD, | 

DB, let the diameter DCE be, drawn. The angle 

SG - ACE i is the double of ADE, and the angle ECB the 
* 7 double. of EDB; therefore the whole angle ACB.i is 
43 doyble the whole angle AB. 88 5 «5; 268k 
34 Tig. 55. Cask 3. When the center is without the line Ab, 
| bug DB; then, as before, the angle ECB i 18 the double of 
EDB, and the part ACE the double of ADE ; there- 
fore the remaining, angle ACB i 1s double the remain- 
ing angle ADB... „ 
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All "a in 455 {one A of 6 ar ben equal. 
Fige 56. 0 ADEB be any e of a  carcle, all the 
angles in that ſegment are equal; For, from the cen- 
I. 1. ter C, let CF be drawn perpendicular to AB *, meet- 


ing the circumference of the other ſegment AGB in 
4 | G, > 


„ F 


* 1 4 


— 
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G, and let Ac, CB and DG be joined. Then, be- 
cauſe CF paſſes through the center, and is perpendi- | 
cular to AB, it biſe&s the arch AGB»,, Hence the v cor. 1, 
angles ACG, BCG are equal. But the former is cor 5 
the double of the angle ADG, and the latter the 
double of BDG. Therefore the angle ADG is equal 
to BDG ; and the whole angle ADB equal to ACG, 
or BCG: Thus, the angle ACG is equal to any angle 
in the ſegment AD EB. reg all the en 
in that ſegment are equal. n | 
Cor. 1. All angles at the nen which 
ſtand upon the ſame arch, are equal. Me 
C6. 2. An angle at the circumference, ſtanding 
upon any arch, is equal to an angle at the center, up- 
on half that arch. | 
Cox. 3. In the fame circle, or in circles of equal 
radii, if two angles at the circumference ſtand, upon 


equal arches, they are equal to one e 60 
converſely. 


ay 


{ 


PROP. vin. PROB. 
oy ci circle about FORO: | +l 


Let ARC be ths givin this ADS 
required to deſcribe a circle. Let the two ſides AB, 
BC be biſected by the perpendiculars DE, FE *, inter- 


ſeQing 


Fig, 57. 


E L E MA NoTS, Bags Il. 
ſein. each other in E, and E js the center of the 
Circle that will circumſcribe the triangle. For EA, 
- EB, EC being drawn, the triangles APE, BDE are 
2 4 1s equal in every geſpect o, ſince AD, DB are equal, 
* DE common to both, and the angles at D right: 
therefore EA is equal to EB. In the ſame manner, 
EB is proved equal to EC. If, therefore, a circle be 
deſcribed about the center E, at the diſtance EA, it 
will paſs. through che three angular points A, B, C, 
and circumſcribe the triangle. | 
Cox. The circumference of a ciegle a may. ba A 
bed through any three points not in the ſame ſtraight 


PROP. IL THEOR. 


The angle in a ſemicircle is a right angle; the angle in 
"a ſegment, greater than a ſemicircle,'is an acute angle; 
[ and the angle in a ſegment, leſs than a 146g od an 
| obtuſe angle. 


| Fig-56 Let ADEB be any ſegment of the circle AEG, ha- 
ving the line AB for its baſe. From the center C 
let CG be drawn perpendicular to AB, meeting the 
circumference of the other ſegment AGB in G. 
Then, according as ADEB-is a ſemicircle, à greater 
ſegment, or a leſs ſegment, the center C will fall up- 
on, above, or below the line AB; and therefore the 


angle 


: , 
a — 
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the angle ACG will-accordingly be right, acute, or ob- 
A, tuſe. But the angle ACG is equal to any angle, 48 
e ADB, in the ſegment ADEB . Conſequently the 
al, angle ADB is right, acute, or obtuſe, according as 
he ADEB is a nn. a en ſegment, or a leſs 
fs ſegment. ' | 
be Con. 1. The center ef che ceumierlbing circle 
x falls within the triangle, upon one of its ſides, or 
C, without, according as it is an acute-angled, right- 


angled, or-obtuſe-angled triangle. 
i- Con. 2. In every right-angled triangle, the di 


at of the middle of the hypothenuſe from the 3 


angle is equal to halſ the hypothenuſe. 
Con. 3. The angle at the vertex of any triangle 
einſcribed in a circle, differs from a right angle by the 
angle which its baſe forms with the radius or diame- 


\ 


7 ter at one extremity af the baſe. \ 


PROP. X. THE OR. 


The oppoſite angles of any quadrilateral figure, inſcribed 
conn. 
Let ABCD be any quadrilateral figure-inſcribed in 


wgetherequal to two right angles. For, let the diagonal 
I AC 


thecircle AED, the two oppoſite angles at B and D are- 


in a circle, are together equal to two 7” angles ; and 


Fig. 58. 


_— 


2 
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* 


Ac bt drawn and biſefted by the perpendicular EF, 


41. c. 2. 3. 


meeting the circumference in E, F. Then EF paſſes 
through G, the center of the circle, and biſects the 
arches ABC, ADC'*. Hence the angle AGF is equal 
to the angle at B, and AGE to the angle at D. Con- 
ſequently the ſum of the angles at B and D is equal 
to the ſum of the angles AGF, AGE, which is two 


right angles. 


Alſo converſely, if the oppolite nies at B ab D, 
of a quadrilateral ABCD, be together equal to two 
right agler, 2 circle may be deſcribed about it. For 


che circumference of a circle may be deſcribed through 
the three points A, B, Ce; and, if that da not paſs 


through the point D, let it meet the diagonal DB in 
any other point, as H. Then AH, HC being drawn, 
the angles at B and H would be together equal to two 
right angles, and therefore equal to the angles at B 
and D. Conſequently the angle at H would be equal 
to the angle at D, which is impoſſible 9. 

Cox. 1. If one of the ſides of a quadrilateral fi- 


gure, inſcribed in a circle, be produced, the exterior 


angle will be equal to the interior oppoſite angle, 

Con. a. I, when the diagonals of a quadrilateral 
figure are drawn, the angles which ſtand upon one 
of the ſides be equal ; the circumference of a circle 


7 neo e points, | 


: 


PROP. 
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P TOP. XI. T HE OR. 

ws ene ey paſſing through any point in the tircum- 
ference of a circle be perpendicular to the radius at 
e a 
eee 


r } 8 5 


Let Sou Qraight line DBE, b ritnugh why Fig. 6gF 


point B, in the circumference of the circle AFB,” be 

perpendicular to the radius CB; DR is a tangent to 
the circle. For, let any point D be aſſumed in it, 
from which let DC be drawn to the center. Then 


without the circle. 

Alſo converſely, If DE be a * at B, it is per- 
pendicular to CB. For, fince every point in DE, 
except B, is without the circle, CB is the ſhorteſt 
line that can be drawn to it from the center, and is 
therefore perpendicular to DE *. 

Con. 1, At the ſame point, in the circumference of 
a circle, there cannot be more than one tangent. þ 

Con. 2. A perpendicular to a tangent, from the 
point of contact, paſſes through the center, 

Cox. 3, A ſtraight line cannot meet the circum- 
ference of a circle in mare than one point, without 
cutting it; or, en tangent, a 

|  Rraight | 


CD is greater than CB *, and ene D a point J e. 19 


* 


* 
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| mY Might line cannot be e drawn from 1 point of cum 
1 ut 10 LH ", Sify 5, 44. oy Wat 


* 


Cor. 4. A Walch line cutting the circle, and pa- 


i rallek to 47 af e Eun from the 
point of contact. . . . 


| 
| | Con! 5. If two W wok me Pg extremi- 
| 
| 
| 
| 


— 


ties of a diameter, they are parallel; and converſely: - 
Con. 6. Parallel lines, meeting the circumference 
„ +7 ofa circle, interſect equal arches ; and converſely; 
Cok. 7.. A: ſtraight line, drawn through the middle 
of an arch, parallel ere eee e- Hl 
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7 9 c gelt, whoſe circunferences 7467 work the ſame 
| point, in the line . ing through : their ce 2% 1, , touch 
one another. f 11mg ee pet 


ei DMS 257092; 913 row. tt or werb id at dt gail 


- ; 161155! * 


Fig. Gx. Let the circumlerences of t two circles, "Shakes cen- 
B are A, B., paſs through the Hie point | ho in the 

Araight line AB; ; the circles mall touch e one andther 

in that point. For, if 'pollible, let them meet ! in any 

other point, as ; D, and let AD, BD be drawn : Then, 

becauſe AD is equal to AC, and BD to BE; the ſum 

or diffetence of AD, "DB, two ſides of a triangle, 
20. 3 would be equal t to the rc be AB, "which is is ; abſurd*. 
| 898 Cor, 
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Con. t. TWO circles, whoſe ,circumfarencoroſals | | 
through the ſame point, without the line, joining theiv | : 
centers, cut one another. | 

Con. 2. The circumferences of two circles cannot 
meet in more than one point without cutting. 

Cor. 3. If two cireles touch one another, the 
ſtraight line which joins their centers will Wy ey 
the lere eee BY „ e e eee 

hg Mam ar N YN an: en 


? " * * 
„ 8 4 k &- | 
. Ty * 1 . * * *75, 4 
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PROP. XII. PR O B. 


To draw a tangent eto a given circle, A 4 0 point 
without it. 820 yas 
if 40 L H ni 90405 as 07 lupe 53 u NA 
Les EBC, be dhe igiven; einde, and: & the given Fig: 6: 
Let AC be drawn to the center, and upon AC, 48 2 
diameter, let a circle be deſcribed, interſecting the 
given, circle in the two points B, E., Then a ſtraight 
line drawn from A, to either of theſe points, B, E 
will be a tangent to the circle EBC. For, AB, BCS 
being drawn, becauſe; the angle in a ſemicirele ia a 
right angle, AB is perpendicular to BC; and be- * 
cauſe AB is perpendicular to the ecrr AB is 1 
tangent to the cirelẽ d. 113. 
Con. 1. From dhe; ſeme point, kde a cl, 
. 4 
— 


v4 


20 


E 1. E ME N T = | Boox: I | 

cg Fon tangents dra from te as point, 
without an ts are . th 
| ka 
| N N 9 re 
PROP. XIV. THEO R. k 
| If a firaight lins touch à circle, and from the point of N 
contact a ſtraigbht line be drawn to cut the tirele, the " 
angles which the ſecant makes with the tangent, are x 
_ equal to yy in "Py —— 1 ; and con- | 
OE | f 


circles, each of which contains a right angle, and the 
angles at B are alſo right angles. If not, let AE be 
drawn parallel to CD, to meet the circumference in 


Let CD be a tangent to the circle ABE, and BA | 
any ſecant drawn from the point of contact, the angle | 
ABD ſhall be equal to any angle in the ſegment AEB, | 
on the other ſide of AB, and ABC equal to any 
angle; as F, in the ſegment AFB. If BA be perpen- 
dicular to CD, it divides the eirele into two ſemi- 


T. and ler EB be joined. The angle ABD is equal i 
to BAE, becaule they are alternate angles *, and BAE 5 


is equal to AEB+, becauſe they ſtand upon equal 


Again, becauſe EAFB is a quadrilateral figure; in- 
ſcribed in the circle, the angles at E and P are toge- | 
ther equal to two right angles, and therefore equal to ( 
25 ; wi 
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1 
"IL I; 


equal angles E and ABD be taken away, and there / 
remains the angle at F equal to ABC | 


the two angles ABD, ABC From theſe equaly jet thi 1. bo 


. Converſely, If the ſecant AB make, with the 


ſtraight line CD, meeting the circumference in B, 
the angle ABD, equal to any angle in the alternate 
ſegment, CD will be a tangent to the circle. For, 
the ſame conſtruction being made, ſince the angles 
BAE, AEB are each equal to ABD, they are equal 
to one another; therefore the arch EB is equal to 
BA », and conſequently CD a tangent '. 


PROP. Xv. PRO B. 


Upon a given ſtraight line, to deſcribe a ſegment of a circle 
that ſhall contain a given angle. 


j « 


Let AB be the given ſtraight line, and C the gi» 
ven angle, it is required to deſcribe upon AB a ſeg- 
ment of a circle that ſhall contain an angle equal to 
C. If C be a right angle, let a ſemicircle be deſcri- 
bed upon AB. If not, let the angle ABD be made 
equal to C*, and BF drawn at right angles to BD, to 
meet the perpendicular EF, that biſects AB in the 
point F ; About the center F, at the diſtance FB, let 
a circle be deſcribed. Its circumference will paſs 

through 


13. m. 


5 n . , . . * * P \ "IF * a 7 "a4 vs . N 
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- thrangh the point A, becauſe. FA and FB are equal, 
being the baſes of the triangles AEF, BEF, which are 
equal in every reſpectꝰ ; and BD will be a tangent to 
that circle ©, becauſe it is perpendicular to the radius 
FB... Hence the angle ABD, and conſequently C, is 
equal to the angle in the n —_ deſcribed 
B08 mm 511 01: 


* ! 
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Any angle, whoſe ſides meet the circumference of a circle, 
is equal to an angle at the center of that circle, and. 
ing upon half the ſum, or half the difference of the in- 

tercepted arches, according as the angular point is 
within or without 2 circle. 

* 7 
Let the ſides AB, AC, of the angle BAC, meet the 

. circumference of the circle BDE, in the Points B.E, 

f and E BAC ſhall be equal to an angle at the, 

center, ſtanding upon half the ſum, or half the dif. 

ference of the arches BC, DE. For, through E, 

let EF be drawn parallel to AC. The arches or, 


8 DE, intercepted by the parallels AC, EF, are equal“. 


Hence the arch BF is the ſum or difference of BC, 
DE, according as Ai is within or without the circle. 
But the angle BEF, at the circumference, i is equal to 
9 angle at the center upon half the arch BF ». 
23 8 There- 


Book III. 0 F G E 0 E TRY. 73 


Therefore the angle BAC, which is equal to BEE, 
becauſe of parallel lines, in equadto an angle at the 
center, upon half the ſum; or half the difference, of 
the intercepted arches BC, DE. ' 


Con. If two chords interſect one another at N | 


angles, within a circle, the oppoſite — are mn 
ther N to half che circumference. 


PROP. XV. THE OR. 


If two chords interſect one another, within or without a 


circle, the. rectangle under the ſegments of the one will 


be _ to the TRIS under the Wen of the other. 


Let AB, CD be two choodi wemkfiing one ano- 
ther in any point E, within or without the circle 
CBA, the rectangle under AE and EB will be equal. 
to the rectangle under CE and ED. * & 

Let one of them, as AB, paſs through the center 
F, from which let FG be drawn perpendicular to the 
other CD, and let FC be joined. In the triangle 
CFE, the rectangle under the ſum and difference of 
the ſides CF, FE, is equal to the rectangle under the 
ſum and difference of the ſegments of the baſe CG, 
GE*. But the ſum of CF, FE is AE, and their 
difference EB, becauſe AF, FB are each equal, to 
CF; alſo the ſum of CG, GE is CE, and their dif- 
ference ED, becauſe CD is biſected by FG v. There. 

© fore 


Fig 66. 
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fore the rectangle AEB is equal to the rectangle 
CED. Conſequently the rectangles under the ſeg- 
ments of any two chords which interſe& in E are e- 

qual. | OO OE rod ut Loan 
Cos. 1. If, from the ſame point, without a circle, 
two ſtraight lines be drawn, the one to cut the circle, 
.and the other to touch it, the reQangle under the 
ſegments of the former will be equal to the __ of 
the latter, | 

For, if EC be a tangent, CFE is a right angled 
triangle *, and the difference of the ſquares of CF, FE 
is equal to the ſquare of EC“. . 

Con, 2, If, from the ſame point, without a circle, 
two ſtraight lines be drawn, the one to cut the circle, 
and the other to meet the circumference, ſo that the 
rectangle under the ſegments of the former be equal 
vo che ſquare of the latter, the latter will be a tan- 
gent. 

If EC be the line that meets ah circle, and EBA 
the line that cuts it, ſo that the ſquare of EC be equal 
to the rectangle AEB; then EC is a tangent : For, if 
it met the circumference in any other point, as G, 
the rectangle GEC would be equal to the rectangle 
AEB, and therefore equal to the ſquare of = 

which is impoſhble “. 
Co. 3. If, from any point in the cc of 
a circle, a perpendicular be let fall upon a diameter, 


„„ % arr 


Y 


kd 
a * 
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the rectangle under the ſegments of che diameter will 
be equal to the ſquare of the perpendicular. N 


Cor. 4. Alſo, if from the ſame point, a ſtraight 
line be drawn to one extremity of the diameter, its 


ſquare will be equal to the rectangle under the whole | 


diameter, and the adjacent — 


PROP. XVIL T HE OR. 


9 


V. through one extremity of a diameter of a circle, a 


a ſtraight line be drawn, to meet the circumference, and 
any perpendicular to that diameter, the reftangle under 
its ſegments, from that point, will be equal to the rec- 
tangle under the diameter, and the diſtance of the fame 
point from the perpendicular. 


Let ABE be a circle, of which AB; is a Nameter ; + Fig. 69. 
let CD be any ſtraight line perpendicular to AB, 
within or without the circle, and AD any ſtraight 
line drawn through the point A, to meet the perpen- + . \. 
dicular CD in D, and the circumference in E ;. the To 
rectangle DAE will be equal to the rectangle BAC, 

For E, B being joined, the angles DCB, DEB are 
equal, becauſe they are right angles *; therefore a * hyp. & 
circle may be deſcribed through the four points, D, 
C, E, Be; and conſequently the rectangle DAE is 10. 3: 
equal to the rectangle BAC. N ; 


Cor, 


Con. If, through any point, in the circumference 
of a circle, two ſtraight lines be drawn, to meet the 
circumference, and any perpendicular to. the ſtraight 
line paſſing through that point and the center, the 

rectangles under their ſegments, from the ſame point, 
will be equal. KT 


PROP. XIX. P R O B. 
7 0 inſcribe a circle in a given triangle. 222 


Let ABC be the given triangle, in which it is re- 
quired to inſcribe a circle. Let the two angles at B 
and C be- bifeted * by the lines BD, CD meeting 
each other in the point D, from which let the per- 
pendiculars DE, DF, DG, be drawn to the fides of 


* the triangle*. The triangles BDE, BDG having the 


angles at B equal, the angles at E and G right, and 
the ſide BD oppoſite to the right angles common to 
both, are equal i in every reſpect e. Hence DG is e- 
qual to DE. In like manner, DF may be proved e- 

qual to DE. Thus, the three perpendiculars are e- 
qual. Let then a circle be deſcribed about the cen- 
ter D, at the diſtance of one of them, and it will 
paſs through the three points E, F, G, and be inſcri- 


deſd in the triangle, becauſe the ſides of the triangle 


being each perpendicular to a Farah of the circle, 
touch 1 its circumference a, 


Cor. 


t, 


— 
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Cor. 1. Straight lines, drawn from the angular 
points to the center of the inſcribed Os biſe@ the 
angles of the triangle. 1 5 

Cor. 2. In the ſame manner, may be found the 
center of a circle that ſhall touch any three ſtraight 
lines given in poſition, provided they be not all pa- 
rallel, nor all tend to the ſame point. 


"PROP. XX. PRO B. 
To inſcribe a ſquare in a given circle. 


Let ABCD be the given circle, in which it is re- 
quired to inſcribe a ſquare. Let two diameters AC, 
BD be drawn to cut each other at right angles, and 
let their extremities be joined by the lines AB, BC, 
CD, DA. The quadrilateral formed by theſe lines is 
a ſquare : For all its angles are right“, becauſe each 
of them is an angle in a ſemicircle ; it is a parallelo- 
gram e, becauſe any two adjacent angles are together 


equal to two right angles; and all its ſides are equal, 
becauſethey are the baſes of the triangles AEB, BEC, 
CED, DEA, which are equal in every reſpe& ©: And 
that ſquare having its angular points in the circumfe- 
rence, is inſcribed in the circle, " 


Fig. 71. 


9. 3. 
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PROP. 
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PROP. XXL PR OB. 


To inſeribe a regular pentagon in @ given circle; 


Let'EGF' be the given circle, in which it is re- 
quired to inſcribe a regular pentagon. Let the ra- 


dius AB be divided in the point C, ſo that the rec- 


tangle ABC may be equal to the ſquare of AC. A- 
bout the center'B, with a radius equal to AC, let a 
circle be deſcribed to interſect EGF in D; and let 
AD, DC, DB, be joined, and DC produced to meet 


| the circumference in E. The arch BE is' a fifth part 


of the whole circumference. For, let the diameter 


EA be drawn; then, 


1. The triangles ABD, DBC, are mutually equi- 


angular. For, ſince BD is equal to AC, the rec- 


tangle 4 ABC will be equal to the ſquare of BD; 


therefore BD is a tangent to the circle that paſſes 
through the three points A, C, D®, and the angle 
BDC equal to DAC e, an angle in the alternate ſeg- 
ment. Thus, the triangles ABD, DBC have the 
angles at D and A equal, the angle at B common to 


both, and therefore the remaining angle BDA equal | 


to the remaining angle BCD «. | 
2. In the iſoſceles triangle ABD, each of the angles 
at the baſe is double the angle at the vertex. For, 


ſince the angle CBD is equal to BDA, and BDA has 


been 


\ 
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been proved equal to BCD, the angle CBD is equal 


to BCD, and therefore the ſide CD is equal to BD *. 
But BD is equal to CA. Therefore CD is equal to 
CA, and the angle CDA to CAD f. But the angle 
BDC was alſo proved equal to CAD. Conſequently 
the angle BDA is double the angle CAD or BAD. 

3. The chord BD is parallel to the diameter EF. 
For, ſince the angles BDC, CDA are each equal to 
Cab, they are equal to one another. But CDA is 
equal to AEC. Therefore BDC is equal to AEC, 
and they are alternate angles; conſequently BD is 
parallel to EF .. 


4. The arches EB, DF are each. of them 8 


the arch BD, becauſe the angles EAB, DAF (being 
equal to their alternate angles at B and D * are each 
of them double the angle at BAD. 


Hence the arch BD is a fifth ey of the e 


cumference EDF, and conſequently BE a fifth a 
of the whole circumference. 

Now, let the three arches EG, GH, HK, be made. 
each equal to BE, and the remaining arch BK will be 
equal to the ſame. Alſo, let the chords of theſe five 
arches BE, EG, GH, HK, KB be drawn, and the 


polygon which they form will be a regular pentagon 
inſcribed in the circle. For all its ſides are equal i, 


becauſe they ſubtend equal arches, and all its angles 
equal *, becauſe they ſtand upon equal parts of the 
circumference. 


Mo 


© cor. 5.1 


f Cor. 4+ Is 
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Con 1. If the circumference of a cirele he divided 
into any greater number of equal parts, the chords of 


theſe parts form a regular polygon. + (0 
Con. 2. If the radius of a circle be divided, ſo 


that the rectangle under the whole, and one of the 
parts, may be equal to the ſquare of the other, the 
greater ſegment is equal to the Gy of a . deca- 


5 77. inſcribed in that circle. 
PROP. XXII. P R O B. 
I, | To inſeribe a regul ar hexagon in a given circle. 


Let EDB be the given circle, in which it is requi- 
red to inſcribe a regular hexagon. Let A be the 
center, and B any point in the circumference. About 
the eenter B, at the diſtance BA, let another circle 
be deſcribed, to interſect the former in C, G, and 
from the points C, B, G, let the three diameters CF, 
BE, GD, of the given circle, be drawn. Then the 
chords of the fix arches, into which theſe diameters 
divide the circumference, will form a regular hexa- 
gon. For, ſince ABC and ABG are equilateral 
triangles *, each of the angles GAB, BAC is a third 


» cor. 4. part of two right angles*. But the three angles 


GAB, BAC, CAD make two right angles. There- 
"oro the * CAD is alſo a third part of two right 
angles, 


— - — a — 
— — — 
—— —— 


* 
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to r TO 
angle , all the ſix angles at the center A are equal. 
Conſequently the arches upon which they ſtand are 
equal * ; and the figure formed by the chords of 1 
arches, a regular * hexagon, f cor. 1, 
Cor. In every circle, a chord ama to the hs 
ſubtends a ſixth part of the circumference—or,, the 
radius of the circle is equal to the fide of the inſeri- 
bed regular hexagon. | 


PROP. XXIII THEOR. 


The ſquare of the Jade of a regular pentagon, inſcribed 
in à circle, is equal to the ſum of the ſquares of the 
fedes of & regular . and dackget anner 


ſame circle. 


Let BF be the ſide of a regular pentagon, and BD 
the fide of a regular decagon, inſcribed in the circle 
EDB, of which A is the center. The ſquare of BF 
ſhall be equal to the ſquares of AE, BD. 

Let the radius AB be divided in C, ſo that the 
rectangle ABC may be equal to the ſquare of AC*, . 8 
and let FD, DC, CF, FE be joined. Then each of 
the lines DC, DB, DF, being equal to AC, they » 21. 3. 
are equal to one another. Hence the angle DBC is 
L equal 


Fig. 74. 


” 20% 3. 


4 cor. $+ 1. 


Fig · 75+ 
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egust to DCR. But the two angles EFD, DBE 
being equal to two right angles“, are equal to the 
two angles ECD, DCB. Therefore the angle EFD 
is equal to ECD. From theſe let the equal“ angles 
Dc, Dor be taken away, and there remains the 
angle EFC equal to ECF. ee the lines 
EE, EG are equal. 20 
OY Again, becauſe EC is equal to the fum of AB, AC, 
N it is divided ſimilarly to AB“, that is, the fectangle 


ECA is equal to the ſquare of EA: Therefore twice 


the ſquare of EA is equal to twice the rectangle 


ECA. Let twice the ſquare of EA be added to both: 
Then four times the ſquare of EA is equal to twice 
the rectangle ECA, with twice the ſquare of EA. But 


four times the ſquare of EA rs equal to the ſquare of | 
EZB, or to the ſquares of EF, FB*. Therefore the 


ſquares of EF, FB are equal to twice the rectangle 
ECA, with twice the ſquare of EA. Inſtead of twice 
the rectangle ECA, with once the ſquare of EA, let 


the ſquares of EC, CA be taken. Then the ſquares 
of EF, FB are equal to the three ſquares of EC, CA, 


and EA. From theſe equals let the equal ſquares of 


EF, EC be taken away, and there remains the ſquare 
of EB, equal to the ſquares of CA and EA. 

Con. Hence the ſide of a regular pentagon my 
be found by the following conſtruction. Let the di- 
ameter EAB be drawn, the radius AD perpendicular 
0 it, and the radius EA — Te About the 


center 


5 


© 8 F 8 


ter 
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center F, at the diſtance, FD, let a circle be deſcri · 
bed to interſect EB in Cy and let CD be qoined. The 
ſtraight line CD is equal to the ben. ane. 


tagon inſcribed. in the circle. * de 1» gn 
ee $449 eee od eee eee e eee. 
* 9 A 
4 - wn ® 1 

bon ANTE 5 | SIA ts 1 AHAM 


"PR OP. AIV. PRO 
EN 42238109 27% ,\erpoitiern, uh 
— a given circle,ta deferibe a regular polygon, of the 
fame number of ſides, with a given one inferibed in the, 
TAB e {ruth 200 0 l 9% i MAH oe 


4 & 225 1 As Ai; DUTY 21H A „A 4 llt 


3 ABGDEF be ee regular Polygon, N Fig. 76. 
bed. in the, given circle AC; It i required to, Me 
ſcribe ahoug the circle Ach a r5gular polygon. of the 
ſame number of ſides with ABCDEF . Through roy 
angular points of the gi gly« ven polygzon, lett | Laygents, to . 
the circle be drayn, interſecting one another in the 
points G, H, k, L, M. N; and the figure formed by. 
theſe tangents is a regular polygon, deſcribed — 
the given circle. _ 

For, ſince. two tangents, . drawn. from. the ſame 
point, are equal *, „ GA is equal to GF; and thus all * cer. 8. 
the triangles formed upon the ſides of the polygon 3 
ABCDEF are iſoſceles. They are alſe equal to one 
another. For the angle GAF is equal t to an angle i in 


11 


the alternate ſegment *, that is, to an angle at the 9 14: 3. 4 


. e ſtanding upon the arch AF, and Yo 
ungle 


angle HAB equal to an angle at the'circumference, 
ſtanding upon the arch AB. But the arches AB, 
AE, ſubtended by equal lines, are equal, and the 
angles at the circumference, wich ſtand upon them, 
alſo equal . Therefore the angle GAF is equal to 
HAB, and conſequently the angle GFA equal to 
HRA. Whence the triangles AGF, AHB, having 
the ſides AB, AF equal, are equal in every reſpect ©. 
Thus, the angles at Gand H are equal. And, in Hke 
manner, may it be proved that all the angles of the 
polygon GHKLM are equal to one another. Alſo, 
, _ des _ AH, are A oy n like "Pn 


Fr hal tics their hatves Ws equal, at he lues are 


el to one another, 01.1 £13447 S362 (1 19 130 un 2 £1 


Con. IT a regular polygon” be deſeribed about a 
Hae; the fides of the whey rr are e in the 


F 14 4 . 

poi int; of contaRt. ba N eh eb a4 ob be 

e » 
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in rribe another i in the Jane. 


ring 


1 AC r b be a given Gita polygon, in and 
about which it is required to deferibe circles. Let 
91 371 ; the 
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ie two angles at A and B be bifefed- by the lines 

G, BG meeting in the point G: Then G is the 
center of both circles. Por, let the perpendiculars 
GH, OK be dran from the point G to the ſides 

AB, AF, and let F, G be joined. Then, comparing 

the triangles ACP, AGB, the ſides AP, AB are e- 

qual by hypotheſis ; AG is common to both, and the 
includes angles ate equal by conſtruction; therefore 

the bafe FG is equal to the baſe GB, and the angle 

Ar edu to A500 . But the angle ABG is by * 4. 1. 
conſtruction half the angle ABC. Therefore che 
angle AFG- is half the equal angle APE, that is, the 

angle AFE is biſected by the line FG, In like man- 

ner, may it be proved, that all the angles of the po- 
lygon are biſected by lines drawn n G to the an- 
eigen; e- 

Again, becauſe the angles a AFE ae qual 

their halves GAF, FAG are alſo equal; therefore the 

fide GY is equal to GA. In the fame manner, it v cor, 5, x, 
may be demonſtrated, that all the lines drawn from 

G to the angular points of the figure are equal to one 
another. Therefore the circle" deferibed about the 
center G, at the diſtance GA, will paſs through the 
points A, B, C, D. E, F, and circumſeribe the __ 
polygon. 

Next, comparing the i AGH, ACR, the 
angles at A are equal, becauſe GA biſects the angle 
BAF, the angles at H and K are equal, becanſe' they 

| are 
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are right angles, and the ſide GA is common to both. 
, _— 5. Hence the triangles are equal in every reſpect e: The 
5 I. ſide GH is equal to GK. In like manner, may it be 


proved that all the ee en Rm 


| Therefore the circle deſcribed about the center; G,.at 
<7 the diſtance GH, will paſs through their extremities: 
3 And it will be inſcribed in the polygon, becauſe the 
ſides of te polygon, being each of them perpendicu- 


| $ , lar to a radius of the circle, touch its circumference. 


| Con. Of any regular polygon, tlie cireumſeribing 
11 ed e have the lame AR #4 Pt! 


7 : 
+= #4 1 7 
N 4 — * ' 2 4 My o 4 10 . 4. JS 1 £ l * 14 2196: 
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3 I. . falling 40580 tia extremigies 
of a diameter of a cirele, upon any hands in dun, 
cut off equal ſegments. „ he ed vis 

Por. 2. The ſquare of the ſide of an eine 
triangle, inſcribed in a circle, is * caiggApey * 
the radius. 573,423 1 E 

Prop. 3. If two chende in eiae imterſest« one an- 
a at right angles, the ſum. of the ſquares of the 
four ſegments will be equal e. of An 
meter. 

Por. 4. The baſe; the die 1 the — 
or difference of the ſides, being given, to deſeribe the 

5 Prop. 
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Prov. 5. If an equilateral triangle be inſcribed in 
circle, and from the three angular points, ſtraight 
ines be drawn to the ſame point in the circumfe- | 
ence," one of them er wee to the fum of the b 
dther'two. 

Prop. 6. The VU of an Weed 
riangle is triple the radius of the inſeribed cirele. 
PRor. 7. A regular octagon, inſcribed in a circle, 
s equal to the rectangle under the ſides — the _ | 
ded and circumſcribing ſquares. -- REIT TH 
Proe. 8. The vertical angle, the difference of the 
egments of the baſe, and the ſum or difference of the 
ides are given, to conſtruct the triangle. | 
PRop. 9. If, from the extremities of any chord in 
z circle, ſtraight lines be drawn, to any point in the 
liameter to which it is parallel, the ſum of their 
quares will be equal to the ſum of the enn the 
egments of the diameter. A ae e 


Pop. 10. If, from two points, in 'the diameter of 
> circle, equally diſtant from the center, two ſtraight 
ines be drawn to meet each other in the circumfe- 
ence, the ſum of their ſquares will be equal to the 
um of the ſquares of the ſegments into which 52 
liameter is divided in one of theſe points. 

Paor. 11. If, from a point without a circle, two 
ingents be drawn, and from one of the points of 
ontact, a perpendicular be let fall upon the diameter 
aſling through the other, it will be biſected Dy 2 
ſtraight 
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ſtraight line joining the point without the circle, and 
the fartheſt extremity of the diameter.. 

Prop. 12. The difference of the angles at the 1 
the difference of the ſegments of the baſe, and the 
ſum or difference of the . W 8 given, io con. 
ſtruct the triangle. 

Prop. 13. If, from the extremities of the baſe of 
any triangle, perpendiculars be let fall upon the op- 
poſite ſides, a ſtraight line drawn through their inter- 
ſection from the vertex, will ee eee —_ 
baſe. 

NOOR 14. From a point, a. 3 
tangents be drawn, and from the points of contact 
two chords, to the ſame point in the circumference ; 
then, if a ſecant be drawn from the point without the 
circle, parallel to the one chord, and meeting the o- 
ther, a perpendicular to the parallel chord, from the 
point of concourſe, will biſe& it. | 

Prop, 15. If, from any point in the circumference 
of a circle, two chords be drawn, and the intercepted 
arch be biſected by a perpendicular falling upon ei. 
ther chord, that perpendicular will add to the leſs, or 
cut off from the greater chord, a part equal to half 
their difference. 

PRop. 16. The difference * the ke at the baſc, 
the difference of the ſegments of the baſe, and the 
perpendicular 1 given, to conſtruct the triangle. 
PRor. 


ſe, 


Proy. 17. If, from à point without a circle, two 
ſtraight lines be drawn, to touch or cut the circum- 


ference, and from the ſame point a ſecant be drawn, 


through the line joining the points of contact, or the 
interſection of the lines joining the oppoſite points of 
lection, it will be ſo divided, that the rectangle under 
the whole line, and its middle ſegment, ſhall.be equal 
to the rectangle under the extreme ſegments. 

PRop. 18. If the oppoſite ſides of a quadrilateral, 
inſcribed in a circle, be produced to meet, the ſquare 
of the line joining the points of concourſe will be e- 
qual to the ſam of the ſquares of two tangents drawn 
from theſe points. | | 

Proy. 19. If, from a point without a e 
two tangents be drawn, and the points of eontact be 
joined to the oppoſite extremities of the diameter, the 


ſtraight line which paſſes through their interſection, 


and the point without the STII will be perpen- 
dicular to the diameter. 16 

PRoy. 20. The vertical angle, the perpendicular, 
and the perimeter, being given, to confiruX the 


triangle. J 
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1. XXV HEN one magnitude contains another 
| Va certain number of times, without a re- 
mainder, the former is ſaid to be a multiple of the 
latter, and the latter a part of the former. "Ip 
2. When ſeveral magnitudes are multiples of as ma- 
ny others, and each contains its part the ſame number 
of times, the former are ſaid to be equimultiples of 
the latter, and the latter like parts of the former. 
| 3. Betwixt any two finite magnitudes of the ſame 
kind, there ſubſiſts a certain relation, in reſpe& to 


quantity, 
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quantity, which is called their Ratio. The two mag- 
nitudes compared are called the Terms of the Ra- 
tio; the firſt, the Antecedent ; __ | the 08g _ 
Conſequent. e | 

4. Of four nuvi es; the ratio of W firſt to the 
ſecond is ſaid to be the ſame with (or equal to) the 
ratio of the third to the fourth, when the firſt con- 
tuins any part whatever of the ſecond, juſt as oft as 

the third contains the like part of the fourth. 

5. But the ratio of the firſt to the ſecond is ſaid to be 
greater than the ratio of the third to the fourth, when 
the firſt contains a part of the ſecond oſtener than the 
third contains a like ou of the fourth, and leſs when 
not ſo often. | 

6. When two ratios are equal, their terms are faid 
to be proportional. | 

7. The equality of ratios, or proportionality of 
magnitudes, is expreſſed thus, A :B=C D, (the 
ratio of A to B is equal to the ratio of C to D), or 
A: B:: C: D, (A is to B as C to D). And the 
whole expreſſion is named an” Analogy or Propor- 
tion. 9 * Bere 

8. The homologous terms of an analogy, are the 
Antecedents or the Conſequents of the Ratios. 

9. Magnitudes are ſaid to be in continued propor- 
tion, when the ratios of the firſt to the ſecond, of 
the ſecond to the third, hos the third to A e de &e. 
are Wing equal, 

10. 
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10. Of magnitudes in continued proportion, the 
ratio of the firſt to the third is called the duplicate 
ratio of the firſt to the ſecond, the ratio of the firſt to 
the fourth, the triplicate of the firſt to the ſecond, 
Kc. ; alſo, the ratio of the firſt to the ſecond is called 
the ſubduplicate of the firſt to the third, the 0 

cate of the firſt to the fourth, &c. 

11. Of any number of magnitudes of the ſame 
kind, the ratio of the firſt to the laſt is ſaid to be 
compounded of the ratios of the firſt to the ſecond, 
the ſecond to the third, the third to the . * 
ſo on to the laſt. 

12. Of any analogy, the * e ate ſaid to be 
proportional by Inverſion, when the ſecond is to the 
firſt as the fourth to the third. 

I 3. By Alternation, when the firſt is to the third as 
the ſecond: to the fourth. 

14. By Compre/ttion, when the ſum of the firſt and 
ſecond is to the fecond, as the ſum of the third and 
ſourth is to the fourth. 

15. By Diviſion, when the difference of the firſt 
and ſecond is to the ſecond, as the difference of the 
third and fourth is to the fourth, 

16. By Converſion, when the firſt is to the ſum of 
the firſt and ſecond, as the third to the ſum of the 
third and fourth. Alſo, when the firſt is to the dif- 
ference of the firſt and ſecond, as SE: Is 
difference of the third and fourth. 


. 
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17. By Mixing, when the ſum of the firſt and ſe- 
cond is to their difference as the ſum of the third and 
fourth to their difference. 

18. If there be any number of e * as 
many others, which, taken two and two, are conti- 
nually proportional, either in a direct order, (that is, 
if the firſt be to the ſecond of the former, as the firſt 
to the ſecond of the latter, the ſecond to the third of 
the former, as the ſecond to the third of the latter, 
&c.) or in a croſs order, (that is, if the firſt be to 
the ſecond of the former, as the laſt but one to the 
laſt of the latter, the ſecond to the third of the former, 
as the laſt but two to the laſt but one of the latter, 
&c.), they are faid to be proportional by Equality, 
when the firſt is to the laſt of the 3 as the firſt 
to the laſt of the latter. 


& 1 1 MN . / 
' / * I 
1. Equal magnitudes contain the fame or equal 


magnitudes, the ſame number of times. 
2. Of two magnitudes, that which contains a third 


magnitude the greater number of times is the greater. 
3- Equimultiples, or like parts of the * or e- 
qual magnitudes, are equal. 
4. A multiple, or part of a prever ale, is 
greater than the ſame multiple, or part of a leſs. 


LO 


* 
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5. All ratios of equality are the ſame. 
6. Ratios that are equal to the ſame, or to equal 


ratios, are equal to one another. 


_ 7. Two equal magnitudes have the ſame ratio to 
the ſame magnitude ; and the ſame magnitude has the 
ſame ratio to each of two equal magnitudes. 

8. If one ratio be greater than another, any ratio 
equal to the former will be greater than the latter; 


alſo the former will be greater than any ratio equal 


Fig. 78. 


to the latter. 


LLM MA L 


If there be any number of magnitudes equimultiples of as 
many, the ſum of the former will be the ſame mul- 
tiple of the ſum of the latter, that any one of them is of 
its part. 


Let any number of magnitudes AB, CD bis equi- 


multiples of as many E, F; the ſum of AB, CD will 


be the ſame multiple of the fum of E, F, that AB is 


of E. For, ſince AB is a multiple of E, it conſiſts 
* of a certain number of parts, each equal to E“, let 


theſe be Am, mn, nB. In like manner, CD conſiſts 
of a certain number of parts, each equal to F, let 
theſe be Cp, pg, D. And, becauſe AB, CD, are 
equimultiples of E, F, the number of parts in each is 

the 


® 8 


w 
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the ſame vd. But the ſum of An, Cp is equal to the * defy 2.4 


ſum of E, F; the ſum of mm, pq is equal to the ſum 
of E, F; and the ſum of nB, D equal to the ſum of 
E, F. Therefore the ſum of AB, C contains the 
ſum of E, F the ſame number of times, without a re- 
mainder, that one of them AB contains its part E. 

Cor. If AB contains E juſt as oft as CD contains 
F, the ſum of AB, CD will alſo contain the ſum of 
E, F the fame number of times, although AB, 2 
be not _—— of E, F. 


DE M M A M. 


If, of two magnitudes, there be any number of equimul- 
tiples, the ſum of the multiples of the one, and the ſum 


of the multiples of the other, will alſo be e 
of the ſame magnitudes, 


Of the two magnitudes A, B, let there be any 
number of equimultiples, as CD, EF ; DG, FH, the 
ſum of CD, DG, and the ſum of EF, FH will alſo 
be equimultiples of A, B. For, ſince CD, EF are 


equimultiples of A, B, there are as many mag- 


nitudes equal to A in CD, as there are magnitudes 
equal to B in EF', In like manner, there are 
as apy, e equal to A in DG as there 

are 


Fig. 79. 


def. 2. 4. 


Fig · 80. 


are magnitudes equal to B in FH. Conſequently the 


whole CG contains A the ſame number of times that 


EI contains B, and there is no remainder; n 


CG, EH are equimultiples of A, B. 


Con. If two magnitudes be equimultiples of other 


two, any equimultiples of the former will alſo be e- 
quimultiples of the latter. And any like parts of the 
latter will be like parts of the former, | 


L 6: M.- MA IN. 


JV. from any magnitude, its half be talen away, and 
from the remainder its half, and ſo on continually ; 


there ſhall at length remain a part of that magnitude | 


375 than * ne propoſed. 


* „From AB let its half BC be taken away, and from 
the remainder AC let its half CD be taken away, and 


fo on continually, there ſhall at length remain a part 


of AB leſs than any magnitude propoſed, as FG. 
For, let. magnitudes GH, HK, KL, each equal to 


' BG, be continually added to FG, till the whole LF 


ſhall be a multiple of FG, greater than AB*. And, 
let the number of diviſions BC, CD, DE, EA, in 
AB, be the ſame with the number of parts in LF. 
Then, becauſe AB is leſs than LF, if BC, which is 
the * of AB, and LK, which is not greater than the 

half 
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half of I abe taken fen them; "che remalcder AC 
will be leſs than the remainder FK. In like manner, 


AD is leſs than FH, and AE, (which is mere 1 8 
oy of A, leſe an W. bth 1 

. It, from any magnitude, more n half 

be 3 4 away, and from the remainder more than its 

half, and ſo on continually, there ſhall at length be a 
e leſs ap * — e OY 


F 1. 
Mogrituder have the ſame ratio as their equimntiples 


12 C0, ee 1 T Ng. 0. 
CG : DL. For, let Ba be any part of By leſs than 
A; CE, EF, FG, each equal to A; DH, HK, KL, 
each equal to B; and Dn, Ha, Ka, each equal to 
Bu. Then, as often as A contains Bn, ſo often does 
CE contain Da; EF, Hz ; FG, Ku :; and fo oſten 4. 1. 4 
does CG contain the ſum of Dn, Hu, Kab. But the dere ken. 
ſum of Du, Hz, Ku, is the ſame part of DL that DB 
is of DH*®, or Ba of B. 8 B:: CG: lem. 1. 
„„ — A de 4. 

Con. Magnitudes have the ſame ratio as their like 


g ” it 
a "_— - 
1 « 0 ** o 
I ö » A IS L4H #4 4 * 3 by 


| Fig. 82. 


| | pot 
d def. 4-4: 


Fig. 83. 


© deſc. 4 


| whole of C contains Du; which is contrary to the” 
BY hypotheſis,” | „ 


„ ME NTS Boes . 
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aber ed ab ha any 
/equimultiples, or like parts of them, be taken, the mag- 
err Sas" ai UN . ety e ps 
e Bt G p. And, * inſtead of B. D, 

at Bm, Dm, like parts of them, be taken, then 


A: Bm: C: Dn. 


For, let Bun, Du be any like parts of Bm, Dm; 
they will alſo be like parts of B, D- ; therefore A 
contains Bu as often un d contains Du. Whence 
A: Bm :: C: Dm». 

A. Inſtead of A, C, let An, e he of teak 
be taken, then Am: B:: CM: D. | 
For, if one of theſe ratios, as Am: B, be greater 
than the other CM: D, Am contains ſome part of B, 
ſuppoſe Bn, oftener than Cm contains Dr, the like 
part of D *, Therefore alſo mp Am contains Bu of. 
tener than mg =Cm contains Dn; and ſo on. Conſe. 
quentiy the whole of A contains By oftener than the 


J. Inſtead of B, D, let BM DM, equimuttples 6 of 


them, be taken ; then A: BM: : C: DM. 


For, let AE; CF; be the me multiples of A, C, 
that BM, DM are of B, D. Then AE: BM (:: A: 
? B 


1 
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Bt: : C: D): : CF: DM t. But A, C are like? 1. 4 
parts of AE, Cy; therefore A: BM :: C: DM. tru) # 
4. Inſtead of A, C, let AM, CM, equimultples of 
3 B:: CAM: 1 
For, let BE, DF be the ſame multiples of B. D. Fig. 8% 
that Au, CM are of A, C. Then AM: BE (2 A 
B:: C: D) :: CM: DFf. But B, D are like 5 
parts of BE, DF; therefore AM: B* CM: Dir © P 


* 


139 PROPOSITION III. 


If nb magnitudes hy e e fin as the 652 
is greater, equal, or leſs, than the ſecond, the third 
will be greater, equal, or leſs, than the fourth. 


Let A: B: :C: 'D. And, iſt, Let A be greater Fig. 86. 
than B, then C will be greater than D. . 

For, let AE be equal to B; By, a part of B. leſs 
than EG, the difference of A, B*; and Du the like lem. 3. 
part of D. Then it is evident that A contains Bn 
oftener than (AF, that is,) B contains By. But C 
contains Dn juſt as often as A contains Brn*, and D def. 4.4. 
contains Dy juſt as often as B contains Bn *, There, * def. 3. 4 
fore C contains Dn oftener than D contains Dz ; and 3 
conſequently C is greater than D.. dax. 2. 4+ 

2. Let * leſs than B, then C vill be leſs than Fig. 87. 


a - ar 
8 1 5 1 28 
% ® - . # — 0 - as > 4 


. For * 


For, let AE be equal to B, Bu, a part of B, leſi 
* lem. 3. than either A or EG, and Da the like part of D. 


Then it is evident that (AE, that is) B contains Bu 


vl oftener than A contains 'Br.. But D contains Du juſt 
del. 2. 4. 28 oſten as B contains Bn *, and C contains Dm juſt 
f. , 1 often as A contains Bub. Therefore D contains 


Dn oſtenet than C contains Dan; and n ene 


. is greater than Ci, or G leſs than D.. 
na be 3 to B, then C will be gal 


fo D. 14487 

For, from what has? been ala, C can 
neither be greater nor leſs than D. 

Con. 1. The greater of two unequal wag 
has a greater ratio to the ſame magnitude than the 
leſs has. And converſely, of two magnitudes, that 


Which hag. the greater ratio to any third magnitude is 


the greater. If A be greater than B, A: C is greater 


than B: C; for A contains a part of C leſs than 
1 AB, oftener than B contains the ſame. If A: C 
be greater than B: C, A is greater than B, becauſe 


A contains ſome part of C oſtener than B does. 


ws . Cox: 2. Thoſe, magnitudes: - which have the ſame N 
1 ratio to the ſame magnitude are equal. A C==-: 
B: C, A is equal 115 becauſe otherwiſe the rating 

88 wen e 3 


1 = 
_ -- * * 
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1 W d \ | we 

3 FR Ich 0 mon ae a Fe. ett N 
Let A: B: \C: D. nas take ties Fig 88. 


For, let Am, Cm be like parts of A, C. Then 
| An: B:: Cm: D*, und any multiple of Am is to B * + 
as the ſame multiple af Cm is to D., Therefore, ac- 
cording as B is greater, equal, or leſs, than any mul- 
tiple of Am, D is greater, equal, or leſs, than the ſame 
multiple of Cm. Conſequently B contains A juſt * 3. 4 
as oft as D contains Gm, and B. A:: D: C.. 
Cox. 1. Thoſe. magnitudes, to which * ſame 
nne has the ſame ratio, are equal. If C: A 
:: C: B, A is equal to B. For, by inverſion, A; C 
: B: C; and therefore A=B*. | 1. e. 3. 
Cok. 2. eee an U * 
to the leſs of two unequal magnitudes than it has to 
| the greater. And converſely, Of two- magnitudes, 
2 that to which any third magnitude has the greater 
ratio is the leſs. If A be. greater than B, C: B is 
greater than C: A. For theſe ratios cannot be equal, 
becauſe . from (thence it would follow that A, B are 
alſo equal“, which is contrary to hypotheſis. Neither 
can C: A be greater than C: B; becauſe then C 
vould contain ſome part of A oftener than the like 
| part 


tude oftener than a leſß; which is abſurd. If C: B 

be greater than C: 4 A is greater than B. For, 

fince C contains ſome; part of B oftener than it con · 

tains the like part of A, that part of B muſt be leſ 

tan tlie like part of A, and conſequently & the whole 
. of B lels a whole A 2. e 
#3 6 Wink oa Wh e e e Lo 
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LY 


.. 

that the ibird is of the fourth, the four magnitudes 

ſhall be priiortional.. - And uni, Of four pr 

portional magnitudes, if the firſt be a multiple, or part, 

: F the ſecand, ere -wer 
N mene 


} A * 1 » 'T * 1 . 
* 1 * 2 , | bs * b 


2 Fig. 89. Let Abe the fame mute of B that on of D 
p TIC then An BZ: CoD: W eee ee 13 bet oh 


 canſe-A, C, are equimultiples of By D, and By De- 


* cor. lem. tiples of Bu, Du chat is, A contains any part what- 


Wulle 16209 Ge 


> Therefore A: B:: C': D. 


Fig. 90. 


1 ; | there- 
N a 


- . 


0 .” E 1 E M EN TS uu. 
part of B; ad i ie ald contain a greater magni- | 


For, let Bn, Dn be like parts of B, D. Then; be- 
d quithultiples ef Bu, Da; A, C vill alto be equmul- 
eber of B a8 ame eee ee bal D. 


5e V h he-ſame tile: of -A ua, 


fi 


- A. 
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= 
. Wherefore B: A:: D: C; 00, by N 85 B 

4 2: C D „s 11.8 1 - ner 
4 Converſely, if A: B: «22 D, wy A 2 multiple or. 

, 


part of By C is the ſame multiple or part of D. For, 

e E be the ſame multiple or part of D that A is- of 

B. Then, A: B:: E: D; but A: B;:C: D; 

therefore C: D: E: D. Hence C is equal 10 Ee, 63. 

and the ſame multiple or part of D that A is of B. 
Cor. If four magnitudes be proportional, and tke 

firſt a multiple of any part of the ſecond, the third 

een pee, e OO eee 

fourth. N ag oi 0 Yo ee be 4- 


GY 


: PR os OSI1TION vi. 


. If four magnitudes be proportional, according as the firſt 
is greater, equal, or leſs than the. third, the ſecond- 
will be greater, _ or leſs than the fourth, 

& Slice. R oo * 
LaA:B::C: . thn, if Abe gre hne. Fig. gi. 

B will be greater than DP). WTF 
For, ſince A is greater than C, 13 1 00 

than C: B'; but A: B=C; D; therefore. C:: D *. 3 4: 

greater than C: Bo, and conſequently B greater than, > az. 8. 

De. In like manner, if A be equal. to C, it may bey*2-c: 4. 4 

proved that B is equal to D; bs Ops 

rin | of 
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4 | 8 bas Ki 
— the fame bind be proper, they 
. be 07 aganen bt "61 


* ” 


Fig. 91. 1 4 FP 1Ci Dita 4: O:: B: Do. 
| For, let Cn, Dn be like parts of C, D. Then 
| Ws, A: B (:: C: D) :: CM: Dr, and A: B:: any 
„multiple of Cu: the fame multiple of Dn . There. 
fore, according as A is greater, equal, or leſs, than 
Any multiple of Cn; B is greater, equal, or leſs than 
©6.4 the ſame multiple of .Dz*, Conſequently A con- 
| "ins Co hg an a6 Broqnine Da = yd 4. C 
: B: D. 


F - - 


y - <—_ —— — 
> a 4 
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= | | 
G for magnitudes be proportional, [they are re fo propor- 

&y compolition. YEE © 
DE OY 1 4 BC: D, then A +B4B::C+D: D. 
| For, let Ba, D, be like parts of B. D; then, by 
eſis, A contains Bn juſt as often as C contains 
Ds. If, therefore, a certain number of times By be 
added to A, and the fame number of times Du to C, 
the former ſum will contain Bu as often as the latter 
2 con- 


z4 2 


in 
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contains Dn. Thus, the fum of A and B eee B. | 4 | 
1 bee un the .fym 06.6 ud D N. ar 1 


. 0 
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" "PROPOSITION W 


Il any number of magnitudes be continually proportional to 
a like number of magnitudes, taken two and two, either 
in a direct or YAM eder, * are mer * 
4”; | 


Let 3 arc 3 A, B, C, and. 1 Fig 93s 
three D, E, F, which, taken two and two, are propo -- 
tonal in a direct order, viz. A: B:: DP: E, and + 
B: C.:: E: F, then A: C:: D:. . 

For, let Cn, Fn be like parts of C, F, and CP, ra 
any equimyltiples of Cn Fz ; and ſuppoſe A greater 
than CP, Then, becauſe 330 2E. by inver- 
fion, C : B:: E: FT, taking like parts of homolo- * ++, 
| tous terms C B: Fa: E, and taking equimul- * 2. 4. 

tiples. of theſe CP : B FQ; E*. But, ſince A : 
greater than CP, A: B is greater than CP: B.; 1c. 3. - 
therefore alſo A: BorD:E is greater than FQ : Ee, ax. 8. 4 
and conſequently D greater than FQ. In like man- 
ner, if A CP, D = FQ, ; and, if leſs, leſs. Thus, ac- 
cording as A is greater, equal, or leſs, than any 


multiple of Cn, D. is greater, equal, or leſa, than the 


3 


4. 4. 


ros 1 MWS Boox IV. 


e midltiple of Fu. Wherefore A contains Cn as 
often as D contains Fn, and A: C:: D: F. 
Next, let there be three magnitudes A, B, ©: and | 
other three, D, E, F, which, taken two-and two, are 
proportional in a croſs order, viz. A: B:: E: F, and 
B: 0 , en A: Cf: D: R 
For, let Bn, Cn, Fa, be any like parts of B, CG F, 
and'BO, CP, FO, any equimultiples of Bn, Cn, Fn, 


reſpectively. Then, becauſe A: B:: E: F, A: Ba 


% E: Fu, and A: BO: : E FO. Again, be- 
cauſe B: C:: D: E, C: B:: E: D. Ca: Bn:: 


cor. 1 4. E: D., and CP: BO:: E»D* But, ſince Ais 
. greater han CP, A: 50 is greater tian (P. BO 1; 
| © ax: $-4- therefore alſo E : F greater than E. D and con- 


ſequently D greater than FO, as before. 
Now, let there be any number of” 


_magnirudes, e 4, B. C, D. E 


and a like number 128 F, G, H, Kk. I. 
which, taken two and two, are ne propor- 


| tional in a direct order, A B :: F: G, B: C:: G: I, 


C:D::H:K, &c.; then, by equality, A! E F. I. 
For, taking them three and three, A, B, C, and 
F, G, H, AC. :F:H; e 


A: D:: F: K, &c. 


Alſo, let there by any number of | 

magnitudes 4, B, C. D, E 
and a like number F, G, H, K, I. 
Yorh, taken two and two, are continually propor- 
e | tional 
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tional in acroſs order, A: B. K. L. B. CI Hk, 
C: D. G: H, &c; then, by equality, A: E F I. 
For, taking them three and three, A, B, C, and 
H, K, LE; A: C:: H- LI A, C, Wen, 
A DN: :I G... SE Jr 

Cor, 1. If the conſequent terms in one nds be 
antecedents in another, the remaining terms of the 
former will be the antecedents, and the remaining 
terms of the batter. the - of * ana- 
logy. 

Cok. 2. 11 ae the extreme x SU OH 


one analogy be the extremes of another, the remain- 


ing terms of the former will be the extremes, and the 
remaining terms of the latter the means of a third a- 

Cox. 3. Two ratios are equal, if each be com- 
pounded of the ſame number of ratios that are equal, 
each to each, either in a direct or croſs order. 


PROPOSITION, X. 


Fe prima hy eure 
* Hional by: diviſion. 22 


6 
1. When A is greater than B. Let Bn, Du, be 
like parts of B, D. Then, ſince A contains By as 
| often 


. 1% * * * IE ri nb W. 


ee chen us C bonitalns Dis - ane e 
I be taken from A, and as many times Dn from C, the | 


* , 


3 former remainder will contain Br as often as the lat- 
* ter contains Da. Thus, AB contains Bu as often | Tak 
. r Du e MA tis 
e e 5 : 
4 When A is 16s than B. By mel B:: L 
1 . de an ho whe tu de denoted, C- 
83 4 : BoA: A: :D=C: "Gr, | F. 
= 4 e But A Bret b e A 
29. mee we B—A : B: Do. b. Nec. 
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Fe . be proertina, 1 ar e 5 
e aRiR on, ke. Wh Aae, 

1 A I 4. P Ft 

Let A: B::C: D, A 41 :C:C4D, 

and A A- B: C: CD. 8 1 . 5 


* 


For, by inverſion, : AD. c 2 8. f 
By compoſition, A-+ B A: -C+D: ebe 
diviſion, A- B: A: 10 =D C. And by inder 
' ſion A ATB e. CD, and A. ABC + 
r ODS. 37m Fra 27S . Fs 


— 


+ 


» 
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3 e ty aro e. „ 
* ee teh Wet cl 
14A 87 0 b. A +D hn 1 25.95 
C -D. 1 7 A "= 5 5 
For, 6s pada, 6p; B CD; p. 8. +. a 
Alſo, F eee B: a- „ 
:C—D. - L's G4 N 2 4 
Therefore by equality A+B: A—B: :C 71 9 + 


a . 
o * 
, - " pu 
.C wr. , f ” ' 4 «© * 
l . Ms . * * =" 
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w ; ; „ 4 . * me. f . * - - , * * 
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yet e e of e dtd; wh her are 
all F the ſame kind, as one antecedent is to it; cl 
quent, ſo is the ſum of all the . to bu, * 


n 4 12 e eee 


« 


- 


Lid e D=E: F, then A: B: :A#C Fig. . 
+E: BT DTT. —— 
Tor, ler Bn, Din, Fi, be Ilke parts of B, . u. an * 
the ſum of Bu, Du, Fu, will be the ſame part of the N 
ſum of B, D, F, that Bu is of B.. But, ſince C con- Lem. x, 
nnn e 

it 


4 
„ 
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35 — Gar che frm of A; Cz R, will contain th 
cor. ys ſum of Ba, Dn, Fn, the very ſame number of times», 


3 Therefore A: B:: A +C+E:B+4D+E. 


g . . # 4 ” 
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PROPOSITION xv. 


'F ho be. 1100 ——_ re, whoſe terms are of 1 the 4 
N Lind, as one antecedent is to. its conſequent, fois the 
9 . «difference. of. the antecedents 0 the rer, 2 6 the 
| hy, | confequents. | 1 15 


a * 
* * , ay 
y- 4 « * 1 3. F * 


3 e e then A: B:: A—C:B—D. 
7 „ Por, by alternation , A: C:: B: D, by conver- den 
. 11. 4. ſion d A: A- C:: B: n and by alternation tece 
A:B:iA—C:B—D.' 135 ( 
Con. From this, and tha ed at's (no frf 
follows, that a ratio is not changed by either aug- ſeq 
menting or diminiſhing each hd Ta 
eee terms of an equal ratio. 


| If the conſequent terms in.\two analogies be the ſame, the | 
um of, the firſt antecedents will be to their conſequent 
1 as the ſum-of the laſt antecedents to their conſeguent. 


1 - 
PY a b " \ _— 
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14 81 0: :D, wa: B: . Djthen' 4 F. 


B:: CAF: D. bid Mel, a ERR: 
For, ſincte A: B 0D 
And (by inverſion 74 BEA DNF. ae 
By equality s- A: E: CTI. 
By compoſitionn ATE: E:: CTF: F 
R r SHED 63/6 


Therefore, by equality AE: B: P. D. 


Cor. 1. The difference of the firſt antecedents i is 


to their conſequent as the difference- of the laſt e. 
cedents to their conſe quent. + 
Cor. 2. If the conſequent terms, in any number 
of analogies,” be the ſame, the ſum of the firſt antece- 
dents is to their conſequent as the ſum of the laſt an- 
tecedents to their conſequent. * ban | 
Cok. 3. If the antecedent terms ; bo ths Ge the 


firſt antecedent is to the ſum or difference of its con- 


ſequents as the laſt ' r 


— 


ence or its conſequents. "WT; 
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2 PTR ae al ho the 
ſum RO I TE OA ID * the ſum of 
ee f * 4 * N81 &2 _ Huter: 
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| "ig: e. LA 50 CD, and AE the greateſt term. 

np | 4a; then D is the leaſt * and A +D greater than B+C. 
be %s For, let {AF= C and BH =D, then AE ; BG:: 

28 * ED; GH. Hence EF-is greater than GH *,, There. 

; fore AE is, greater than GH added.to-C, and the fun 
of AE and D greatet than the ſum gf BG and C. 

Con. If three magnitudes be proportional, the 


5 5 middle tor 3 is __ than half the bun ef thi-entieme, 
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"PROPOSITION. L. 
& | 12 01 677 
1 e b . 
e Jun to them, euch to each, the ratio that is compound. 
Os of ed of ratios that are the fame with the farmer, each 
ek ruth each; token in direct order, is equal to the rati 
de is compounded of ratios, which are the fame wit 
| > — the latter, each with each, taken in any order whale 

| Letters be any ane FO Sort 

of ratio A:B,C:D, E:F, G:H 

And as many others — "Wy L, M: N, O: ! 


% 


 equal'to them, each to each, in direct arder. 
Let the ratio of n to f be com. my 1, fly 9, 7 
© pounded of the ratice m: n, 1: p,: , b, c, d, t 
45 9 r equal to the firſt ratios, each to each, in dired. 
eder. And let the ratio of @ to e be compounded 


the 
mes, 
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of a: b, bc, cd, 4. e, 1 to he gd ets, 
each to each, in any order whatever, Then ſhall the 
ratio of m to r be equal to the ratio of a to e. 

I, Let there be two ratios, A:B, C: D; m,n, p 
and let a; b=K: I L, M; N; a, 5, c 


M: N. Then, becauſe m: n(=A;B=K;L)=0:b,- 


and n; (+ Co DAM: N) = 6: c, dy equality * 
n: Pac. | 
Again, let a; b=M:N, 5: Ek; 1. Then, be- 
cauſe mn A: BK: L) =65:c and 1 ( 
C: DM: N) 4: 6, by equality m. 
Hence the ratio that is compounded of K: L, M;N * 
is the ſame with that which i is compounded of M:N, 

EIN 

een A: B. C; D, E:, m,n,p, 9 
Bar v0 bey K: L, M: N, O: P, a, b, c, d 
K: L., : c M: N, : d O: P; or, if a; 5 5 
b:c M: N, c: d K: L; it ball, in lg 
ner, by equality *, that : 9 2 4: d. | 
r 
O: P, is the ſame with that which is compounded of 

O:P,M:N,K:L. 
Alſo, the ratio that. is compounded of the firſt or 
laſt of theſe, and of the compound ratio of the other 
P tuo, 


That is, of ratios that are the ſame with theſe, according. 
to the definition of compound ratio. 


— 
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two, is the ſame with that which is compounded, of 
all the three. 
Again, let them be taken in any other order, as 7 
a UM: N, B: = O: P, e: d RK: IL. Then, 
_ n=c:d, n:p=arib,piq=zb:.c; therefore the 
ratio of m to q is the fame with that which is com- 
pounded of c: d, 4: b, bc]; or of c: d, a: c; or of 
nerd; that is, u: q=a:d. 
3 · Let there be A: B, C: D, E: F, G: H, m, n, p, q, 7 
Four ratios ; and | K: L, M: N, O: P, Q: R, a, b, c, d, e w! 
let the ſecond ratios be taken in any order whatever, It 
as a: b M: N, b:c=Q:R, c: d K: L, d: e ty 
O ; P. Then, becauſe m: n ,: d, n:p=a:b, p re 
= d:e, the ratio of m to q is the ſame with that which pr 
is compounded of a: b, c: d, di e; or of a: b, c be 


But : r b: c. Therefore the ratio of m to r is th 

the ſame with that which is compounded of a: b, c: e, ni 

b:i:c; or of a: b, b:c,c:e, which is the ratio of a M 

to e. | 

I he ſame reaſoning will hold for any greater x num- 

ber of ratios. m 
Con. Inſtead of any one of the ratios, of which a- r: 

ny ratio is compounded, an equal ratio may be ſubſti- le 

tuted; inſtead of two or more, the ratio compounded 4 b 


of them may be ſubſtituted; alſo, the order of the t 
_ ratios may be changed in any manner whatever; and 
the compound ratio will ſtill be the ſame.  _ 5 


'PROPO. 
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PROPOSLTION XVI 


a given ratio, may be taken away, ſo that either of the - 


remainders ſhall be leſs than any magnitude propoſed, 


. the two wholes ſhall have to each other the nn, ra- 


tio as the SETS taken ant them. 


Let AB, CD be the two wit magnitudes, of 
which AB is the greater, and M: N the given ratio. 
It is ſuppoſed that, from AB, CD, there may be taken 


two magnitudes in the ratio of M to N, fo that tile 


remainder of AB ſhall. be leſs; than any magnitude 
propoſed, and likewiſe that from AB, CD there may 


be taken two magnitudes in the ratio of M to N, ſo 


that the remainder of CD ſhall be leſs than any mag- 
nitude propoſed. - It is to be proved that AB: : 
M: N. f 

1. The ratio of AB to any magnitude CO, leſs than 
CD, is greater than the ratio of M to N. For, ſince there 
may be taken two magnitudes from AB, CD, in the 


ratio of M to N, ſo that the remainder of CD ſhall be 


leſs than DO, let theſe be AE, CF; CF will therefore 
be greater than CO. Let AR: CO: : AE: CF, 
then AR will be leſs than AE *, and conſequently leſs 
than AB. Hence the ratio AB: CQ is greater than 
AR :O, or M: N. n 


2. Tue 


"4+ 4+ 6. 4. 


d 1. c. 3.4. 


Fig. 97 
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2. The ratio of AB to any magnitude CO. greater 


than CD, is leſs than the ratio of M to N. 


cor. 14. 


4. 
42 $5 4 


Fig. 98. 


may be taken two magnitudes from AB, CD in the 


For, ſince there may be taken two magnitudes 
from AB, CD, in the ratio of M to N, fo that the re- 
mainder of AB ſhall be leſs than either DQ or DL, 
(CL being equal to AB) let theſe be AG, CH; GB 
will therefore be leſs than either HQ or HL, and con. 


| ſequently AG greater than CH. Let AR: C:: 
AG: CH, then GR: HQ :: AG: CH. Hence 


GR is greater than HQ 4, and therefore greater than 


GB, which is leſs than HQ. Confequently AR is 


greater than AB, and the ratio AB: CQ leſs than 
AR: CO, or AG: CH or M: N. | 
Conſequently the ratio of ABto CD is equal to th 


ratio of M to N. 


O THE RWI S E, 


If magnitudes may be taken from the firft and ſecond, in 
the ratio of the third to the fourth, ſo that either re- 
mainder ſhall be leſs than any magnitude propoſed, the 
four magnitudes are proportional. 


If AB be not to CD, as M to N, let AR: CD. 
M: N. And, 


1. Let AR be leſs than AB. Then, ſince there 


ratio 
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ratio of M to N, ſo that the remainder of AB ſhall be 
Jeſs than RB, let theſe be AE CF, AE, therefore, is 
greater than AR. But AE: CF=M:N= AR: CD. 
Wherefore CF is greater than CD*, which is con- ; + 7 
L, vary to hypotheſis. Conſequently no magnitude leſs 
; than AB is to CD in the ratio of M to N. And, in 
n- WW like manner, no magnitude leſs than CD is to Athy 
2 the ratio of M to N. 
ce 2. Let AR be greater than AB, and let AB: CO 
= AR : CD, then CO will be leſs than CD*. But, 6. 4 

is ſince AB: CO AR: CDS M: N, by inverſion | 
an CO: AB:: N: M, which is contrary to what has 

| been demonſtrated. Conſequently no magnitude 
he greater than AB is to CD in the ratio of M to N. 

Cor. If magnitudes may be taken from the firſt 
and third, proportional to the ſerond and fourth, ſo 
that either remainder ſhall be leſs than any w_ 
tude propoſed, the four toad are n 


in 


2 
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1 W O'reAilitical figures are ſaid to be ſimilar, M'*" 
en when all the angles of the one are equal to 
4 the angles of the other, each to each, in order; and 
* the ſides about the equal angles are proportional i in 


- the ſame order. 

2. Two magnitudes, and other two, are ſaid to be Ir 
reciprocally proportional, when one of the former is 
to one of the latter, as the remaining one of the latter 
to the remaining one of the former. 8 

3. A ſtraight line is ſaid to be divided in extreme 
and mean proportion, when the whole is to the great - 


er ſegment as the greater ſegment to the leſs. 


44 
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4. A ſtraight, line is ſaid to be harmonically divi- 
ded when it is divided into three ſegments, ſo that 
the whole is to one extreme as the one extreme to 
the middle ſegment. 

5. Two ſtraight lines are ſaid to be mila divi- 
led when any two correſponding ſegments of them 
have the ſame ratio as the lines themſelves. 


6. The ſum of all the ſides of any rectilineal Us | 


d called its perimeter, 


A 1 I O15 


The circumference of a circle is greater than the 
perimeter of its inſcribed polygon, but leſs than the 
perimeter of its circumſcribing polygon, 


/ 


OF OS LTION I. 


Triangles between the ſame parallels are to one another as 
their baſes. 


Let ABC, DEF be two triangles between the fame 


EF | 
"_ \ . , | | 
For, let EG be any part whatever of the baſe EF 


of 


parallels AD, BF, the triangle ABC: DEF: : BC. 


leſs than BC, and GH, HK, KF, the remaining parts 


Op, be taken in the baſe BC, [each equal to EG, and 


> def. 4. 4+ 


dk 
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of the ſame. Alſo, let the lines BL, LM, MN, No, 


as many as the line BC contains. From A and D 
let ſtraight lines be drawn to the ſeveral points of di. 
viſion in the baſes BC, EF. Then, becauſe the baſe 
BL, LM, &c. EG, GH, &c. are all equal, the tri. 
angles ABL, ALM, &c. DEG, DGH, &c. are alſo 
equal. Hence DEG is the fame part of the triangle 
DEF that EG is of the baſe EF, and the triangle 
ABC contains DEG juſt as often as BC contains EF, 
Therefore ABC: DEF : : BC: EF v. 

Con. 1. Triangles having the ſame or equal alti. 
tudes, are to one another as their baſes ; and con- 
verſely. | 
Con. 2. Parallelograms between the ſame parallels, Pa 
or having equal altitudes, are to one another as their 
bafes ; and converſely. E. 

Cor. 3. Rectangles, and conſequently triangles, th 
which have equal baſes, are to one another as their i co 


altitudes ; and converſely, is 


FEROPUSLTION: I, 
of 


VV. fraight line be parallel to one of the fides of a tri of 


angle, it cuts the other fides proportionally ; and cm- m 
W 


3 Let 
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Lin the eh Ede DE be pas le BC, one of gr 100] þ f 


the ſides of the triangle ABC, and cut the other ſides 


AB, AC, or them produced in D, *. 0. DB:: 8 


AE: EC. 
For BE, DC being FR 5 the — FRE DEB, 
EDC, upon the ſame baſe, and between the ſame pa- 
rallels, are equal *; therefore the triangle ADE has 2. 2. 


the ſame ratio to each of them*, ADE: DEB; : ADE ax. 7.4 M 


EDC. But the former ratio is the ſame with that of 
the baſes AD, DB*, becauſe the triangles have the 1. 5. 
ſame altitude, and the latter is the ſame with that of 
the baſes AE, EC, for the ſame reaſon. Therefore 
AD: DB:: AE:EC4. | | dax. 6. 4 
Converſely, let AD: DB:: AE: EC, then DE is 
parallel to BC. 
For, ſince AD: DB:: ADE: DEB *, and AE; 
EC:: ADE : EDC*, ADE : DEB: ADE: FDC; 


therefore the triangles DEB, EDC are equal*, and 04 4+ 


conſequently between the ſame plied „ that is, DE 3. C. a. 3. 
is parallel to BC. 

Cox. 1. Straight lines, which meet three parallel 
ſtraight lines, are cut proportionally. | 

Cox, 2. If two ſtraight lines be cut by any number 
of parallel lines, the ſegments intercepted 'by two 
of the parallels, have the fame ratio as the ſeg» 
ments intercepted by \any other two. 

Cor. 3; If any dumb of firaight Ine bs parallel \ 
to the baſe of a triangle, the ſegments intercepted by 

Q | any 


"Ip. *- 
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x · N ag two- of. the parallels will have the FOES ratio as 


the two ſides of the OS and theſe ſides will be 


ſimilarly divided, ba « 
Cor. 4. Hence the UP of - Aividing a given 


ſtraight line ſimilarly to a given divided line—of divi- 
ding a given ſtraight line in the ratio. of two given 


* * lines—of dividing a given ſtraight line into any pro- 


poſed number of equal parts—of finding a fourth pro- 
portional to three given ſtraight lines and of finding 
dã third proportional to two given ſtraight lines. 


PROPOSITION m. 
Fa Araight line 2 the vertical angle of a triangle, or 
; the angle adjacent to it, and meet the baſe, the ſeg- 
mente of the baſe will be directly proportional to the. o- 
tber two ſides of the triangle ; and converſely. 


, 
" 33 


Let the Vertical angle ABC, or the angle aBC ad- 


101 1 * to it, be biſected by the line DB meeting the 


baſe AC in D; AD; DC: : AB; BC. EP 
For, through C let CE be drawn parallel to BD, to 
meet AB in E. Becauſe, BD is parallel to a ſide of 
the triangle ABC, it cuts. the other ſides proportion- 
ally. Thus, AD: DC:: AB: BE. But BE is 
equal to BC, becauſe the angle BEC ABD ꝰ = DBC 
= BCE *, Therefore AD: DC:: AB: BC. 
9 0 | th * 5 | Con- 


» * 


tel 


if 


fo 


le 


> 
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Converſely, If AD: DC:: AB: BC, the angle 
ABC, or its adjacent . will be biſenven by the 
line BD. . © 

For' the ſame chaſtid foi remaining, AD: DC: 
AB: BE* ; therefore AB: BC : : AB: BE*. Whenice 
BE = BC*, and the angle BEC = BCE ©. Conſe- 
quently the angle ABD = BEC * = BCE = DBC. 

Cor. If the two vertical angles of any triangle be 
biſected by ſtraight. lines meeting the baſe, the, greateſt 
ſegment of the baſe is harmonically divided * the in- 
termediate lines. 


PROPOSITION. IV. 
| | th vo. War ya 
If two triangles have tuo angles of the one equal to two 
angles of the other, each to each, they are familar, and 
have the homologous ſides oppoſite to equal angles. | 


Let ABC, DEF be two triangles, having: the angle 
A =D, B=E, and conſequently C= F. The ſides 
about any two equal angles ſhall be proportional, ſo 
that the homologous terms ſhall ſubtend equal angles, 


BA: AC:: ED: DF. | 
For, if the ſides AB, DE be equal, the triangles 
ABC, DEF are equal in every reſpe& *,/and there- « 


Þ ax. 5. 4 


fore/ſimilar *; If not, let AG = DE, and GH paral- 
lel to BC. The triangles AGH, DEV, having the 
angle 


Fig. 13. 


def. 1. 5. 


* 
—— 
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*-16; 1. angle A= D, the angle G ( = B) = E, and the fide 
5. 1. A8 = DE are equal in every reſpe& *. Thus, AH 
| DPF. But, fince GH is parallel to BC, BA: AC 
3. e. 2. 3. :: AG: Alle, therefore BA: AC:: ED: Db. In 
Uke ane N "AC: EB: ; DF; FE, and CB. BA: 2 
FE: ED. 2 


Cor 1. A \ ſtraight line, parallel to one of the ſides 


of a triangle, cuts off another triangle ſimilar to it. 
Cox. 2. The ſegments of two parallel ſtraight lines, 
intercepted by the two ſides of a triangle, have to 
each other the ſame ratio, as the ſegments of one of 
| theſe ſides intercepted by the parallels from the ver- 
tex. | 
Cor, 4. The ſegments of two parallel ſtraight lines, 
intercepted by the two ſides of a triangle, are cut 
proportionally by any ſtraight line drawn to meet 
them from the vertex, 


PROPOSITION... 


| if two triangles have one angle of the one equal to one 
angle of the other, and the fides about the equal angles 
proportional, the triangles 405 be fumilar, 


Fig. 103, Let ABC, DEF beat two a having the $6 
| A D, and BA: AC: 1D N 
milar to DEF. 


For , 
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For, if the fide BA = ED, then AC = DF", and the 
triangles are equal in every reſpe&*. If nat, let A 
-DE, and GH parallel to BC. Then AG ; AH 
(: BA: AC) ED : DF, but AG = ED, therefore 
AH = DF *. Hence the triangles AGH, DEF are 
equal in every reſpe&®, and conſequently the triangles 
ABC, DEF ſimilar ©. © 1. E. 4. 

Con. Two iſoſceles triangles, which have * 
vertical angles, are ſimilar, 


PROPOSITION VL. 


If two We have the three ſides of the one directlyß W 
proportional to the three ſides of the other, the feels 
ſhall be " milar. 


Let the two ds ABC, DEF 1 the rides Fig. 103. 
BA, AC, CB, of the one, directly proportional to the _ 
ſides ED, DF, FE, of the other, BA: AC:: ED: Dp, 
and AC: CB:: DF: FE; ABC, DEF ſhall be ſi- 
milar. | | 4 
For, if the fide BA=ED, then AC = PDF, CB-= * 6. 4. 
FE *, and the triangles equal in every reſpe&®*, If d 6. 1. 
rot, let AG = DE, and GH parallel to BC. Then 
AG: AH (ö: BA: Ac) :: ED; DF, but AG = ED, 
therefore AH = DF *, Alſo AH: HG (:: AC: CB) 


: DF ; FE, but AH = DF, therefore HG = FE*. 
Hence 


6 "3 E L E M E N T. 8 Boox y. 
Book 
Hence the triangles AGH, DEF are equal in every 
»£6 1. tefpe&t?, and cient the triangles ABC, DEr 


© 1. c. 45. * 


PROPOSITION VI. 


Tf two triangles have two fides of the one proportional u 
two ſides of the other, the angles ſubtended by two bo- 
mologous fides equal, and the angles oppoſite to the other 

tuo homologous ſides, both obtuſe, both acute, or one of 
them right, theſe triangles ſhall be ſimilar. 


Fig. 9 Let the two triangles ABC, DEF have the Gides L 
BA, AC proportional to ED, DF, viz. BA: AC: : ang] 
ED: DF, the angles B, E oppoſite to the homolo. ide 

gous ſides AC, DF equal, and the angles C, F oppo- Pre 

ſite to the other homologous ſides AB, BE both ob- F 

tuſe, both acute, or one of them 1 the triangles LB, 

ABC, DEF ſhall be ſimilar. | | par: 

*6.4 For, if BA = ED, then AC = DF", and the MW 
triangles equal in every reſpect od. If not, let AG = ( 
DE, and GH parallel to BC. Then AG : AH(:: 1 
BA: Ac) :: ED: DF, but AG = ED, therefore ( 
 AH=DF*+. Thus the triangles AGH, DEF have dhe 
two ſides of the one GA; Al, equal to two ſides of nt 
the other, ED, DF, each to each, the angle G (= B WW *** 
_ and the angle H () and F both obtuſe, both 
acute, A 
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by cute; or one of them right; therefore theſe triangles 
ne equal in every refpeCt *, and wann the d 23. 2. 
ö ABC, DEF funilar< cit 0! 1-46 £1,646; 


PROPOSITFON- VIE 
[ to 5; Hh Ye 23 Fg | | 
3, / No parallelograms, which have ons angle of the one 
equal is one angle M the other, be equal to one another, 
of the fides about the equal angles are nnn ge 5 
tional ; and converſely. _ Hesctyn 


Let the two parallelograms AC, GE, having the Fig. 104. 
. angle ABC = EBG, be equal to one another, the 0 
o. des AB, BC, and the ſides EB, BG, are wi nh 
proportional, AB: BG.: : EB: BC. MILES 
Nv For, let AB, BG, be in the ſame ſtraight line, and 
« B, BC will alſo be in one ſtraight line. Then, the * cor.12.1.- 

parallelogram CG being completed, becauſe the pa. | 
de Wl fallelograms AC, GE are equal, AC: CG:: GE: 
„Ice. But AC: CG :: AB: BG, and GE: CG ax. 7.4 
„ EB: BC*, Therefore AB: BG: : EB: BCs,  « — | 
re Converſely, If the parallelograms AC, GE, having 
e che angle ABC=EBG, have the ſides about theſe - 
xf I *0gles reciprocally proportional, weer, K to one 
B mother. a 1 enen 
h For, by hypotheſis, AB : BG :: EB : BC. But 
„ £ 4B:BG:: AC: CG, and EB: BC:: GE: CG*, 
| 0 There - 
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Therefore AC: CG :: GE: CG , and conſequent 
AC = GE *. 
Cos. 1. If two triangles, which have one 4 0 
the one equal to one angle of the other, be equal ti Two 
one another, the ſides about the equal angles are re 9: 
ciprocally proportional; and converſely. 7 
Cos. 2. Equal rectangles have their ſides recipro- ] 7! 


cally proportional; and converſely. a 


i 


Cor. 3. If four ſtraight lines be proportional, the 


rectangle under the extremes is equal to the reQanglel 1 
under the means; and converſely. ry. ang 
Con. 4. If a ſtraight line be divided into three po: 
ſegments, ſo that the rectangle under the whole line, | 
and middle ſegment, be equal to the rectangle underf pre 


the extreme ſegments, it is divided nn. ; andi cor 


converſely. Bu 


Con. 5. If three ſtraight lines be nina the 
rectangle under the extremes is equal to the ſquare o 
the mean ; and converſely. | 

Con. 6. If a ſtraight line be ſo divided, that the 
rectangle under the whole, and one of the ſegments 
be equal to the ſquare of the other, it is divided in I po 
extreme and mean proportion; and converſely, ff 

Cox. 7. Equal triangles, or equal parallelograms, al 
have their baſes and altitudes reciprocally propor- 
tional ; and converſely. tl 


PROPO- 
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PROPOSITION M. 


Two parallelograms,” which have one angle of the one e- 
qual to one angle of the other, are to each other in a 


ratio compounded of the ratios of the fides of the one to 


the fides of the other, — to each, about the equal 


angles. | 
RX 


Let Ac, GE be two parallelograms, having the 
angle ABC = EBG, AC is to GE, in a ratio com- 
pounded of the ratios of AB to BG, and CB to BE. 

For the ſame conſtruction remaining, as in the laſt 
propoſition, AC : GE is the ratio that is faid to be 
compounded of the ratios AC : CG, and CG : GE 
But AC: CG = AB: BG, and CG: GE=CB ; BE*. 
Therefore the ratio AC : GE is the ſame with that 
which is compounded of the ratios AB: BG, and 
CB: BE<. \ 
Cor. 1. Iwo triangles, which have one angle e- 
qual to one angle, are to each other in a ratio com- 
pounded of the ratios of the ſides of the one to the 
ſides of the other, each to each, about the 1 
angles. 

Cor. 2. Any two rectangles ate to each HARP in 
the compound ratio of their fides—and any ratio 
m—_—_— of two ratios, (whoſe terms are ſtraight 


R lines,) 


Fig. 104. 


def. 11. 


4. 
e. 1.5. 


© 29% 4. 


' 


EEE 


ri 
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\ lines,) i is the fame with the ratio of the N 4 


der their homologous terms. * 
Cox. 3. Two triangles, which have one angle equal 


to one angle, are to each other as the rectangles under 


terms of two analogies are proportional. a 


44. c. 2. 5. 


* . 4 


d cor. 17. 


a FO are alſo propo 


the ſides about the equal angles. 
Cox. 4. The. rectangles under the e 


Cor. 5. If four ſtraig t lines be proportional, their 


al ; and converſely. 


* 
PROPOSITION "0 


Two fi nilar triangles are to each other in the duplicate 


Let BAC, EDF be two ſimilar triangles, having 


the angle ABC = DEF, and AB: BC: : DE: EF; 


the triangle BAC is to the triangle EDF, in the du- 


| plicate ratio of BC to EF. 


For, let GH be a third proportional to BC, EF, fo 


that BC : FF = EF: GH". Then, becauſe the 
- angles at B, E are equal, the ratio BAC :'EDF is the 

ſame with that which is compounded of BC : EF, and 
1.0.9 5. 


AB: DE ». But, ſince AB: BC: : DE : EF, the 


ratio AB: DE = BC: EF*=EF : GH. Therefore 


the ratio BAC: EDF is the ſame with that which is 


"compounded of BC : EF, and EF: GH , that is, the 


ratio 


GE OME TRY 


B 


« y ! 
* 
* ** f 


. ͤͤ —··wä La eons 9 oe AR. 
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ratio BAC: EDF is the Lada with PI ratio BC: GH, 
which is the duplicate ratio of BC to EF . b 7 10. 

Cor. 1. Two ſquares, or, in general, two ſimilar 
parallelograms, are to each other in the duplicate ra- 
tio of their homologous ſides. | 

Cor. 2. Two ſimilar triangles, or two fimilar pa- 
rallelograms, are to each other as the ſquares of their 
homologous ſides. 5 | 

Cor. 3. If three ſtraight lines be proportional, the 

firſt is to the third as the ſquare of the firſt to the 
ſquare of the ſecond, (or as the ſquare of the ſecond - 
to the ſquare of the third); and converſely, 


"PROPOSITION XM. 


Upon a given ſtraight line to deſcribe a. rectilineal figure 
ſimilar to a hangs one, and fimilarly ſituated. \ \ 


Let ABCDE be the given reftilineal figure deſeri- N 106, 
bed upon AB, and FG the given ſtraight line upon 
which it is required to deſcribe a figure ſimilar to the 
given one, and ſimilarly ſituated. Let the angle FGH 
be made equal to ABC *, and let GH be a fourth 13. 1. 
proportional to AB, BC, FG », In like manner, let d 4. e. 2. 5. 
the angle GHK = BCD, and HK a fourth propor- 
tional to BC, CD, GH; the angle HKL = CDE, 
and KL a fourth proportional to CD, DE, HK; and 
"44 | | let 


let Fl. be joined; the figure FOHEL will be naue 
to ABCDE. 
| For, ſince the angles B, G are equal, and AB: BC 
5. 5. :: FG: GH, the triangles ABC, FGH are fimilar «, 
Hence the angle ACB = FHG, but BCD = GHK, 
therefore ACD = FHK. Hence alſo AC: BC: : FH 
: GH, but BC: CD: : GH: HK ; therefore, by e- 
« 9. 4 quality, AC: CD:: FH: HK“. Thus, the triangles 
ACD, FH, having the angles at C and H equal, and 


angles at E and L are equal, and DE: EA:: KL : LF. 
But the whole angles at A and F are equal, becauſe 

they are compoſed of angles that are equal, each to 

each, and, ſince the lines AE, AD, AC, AB, from 

the ſimilarity of the triangles, are directly proportion- 
al to FL, FK, FH, FG, by equality AE: AB:: FL 

; FG*. Therefore the rectilineal figures ABCDE and 

© def. 1. 5. FGHKL are ſimilar . 


ſame number of triangles ſimilar each to each, and 
having the ſame ratio each to each that the polygons 
Con. 2. Thoſe polygons, which conſiſt of the ſame 


larly ſituated, are ſimilar, 

Cor. 3. Similar rectilineal figures are to one ano- 
ther in the duplicate ratio of their homologous ſides. 
| Cox. 
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AC: CD:: FH: HK, are fimilar*®. In the ſame 
manner, ADE, FKL are proved ſimilar. Hence the 


Cor. 1. Similar polygons may be divided into the 


number of triangles, ſimilar each to each, and ſimi- 


yo. 


+. *© 


> 4 
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Con. 4. Similar rectilineal figures are to one ang- 
ther as the ſquares of their homologous ſides, 


Cor. 5. If three ſtraight lines be proportional, the 4 
firlt is to the third as a rectilineal figure deſcribed up» | 


on the firſt to a fimilar rectilineal 8 RET”. 
upon the ſecond. IM 
Cor. 6. ene actin een of din An 

ber of ſides have as many angles wanting two, of the 
one, equal to the correſponding angles of the other, 
each to each, and ,the ſides about the equal angles 
proportional in the ſame order, the two figures are fi- 
milar ; and, if the ſides be equal, each to a the 
e are both equal and ſimilar. 


PROPOSITION xu. 


| 150 1 
The perpendicular from the right angle, upon the hypothe- 
nuſe ᷓ a right angled triangle, divides the triangle in- 


ta two others, fimilar to the whole and to one another. 


Let ABC be the right angled triangle, and BD the 


perpendicular upon the hypothenuſe, the triangles 
ABD, DBC are ſimilar to the whole, and to one ano- 
ther, | | | 
For, ſince the triangles ABD, ABC have the angle 


at A common to both, and the angles at D, B equal, 


Fig. 107, 


— 
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» + 5. _ being right: 3 they are nir *. In like 


Fig. 108. 


manner, the triangles DBC, ABC are ſimilar. Con- 
ſequently the e * DBC are imer 4 to one 


e. her b. 
u. 6 . anot 


Con. 1. The vertical angles are e alternately equal 
to the angles at the baſe. - 

"Cor. 2. Each ſide is a mean proportional between 
the hypothenuſe and the adjacent ſegment; and the 
ſquare of the former is e to the rectangle of the 
latter. 

Con. 3. The e is a mean proportional 
between the ſegments of the hypothenuſe. | 

Cor. 4. A perpendicular to the diameter of a cir- 


cle, from any point in the circumference, is a mean 
proportional between the ſegments of the diameter. 


Cos. 5. Hence the method of finding a mean 
proportional between two given ſtraight lines is ob- 


: vious. 


+ 


PROPOSITION XII. 


The rectangle under the two ſides of a triangle is equal to 
he reftangle unden the perpendicular, and the diameter 


y the circumſcribing circle. 


Let ABC be a triangle, of which BD is the per- 
pendicular on the baſe AC, and let BE be a diameter 
of 


ke 


le 


e 
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of the cireumſeribing circle, the rectangle WT AB, 
BC is equal to the rectangle under BD, BE, nn 
For AE being joined, the triangles- ABE, 8 
have the angles at E, C equal *, becauſe they ſtand 110 7-3. 
upon the ſame arch, and the angles at A, D equal, ; | 
becauſe they are right angles . Wherefore theſe tri- * 9 3 
angles are ſimilar *, and AB: BE:: DB: BC. Con- "+5 
ſequently the rectangle under AB, BC is _ to the 
rectangle under BD, BE ©. | | 7 5 e. 8. 5. 


PROPOSITION XIV. 


If a ſtraigbt line biſect the vertical angle of a triangle, 
and meet the baſe, tbe ſquare of that line, together with | 
the rectangle under the ſegments of the baſe, is equal to » 
the . under the two Ader of the triangle. 15 


N 


Let the vertical angle ABC, of the triangle BAC, Fig. 109. 
be biſected by the line BD meeting the baſe in D, 
the ſquare of BD, together with the rectangle ADC, 
ſhall be equal to the rectangle under AB, BC. 

For, let a circle be deſcribed about the triangle, 
and BD being produced, to meet the circumference | 
in E, let A, E be joined. The triangles ABE, CBD, 
having the angles at B equal by hypotheſis, and the 
angles at E, C equal, as ſtanding upon the ſame arch, 
are ſimilar *. Therefore EB: BA : : CB: BD, and * 4. 5. 

; the 
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| the reftangle EBD equal to the reckangle under AB, 


d3.c.8. 5. 


© 2, c. 6. 2. 


BC“. But the former rectangle is alſo equal to the 
ſquare of BD, added to the rectangle EDB, or 
ADC .. Conſequently the ſquare of BD, added to 
the rectangle ADC, is _ to the 9 under 


AB, BC. 


Fig. 110. 


13. 1. 


angles at B equal, and likewiſe the angles at D and 
| A 


Cox. If a ſtraight line biſect the angle Dn to 
the vertical angle of a triangle, and meet the baſe pro- 


duced, the difference between the ſquare of that line, 


and the rectangle under the ſegments of the baſe, is 
equal to the rectangle under the tyo ſides of the 


an 


PROPOSITION XV. 


The rectangle under the two diagonals of any quadrilate 
ral figure, inſcribed in a circle, is equal to the ſum if 
the reftangles under the oppoſite fides. 


Let ABCD be a quadrilateral figure, inſcribed in a 
circle, and AC, BD its diagonals ; the rectangle un- 
der AC, BD is equal to the ſum of the rectangles un- 
der AB, CD, and AD, BC. 

'For, from the point B, let BE be drawn to make 
with AB the angle ABE equal to CBD *, and to meet 
ACin E. The triangles BCD, BEA, having the 
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A equal, are ſimilar b. Therefore BD-: DC : 34 > air." 

AE, and the rectangle under BD, AE equal to the | | 
rectangle under AB, CD*®. But the triangles DBA, * 3-<: 8. TY | 
CBE have alſo the angles at B equal, and the I 
at C and D equal. Therefore BD: PA:: BC: CE, 
and the rectangle under BD, EC equal to the refangle 
under AD, BC. Conſequently the ſum of the rec- 
tangles BD, AE and BD, EC, that is, the reQangle 
AC, BD'4, is equal to the fum of the e AB, 4 6. 2. 
CD, and AD, BC. | | 


PROPOSITION XVI. 


If three ftraight lines be proportional, the firſt is to the 

third, as the ſquare of the difference of the firſt and 

' ſecond to the ſquare of the differente of the ſecond and 
third; and converſely. | W | 

8 | 

Let AB: BC: : BC: BD, AC, the difference of the Fig. 111, 
firſt and ſecond, and CD the difference of the {econd 
and third ; then AB: BD : : AC* : CD-. 

For, let the ſemicircle BEA be deſcribed upon AB, 
let DE, perpendicular to AB, meet the circumference 
in E, and let EB, EC, and EA be drawn, Then 
the ſquares of BE, BC, being each equal to the rec- 
tangle ABD, are equal to one another, and the fide . c. 12.55 
BE equal to the ſide BC. Hence the angle BEC is 12 OE 

| 8 equal | 
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equal to BCE, or to the ſum of CAE, CERA, and ta- 
King away the equal angles BED, CAFE, chere re- 
mains the angle DEC equal to CEA. Thus, the angle 
| AED is biſe ed by EC; therefore AC : CD:: AE 

: ED, But AE: ED: : AB: BE, or BC. There- 
fore alſo, AB: BC :: AC: CD, and AB*: BC; 
- AC*: CD**, Conſequently AB: BD: : AC?; 
e-. I Eng , Cin colnet 

Converſely, If AB : BD :: AC»: CD, then 
AB : BC :: BC: BD. For, the ſame conſtruction re- 
maining, AB: BD:: AB*: BE *f; therefore AC*: 
CD* :: AB“: BE“, and AC: CD:: AB: BE:: 
AE: ED“. Hence the angle AED is biſeted by 
EC*. But the angle BED is equal to CAE. There- 
fore the angle BEC is equal to the ſum of the angles 
CEA, CAE, that is, to the angle BCE. Conſequent- 
e is equal to BE, and AB: BC :: BC: BD. 

Cox. If three ſtraight lines be proportional, the 

firſt is to the third as the ſquare of the ſum of the 
frſt and ſecond to the ſquare of the ſum of 1 ſecond 
and third. | 


PROPOSITION XVI. 


To find a point in a given ſtraight line, or in that line 
produced, Jo that the reftangle under the ſegments may 
be equal to the rectangle under two given lines. 


Let 


ſides of the given retangle, each to each, Let a ſe- 
micircle be deſcribed upon AB, and let the ſtraight 


From the former „ AE: : BD : BE. 


* 7 - * 
* N ; Y 
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Let AB be the given ftraight line, in which it is re- Fig. 1137 
quired to find a point, ſuch, that the re-tangle under CY 
the ſegments ſhall be equal to a given teckangle. Let 
AC, BD, be perpendicular to AB, and equal to the 


line that joins the points C, D, meet its circumference 
in E. Then the perpendicular to CD from E will 
meet AB i in the point F required. 

F or, let AE, EB be joined. Then,, becauſe DEF, 
DBF are right angles, the angle EF A is equal to the 
angle EDB*, and becauſe AEB, FED are right ry 3- WM 
angles, the angle. AEF is equal to the angle DEB. 1. c. ib. 
Therefore the triangles EAF, EBD are ſimilar *, In b SY i 
like, manner, the triangles EBF, EAC are ſimilar. A + $- 


From the latter - AE: AC:: : BE ; FB. | 

Therefore, by — « AF: AC:: BD : FB. 4 9. 4 

Conſequently. the rectangle AFB is ; equal to the 
rectangle under AC, BD. , 


3. c. 8. 5, 


PROPOSITION XVII. 
To find a point in a given Praight line, or in that line 


produced, ſo that the ſquare of one of the ſegments may 
be equal to the rectangle under the other ſegment and 


a given line. 


— 


Let 


s 


4 l wy , F N 1 
p v A . * 
r mY ”$ w * * - — . # * a 
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men. Let AB ike iin line, in which it is re- 
Feat End a point, Wach, that the ſquare of one of 
"the ſegments ſhall be equal to the re angle under the 
other ſegment, and the given line M. Let AB be 
produced to C, ſo, that BC = M, and upon AC let 
** a0 ſemicircle” ADC be deſcribed. - Let BD be per- 
7 Fl pendiculat to AC, BC biſe ted in E, and E, D joined. 
I ÿben a circle deſeribed about the center E, with the 
4 is radius ED, will interſet AB in the point F required. 
j For, fince BC is biſe ded in E, the tectangle CFB, 
_ together with the ſquare of BE, is equal to the ſquare 
© *cor.8.2 of EF*, or to the ſum of the ſquares of BD, BE *; and 
| - taking away the common ſquare of BE, there remains 
| : the rectangle CFB equal to the ſquare of BD. But 
e.. 17.3. the ſquare of BD is equal to the relangle ABC*. 
1 Therefore the rectangle CFB is equal to the rectangle 
ABC. Hence, by adding or taking away the com- 
mon rectangle CBF, we ſhall have the ſquare of FB | 
equal to the redtangle under AF and BC. K 


; aw 0 
© eo XX. 


4 1 the Same tirde, or in equal ircles, angles at the cen- 


ter are to one Ne as akin arches upon which they ; 


1 9 5 . 
- 1 | 
= Let 


* 
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Let ABC, DEF, be any two angles, at the centers 
of the equal citeles AGC, DH F; the LO" ABC : - 
DU; DE... =: bp 939415 

For, let Da be any part whatever of the Ke DF, 
leſs than AC, and let Am, mo, og, gr, be the arches 
which AC contains, each equal to Dn. The angles 
ABm, mBo, oBg, qBr, which ſtand upon theſe arches, 


are each equal to DEA . Wherefore the angle ABC * 3. c. 2. 3. 


contains DEn juſt as often as the arch AC contains 
Du. But DEn, it is evident, is the fame part of the 
angle DEF, that Du is of the arch DF. Conſequently 
the angle ABC: DEF :: AC: DF. 

Cor. 1. In the fame, or equal circles, angles at the 
circumference, are to one another as the arches upon 
which they ſtand. 

Cos. 2. An angle at the center of a circle has the 
fame ratio to four right angles, that the arch upon 
which it ſtands has to the whole circumſerence. 

Cor. 3. Sectors of the fame, or equal circles, are 
to one another as their arches. For this may be pro- 
ved in the very ſame manner. | 


/ 


PROPOSITION XL, 


Circles are to one another in the duplicate ratio of their 
diameters. ; 


Let 


OR 
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Let ABC, EFG be two circles, of which AC, EG 


are diameters, | and let AC: EG:: EG 5 : RQ, che 


circle ABC: EFG :: AC: RQ. . 

For, let the ſquares ABCD, EFGH be inſcribed i in 
her circles. Let the arches which the ſides of theſe 
ſquares ſubtend be biſected, and the regular polygons, 
KL, MN be formed by joining each point of ſection 


to the adjacent angular points of the ſquare. Let the 


arches which the ſides of theſe polygons ſubtend be 


biſected, and other polygons formed, by joining each 


point of ſection to the adjacent PREP points of the 
former; and ſo on. 

Any one of theſe polygons, in the circle ABC,. as 
KL, is to the polygon MN, of the ſame number of 
ſides, in the circle EFG, as AC to RQ. For, ſince 
each of the polygons KL, MN conſiſts of | the ſame 
number of iſoſceles triangles, and - magnitudes have 
the ſame ratio as their like parts, KL: MN: : AOL 

: EPN. But the iſoſceles triangles AOL, EPN, ha- 
ving equal vertical angles, (each of them being the 


3. ſame part of four right angles *, are ſimilar . There- 
fore AOL : EPN (:: AO: zRQ*):: AC: RQ. 


| Conſequently KL.: MN : : AC: RQ. 

Again, becauſe the difference between one of the 
circles and its inſcribed ſquare ABCD is the ſum of 
. the four ſegments AB, BC, CD, DA, and each of the 
triangles inſcribed in theſe ſegments is greater. than 

half its ſegment, (being equal to half the circumſcri- 
1 bing 


1 
9899 


th 


Ar 


le 


re 
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bing parallelogram), by taking the polygon KL from 


the circle ABC, there will be taken away more than 


half that difference. In like manner, by taking the 


next polygon from the ſame circle, there will be ta- 
ken away more than the half of what laſt remained; 


and ſo on. Therefore, from the two circles ABC, 
EFG, there may be taken away two polygons in the 
ratio of AC to RO, ſo that either of them ſhall leave ; 


a remainder leſs than any magnitude propoſed *. 


| Conſequently the 227275 themſelves are in the ſame 


ratio f. 


Cok. 1. Similar ſe tors (that is, ſectors of aka | 


angles,) are to one another in the duplicate ratio of 
their radii. . 

Cor. 2. Circles, and Gmilar ſectors of theſe Ga: 
are to one another as the ſquares of their diameters or 


PROPOSITION XX. 
Every circle is equal to a rectangle under the radius, and 
a ftraight line, equal to half the circumference. 


Let ABC be a circle, of which O is the centre, and 
let the ſtraight-line BR be equal to half its circumfe- 


OBR. 


For, 


rence ; the circle ABC ſhall be equal to the rectangle 


Fig. 116. 


ws Ar M EN TS: Book V. 
For, let the ſquare ABCD, and the polygon KL be 


inſcribed in the circle, as in the preceding propoſition. 


Alſo, let the ſquare EFGH, and polygon M, be 


| deſcribed about the circle, ſo that their ſides touch 


the circumference in the angular points of the former. 


Then, becauſe OH biſects the angle DOC*, it paſſes 
+ through the point K, and is perpendicular to MN *, 
| a fide of the circumſcribing polygon. Hence MH is 


greater than MK © or MD*; therefore the triangle 


„2. MKH is greater than MKD *, and conſequently the 
triangle MNH greater than half the triangular ſpace 
HC, without the circle. Thus, the ſides of the po- 


| lygon M cut off from the ſquare EG more than 


half its exceſs above the circle. In like manner, the 


' next circumſcribing polygon cuts off more than half 


3 c. 2. 2 


a6 lp +: 


the remainder ; and ſo on. Therefore a polygon may 


be deſcribed about the circle, ſo that their difference 
* ſhall be leſs than any magnitude propoſed. 


Now, if the refangle OR be greater than the cir- 
cle ABC, a polygon may be deſcribed: about the circle 
that ſhall differ leſs from it than OR, that is, that 
ſhall be leſs than OR. Let M, then, be a circum- 
ſeribing polygon leſs than OR. Becauſe MQ may 
be divided into iſoſceles triangles, each of which is e- 
qual to the rect angle under the radius of the inſcribed 
circle, and half its baſes, the whole polygon is equal 


to che rectangle under the radius of the inſcribed 


circle and half its perimeter . But half its perimeter 
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is greater than BR, half the circumference \ There. i *. 5 
fore alſo that re tangle, or the polygon Ma, is 
greater than the rectangle OR, which 18 contradic- 
tory. 

Again, if the rectangle OR be leſs than the = 
ABC, a polygon may be inſcribed in the circle that 
ſhall aiffer leſs from it than OR, that is, that ſhall 
be greater than OR. Let KL then be an inſcribed 
polygon, greater than OR. Then, as before, KL is 
equal to the rectangle under the radius of its inſcribed 
circle, and half its perimeter. But the radius of its 
inſcribed circle is leſs than OB, and half its perimeter 
is leſs than BRI. Therefore alſo that rectangle, or 


the polygon KL, is leſs than the 2 OR, which 
is contradictory. 


Conſequently the rectangle OR i is equal to the 
circle ABC. hrs + 


Cor, Hence any ſector is equal to a rectangle un- 
der the radius, and a ER line equal to half its 
circumference. 


PROPOSITION XIII. 


The circiimferences of circles are to ane another az their 
F . | * | : 


# bl * 
8 LY 
. - 


T Let 
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Let ABC, DEF be any two circles, of which OB, 
by are radii, the circumference ABC: DEF: : OB 
: : HE. 1 

For, let the Lade lines BR, Ek, W the 
circles in the points B, E, be each equal to half the 
circumference of its circle, and let the re angles OR, 
HK, and ſquares OG, HI be completed. Becauſe the 
circles are equal to the rectangles OR, HK*, and 
have the ſame ratio as the ſquares OG, HI®; OR: 
HK : : OG : HI, and, by alternation, OR ; 06: 
HK : HI. But rectangles of the ſame altitude are to 
one another as their baſes ; therefore BR: BG : : 
Ek: EI, and alternately BR : EK :: BG : EI, 
Conſequently 2BR : 2EK : : OB: HE. | 

Con. 1. The arches of ſimilar ſectors are to one 
another as their radii. . 
Con. 2. The arches of any two ſectors are to one 
another, in the ratio compounded of the ratios of 
their radii and angles. 


PROPOSITION XXIII. 
VV fimilar redtilineal figures be deſcribed upon the thres 


fides of à right angled triangle, the figure upon the 
Wr is e to the other two taken together. 
Let ABC be a right angled triangle, of which AC 


is the «at and let AE, FB, BG, be ſimilar 
_ | rectilineal 
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rectlineal figures deſeribed upon the FP ; the Ggurs 


AE upon the hypothenuſe is equal to the ſym of the 


* 


figures FB, BG, upon the other two tides. > 
For, let BD be perpendicular to AC; then, be- * 

cauſe AC: AB:: : AB; AD., AC: AD: : AE: FB), 
In like manner, AC: CD:: AE: BG. me | 
"Therefore AC: AD + CD: : AE; FB + BG. e, 
But AC=AD + CD, conſequently AE = FB BG. a, 
Cor. If circles be deſcribed upon the three fides of 


a right angled triangle, as diameters, or with theſe 


ſides as radii, the circle of the hypothenuſe i is equal to 
the ſum of the other two, 25 


APP:END,I Xx 


\ 


THxeorem, 1. If, from two angular points of any 


triangle, ſtraight lines be drawn, to biſe& the oppo» 
fite ſides, they will divide each other into — 
having the ratio of two to one. ö 
THEoR. 2. If two triangles have two angles equal, 
and other two angles together equal to two right 


angles, the ſides about the remaining angles will be 


proportional. 

THeo. 3. If, from any point in the circumference 
of a circle, ſtraight lines be drawn through the extre- 
mities of a. chord, to meet the diameter that is per- 
pendicular 


b | 
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N 


: ure to, it, the radius will be a mean propor- 


tional between the ſegments of 50 diameter i intercep- 


3.5 4 


ted frontthe enter, > 


ELGIN 4. If, from the extremities of the baſe of a 


ings trjaiigle, « two ſtraight, lines de drawn, each parallel to 
2 one of the ſides, and equal to the other; t ; then ſtraight 
1 lines, joining their other extremes with the other ex- 


s of the baſe, will cut off equal legments from 

es ang each of theſe will be a mean propor- 

tional | between the other two ſegments, 8 
Tuxok, 3. If a, regular Polygon be deſcribed about 


2 circle, and . 5 of the ſame number, of ſides, 


inſcribed in it; then a third regular polygon, of 


double the number of ſides, inſcribed in the ſame 
circle, will be a mean 4 b between the two 
former. K 4 

TEO R. 6. If, from the extremities of ls baſe of 


2 triangle, perpendiculars he Jet fall upon the oppo- 


lite ſidles, and likæwiſe ſtraight lines drawn to biſect 
interſection of the biſecting lines, and the center of 
tlie ara er will be 4 ia the ſame ſtraight 
line. 0 

Abdel 7. i 4. 2 hint DIRE a ak, twa 


_ tangents be drawn, and from the ſame point, and one 


of the points of contact, two ſtraight lines be drawn, 
ta meet in the circumference, then ſhall the chord, 
which! is drawn from the other point of contact, pa- 

| | rallel 
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rallel to one of the tangents, be divided by theſe 
ſtraight lines, ſo that the ſegment intercepted by the 
latter from the point. of contact, will be a mean pro- 
portional between the whole chord and the ſegment 
intercepted by the former. | ft 

\TxzoR, 8. Let there he two concentric i alen ml 
ler tangent to the leſs cut the circumference of the 
greater; from the paint of contact let two equal 
chords be applied in the former, and from the point 
of ſection let others parallel to them be applied in the 
latter; the ſum of the chords in the leſs circle will 
be equal to the fum. or difference. of thoſe, in the 
greater, according as theſe laſt are on the ſame, or on 


different ſides of the tangent. 
THzoR. 9. Let there be a ſtraight line 8 
cally divided, and from any point without jt let 


ſtraight lines be drawn through its extremities, and 
the points of diviſion; then any ſtraight line drawn 
from the one extremity, to terminate in the line that 
paſſes through the other, will alſo be harmonically. 
divided by the intermediate lines. 
THEOR. 10. If, from the extremities of the baſe of 
a triangle, ſtraight lines be drawn through the ſame 
point in the perpendicular, to interſec the oppoſite 
ſides, ſtraight lines, joining the points of ſection with 
the foot of the perpendicular, will make equal angles 
with the baſe. 


Tron. 


Br — — — . ˙ 
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Tuxok. 11. If, from the extremities of the diame- 
ter of a cincle, two perpendiculars be raiſed, each e- 
qual to the fide of the inſcribed ſquare, and from their 


_ extremities ſtraight lines be drawn through any point 


in the circumference, to meet that diameter, theſe 
ſtraight lines will each intercept a ſegment from the 
fartheſt extremity of the diameter, ſuch that the fum 
of their Tquret"' ſhall be ED to the _ of the 
diameter. 


TROR. 12. If, upon the baſe of a triangle, a right 


angled triangle be conſtituted, having its hypothenuſe 
equal to the ſum of the two ſides of the triangle, and 
through the vertex a ſtraight line be drawn parallel 
to the baſe; the ſegment” of the hypothenuſe between 


the parallels, half the ſum of the two fides, and half 
the difference of the ſegments of the baſe, will form a 


_ b RO, | 


' ProBLEM 1. The calicithr; the difference of 
the ſegments of the baſe, and either the ſum or dif. 


ference of the two ſides of a "Hig, are given to 


conſtruct it. 


Pros. 2. The perpendicular, the difference of the 
angles at the baſe, and either the ſum or difference of 
the two ſides of a triangle, are given to conſtruct it. 

Pack. 3. In a quadrilateral figure, inſcribed in a 
circle, two adjacent ſides, one of which is equal to the 
diagonal drawn from their interſection, and the ratio 

of 


of 
CC 


th 


x" 
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of the ſegments. of the other * are given to 
conſtruct the figure. 


Pros. 4. To deſcribe a I 1 ha- 


ving its ſides of a given magnitude, and its oppoſite 


angles together equal to two right angles. 

Pros. 5. To divide a given triangle into three o- 
thers, proportional to three given lines, by ſtraight 
lines drawn from a point within the triangle. 

Pros. 6. From a given triangle to cut off another, 


having a given ratio to the whole, by a ſtraight line 


drawn through a given point. 

Pros. 7. A circle, and a point within or without 
it being given, to find another point, ſuch, that any 
ſtraight line being drawn through it, to interſect the 


circumference, the diſtances of the points of ſection 


from the given point ſhall be to one another direciy 
as the ſegments of the ſtraight line intercepted by 
the circumference from the point required. 


Pros. 8. A citcle, and a point without i it, being 
given, to find another point, ſueh, that any ſtraight 
line being drawn throdgh it, to interſect the circum- 


ference, the diſtances of the points of ſection from the 


given point ſhall be to one another in the duplicate 


ratio of theit diſtances from the point required. 
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een. 
DEFINITION 8s. 


Straight line is ſaid to be perpendicular to a 
plane, when it is perpendicular to all the 
ſtraight lines that can be drawn i in that plane from the 
point on which it inſiſts. | 
2. The inclination of a ſtraight. line t to a A is 
the acute angle which it forms with the line joining 
its interſetion with the plane and the extremity of 
2 perpendicular to the plane, drawn from any * 
by the ſtraight line. 5 

3. Two planes are * to one another, 
when any ſtraight line drawn in either of the planes, 
at right angles to their line of common ſeQion, is per- 
pendicular to the other. 


4. The 


+ _ 
* n n 
* 
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4. The inclination of two planes is the angle form- 


ed by ſtraight lines drawn in theſe planes, at right / 


angles to their line of common ſeftion, from the ſame 
point in it. 

5. Two planes, or a ſtraight line and a SELF: are 

parallel, when being produced N they do 

not meet. 

6. A ſolid is that which ks length, breadth, 3h 
thickneſs. 

7. A ſolid angle is that which is formed by more 
than two plane angles at od ſame point, but not . 
the ſame plane. 
g. Two ſolids, bounded by planes, are ſimilar, 
When their ſolid angles are equal, and their Plans fi- 
gures ſimilar, each to each. 

9. A parallelopipedon is a ſolid bounded, by fix 
planes, of which the oppoſite ones are parallel, It the 
adjacent planes be perpendicular to one another, it is 
A 2 parallelopipedon. | 

A cube is a rectangular paralleloppdon of a 
N 4 the ſix ſides are ſquares. 


11. A priſm is a ſolid, of which che ſides are pa- ot 


| aan and the ends are e plane E ihe 


gures. 
12. A — 8 folk, of which the fides are 


triangles, having a common vertex, and the baſe an 


plane linen figure. If the baſe be a triangle, it 
v 1 26>. 4:4 
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s a triangular 1 280 If a ſquare, it is a Wer 


| Fig. 119. 


© def. 5. 1. 


pyramid. „ 
13. A cylinder is a folid deſcribed bs the revolu- 

tion of a. reQtangle about one of its ſides remaining 
fed; Which ſide is named. the axis; and either of 
the circles deſcribed by-g its adjacent ſides the vaſe of 
the cylinder. | 

14. A cone is a ſolid e by the tation of 
a right angled triangle about one of its ſides remain- 
ing fixed; which ſide is named the axis, and the 


_ circle deſcribed by the other fide, the baſe of the 


cone. 
15. Cones or cylinders are ſimilar, when they are 


deſcribed by ſimilar hgures. 


40 OP 0.8 LTION I. 


| Fe feos fra pit line pure each ater they „ are both in 


one plane. 


The two. ſtraight lines AB, CD, which interſect 
each other in the point E, are both in one plane. 
For, let any plane meet the ſtraight line CD, in the 


points E, D; and becauſe C paſſes through theſe 
points, it is wholly. in that plane. Let the ſame plane 


always touching the line CD revolve about it, until it 


meet the point A; then the ſtraight line AB, paſſing 


through 
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through the points A, E,*is | likewiſe wholly in that 
plane. Therefore the ſtraight lines 9 CD are in 
one and the ſame Fans 


Con. 1. If two planes interſect each all their | 


common ſeQion 3 is a ſtraight line. For, if two planes 
paſs through the points E, D, the ſtraight line CD is 
wholly in each of them, and is therefore their line of 
common ſection. | | 


Cor. 2. Three ſtraight lines, which interſect one 
another in three points, are all in one plane. Or, 


a plane may be e through a three points 
Whatever. | 


PROPOSITION u. 


def. 5. 1. 


If a ftraight line be perpendicular to two feraight lines i- 


terſecting each other, it is perpendicular to their plane. 


Let the ſtraight line EF be perpendicular to each of 
the ſtraight lines AB, CD, which interſe& each other 


in the point E; EF is perpendicular to their plane. 
For, let any ſtraight line GH be drawn through the 
point E, in the plane of AB, CD. Let the lines EA, 
EB, EC, ED, be aſſumed equal. From any point F 
in the perpendicular let FA, FB, FC, FD, be drawn ; 
and let AC, BD be joined. The triangles» AEG, 
BED, are equal in every reſpect „ for they have two 
ſides of the one equal to two ſides of the other, each 
| to 


Fig. 120. 


* 4. 1. 
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to each, and the included angles equal; therefore 


Ac = Bo, and the angle G = D. The triangles 


CGE, EH D, having the angle C= D, the angles at 
E equal, and the fide CE'= ED, will alſo. have the 
fide CG = DH, and GE = EH. The right angled 
_ triangles FEA, FEB, FEC, FED, have the fide FE 
common to all, and the other ſides about the right 
angles equal, therefore the hypothenuſes FA, FB, FC, 
| FD, are equal. Thus, the triangles FCA, FBD, have 
the three ndes of the one equal to the three ſides of 
the other, each to each, therefore the angle FCG = 
. FDH*®. But the triangles FCG, FDH, have alſo the 
ſides about theſe angles equal, each to each; there- 
fore the baſe FG. = FI. Hence the triangles 
FEG, FEH, are mutually equilateral ; therefore 
the angles FEG, FEH are equal ©, and each of 
them a right angle. Conſequently the ſtraight line 
EF is perpendicular to any ſtraight line drawn in the 
plane of AB, CD, from the point E, that is, it is per- 
.. pendicular to the plane of theſe lines *, 

Con. 1. There cannot be more than one ſtraight 
line perpendicular to a plane at the ſame point in it. 
For, if the lines FE, EK be both perpendicular to the 
plane AB at the point E, let their plane meet AB in 
the line of common ſection GEH, and the lines FE, 
EK are both perpendicular to GH, which is impoſ- 
- ble. | | | | 


Cor. 


; 
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Con. 2. There cannot be more than one Araight 


line. perpendicular to a plane from the ſame point 
without it. For, if the lines FE, FG be both perpen- 


dicular to the plane AB from the point F, let their 


plane meet AB in the line of common ſection EG, 


and the angles FEG, FGE, are both right. * 
which is impoſſible. 


Cos. 3. There cannot be more than one . per- Fig. 123. | 


pendicular to a ſtraight line at the ſame point, For, 


if each of the planes CD, EF be perpendicular to the 


line AB, at the point B, let a plane touching A in- 


terſect them both in the lines of common ſection BC, 
BE, then ABC, ABE are in one plane, 1 both 


right angles; which is impoſſible. 

Con. 4. If a ſtraight line be perpendicular to three 
or more ſtraight lines at the ſame point, cen are all 
in one and the ſame plane. bi) 


PROPOSITION III. 


Every Rraight line parallel to 4 walk line that is per- 
pendicular to a plane, is perpendicular to * Jame ; , 
and opal a 


Let the ſtraight line AB be perpendicular to the 
plane FG, then any ſtraight line CD, parallel to = 
will alſo be EE to FG. 


For. 


Fig. 122. 


Fig. 124. 
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LY 
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For, let che plane of the parallels meet FG in the 


ne BD; let DE be perpendicular to BD, in the 


TS 


4. c. 2. 6. 


plane FG, and equal to AB, and let AD, AE, BE be 
joined. Since AB is perpendicular to FG, ABD, 
ABE are right angles *, and becauſe CD is parallel to 
AB, CD- is 2 right angle; it is to be noun that 
CDE is alſo a right angle. 

The triangles ABD, BDE have the fide AB DE, | 


BD common, and the angles at B, D tight; there- 


fore the baſe AD=BE *®. Hence the triangles ADE, 


ABE are mutually equilateral ; therefore the angle 


ADE = ABE e, and conſequently a right angle. Thus, 


© ED being perpendicular to both the lines AD, DB, is - 
6. perpendicular to their plane BC ©; therefore CDE is a 
- right angle *, and conſequently CD being perpendi- 


cular to both the lines BD, DE, is are to 
their plane FG ©. 

Converſely, If CD be perpendicular to FG, it is 
parallel to AB. For it may be proved in the ſame 
manner that ADE is a right angle. But BDE is a 
right angle by conſtruction, and CDE a right angle 


by hypotheſis. Therefore, ſince ED is perpendicular 


to the three lines BD, AD, CD, at the ſame point, 
theſe lines are all in one plane. Conſequently AB, 


Cb are in the ſame plane; and ſince they are alſo 


perpendicular to the fame line BD, they are parallel. 


PR OP O. 
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PROPOSITION w. = 4 


Straight lines parallel to , the ſame are eb to one ano- 
ther, ae oy be nat all in wien Rn A CE 


Lac the ftraight lines AB, CD, ba Ah of es * Fig. 125. 


| rallel to the ſtraight line EF, but not both in the . 
| plane with EF, AB is parallel to CD. : 
For, from any point H, in the line EF; let GH 16. 
drawn perpendicular to it in the plane AF, and HK 
perpendicular to it in the plane FC. Then EF is 
perpendicular to the plane of the lines GH, HK“; . . 6. 
therefore AB, CD, which are parallel to EF, are per- 


pendicular to the fame plane GHK *, and conſe. d36 


| quently they are parallel to one another *, e 


: 
RN" 
- 
' 8 : : — 
* © 8 
a 


PROPOSLTION V. 


To draw a Rtraight 1 ne; to 4 gn pla 
From a given point without it. 


Let AB. be the . BK and C the given point Fig. 126 Y 


without it, from which it is required to draw a 


ſtraight line perpendicular to AB. Let any ſtraight - 
line DE be drawn in the plane AB. In the plane 
CDE let CF be drawn perpendicular to DE, in the 


- b 
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plane AB, let FG be alſo perpendicular to DE, and 
in the plane CFG, CG perpendicular to FG: Then 
C- ſhall be perpendicular to AB. 
Poor, let GH be parallel to DE. Then, becauſe 
| e e bord the Lines; CP FG, it is 
| *2- 6. perpendicular to their plane; therefore GH, which 
+ + ͤ parallel to DE, is perpendicular to the ſame plane 
* 3. 6 CER: - Thus, CGH i is a right angle; but CGF is a 
right angle by conſtruction; conſequently CG is 
perpendicular to the plane of the lines FG, GH*, 
that is, to AB. 
Con. Hence a draight . may be drawn perpen- 
a dicular 10 a given plane, from a given point in the 
ume. For it may be drawn parallel to a perpendicu- 
lar drawn from any point aſſumed without the plane. 


PROPOSITION VI. 


If two planes interſect each other, and From points in the 
ine of common ſection ftraight lines be drawn perpendi- 


cular to. it in each plane, the angles formed by mw 
ae eee oy be * 


— 
k 
a. - 
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planes AE, BF. Let AB, DE be perpendicular to 
{BE in the former, and BC, EF perpendicular to it in 
NOTRE IO eee 


For, 
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For, let AB, BC, DE, EF, be all equal; and AG, oy” 

| CF, FD,,DA, be joined. Becauſe AB, DE dug bath j 4 

perpendicular to BE, and in the ſame plane, they are 
parallel. But AB, DE are alſo equal. Therefore | 

AD is equal and parallel to BE *. In like manner, * 23. 1. 

CF is equal and parallel to BE. Conſequently Dis 
| equal and parallel to CF v and AC equal and paral- » 4. 6, 

| Tel to DF». | Thus, the triangles ABC, DEF are mu- 

tually equilateral ; therefore the by ct ABD 1 is equal 

e angie: DEF "." e ein 


F * 3 __ * \ - —_ 
* + Y , * 5 o i mm 4 
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PROPOSITION v. 


If « fraighe f bf oe to a plane. any plane - 
ö ee lune in the e „ 


Nn | 
Ie the Rraight line AB Nee lothe Fig. 12% 
pens tt, then 123 lent ls ee . 


perpendicular ta W. Wo 
For, let CBG be their line of c common adi. "jp 


from any point G, in CG, let GE be perpendicular 

to it in the plane CE. Alſo, let BF, GH be perpen- 

dicular to CG, in the plane CD. Then, becauſe A8 

is perpendicular to CD, ABF is a right angle; there- 

fore the angle EGH, contained by the perpendiculars | 
at 8, is alſo a right angle. But EGC ig a right * 6, 6 — 
angle by 8 | Wherefore EG is perpendi- 
1k x7 3 cular 


d'2. 6. 


2 p (um Cty 28 "*. 1 
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cular to the place: CDs. "In like manner, HG is per- 
pendicular to the plane CE. - Conſequently the planes 


ou % N 1 
Book | 
4 = 
= WM 
* 


K 6. CE, CD are perpendicular to each other. 


Con. A ſtraight line, drawn at right Ades to one 


of two perpendicular planes, through any point in the 


other, meets the former in the line of common ſec- 


. ber and lies en in the latter. 


| 226 POSITION VII. 


I two planes cutting each other be perpendicular to the 
_ Jame plane, their line P common * ts alſo 86 
cular to it. | 


Let the two planes AB, CD, cutting each other 
in the line EF, be both perpendicular to the plane 


GH, then EF is perpendicular to the ſame plane. 
For the perpendicular to GH, at the point F, where 
EF meets it, is wholly in each of the planes AB, CD *, 


and eee is the ſame with ng? line a com- Fe 


\ 105 „* R OP 0 81110 N X. 


n 4 144, ie . Y 
if two planes, or a. frdight line and à plane, be each of 


| ee ee jams ee line, they are 
© Parallel to one another. 


+ 19 
— 
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Let the two planes AB, CD be each of them per- Fig · 130 
nr. 
E, F; AB, CD are parallel. tofu nil 
U Wee eee 
EG, GF be joined. Then, becauſe EF is perpendi- 
cular to AB, CD, it is perpendicular to the lines EG. * 
FG *, which are in their planes. Thus, EGF is a def. 1. 6. 
\ triangle, having two of its angles right, which is im- 
poſſible. Therefore the plane CD does not meet AB. 
But any ſtraight line, as FL; perpendicular to EF at | 
the point F, is in the plane CD o. n the; 6. c. 2-6. 


ee line * is alſo 0 to As A or 
* 
> 260408 2865 eee en ED? 4 ON : 


v1 
; B, R 0 P O F a KY 300 
"+ il), 208 aht an 
73 8 > jo * a third plane, ; He b. 15 
e are parallel. 1544 menen > 3 nb 


. 


380 ;C 141 6 3 43 { 6} 


Let AB, Cb. be two parallel planes, cut by a third Fig. 131. 
plane EG, the 1 * common eden EF, B are 
parallel. Aren n Hogihnog 
For, if not, let them be ee . FO ne 
point K. Then, becauſe the ſtraight line FEK every 
where touches the plane AB, and the ſtraight line 
.GHK the plane CD, the point K is in each of the 
planes Thus, the planes AB, CD meet at the def. 5. 1. 
point K, which is contrary to hypotheſis. 9 2 


Cor, 


Ul 
' 
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| n . If two planes, cutting each other, be pa- 
1 planes anne che 
lines of common ſection are parallel. 
Con. 2. If a plane be parallel to a FI its 
line of common ſection, with any plane 0 that 
line, will alſo be parallel to the fame 
Con 3. IH two ſtraight lines 333 each of 
chem is parallel to any plane touching the ether, e. 
- cept that which is common to bot. 
| (k. 4 A. ſtraight line, prrperifieulas to one of 
too parallel planes, is perpendicular to the other, and 
| the planes are everywhere equidiſtant : Alſo any plane 
| perpendicular to the one is perpendicular to the o- 
ther. 
Con. 5. If equal abt be erected TS 
points in the ſame plane, their other extremes are Ae 
in one plane, parallel to the former. 
Cor. 6. Planes parallel to the fame os are e pen. 
Ilel to one another, | 
4 Gon. 5. If a ſtraight line be parallel to A plate, 
| . which meets them both, and is per- 
PR to me 1 will ao be ie to 


fi 
8 #4 


the former. eee 
Fug 4 \ : 
* 2 it + 3 5 * 44 2 n £ " "R 13 F 3 3 1 42 4 15 7 
n | 4 f - 
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aK O OS ITI II. 

If the ſides of two angles which are nat in the ſame plane 

be parallel, each to each, the angles. . and 

ww Rug" parallel | 

Let ( A, DEF. 1 be two n n ns b. 185 85 
plane, which have their ſides parallel, each to ech, 
AB to'DF, and BC t6 EF, the angles ABC, DEF | 
ſhall be equal, and their planes parallel, "we we 5 

For, from the point B, let BG be drawn perperili- 247 pH” 
cular to the plane DEF *, and from G, GH parallel * 5. 6. 
to DE, and GK to EF. Then, becauſe BG is per- 
| pendicular to the plane DEF, BGH is right angle. 
But, ſince AB, GH ate both parallel to DE, they are 
parallel to one another. Therefore GBA in allo a 
night angle. Thus, B0 ib perpendicular to the lives = 
BA, GH. In lie manner, it is perpendicular to'the © 
lines BC, Gk. Therefore BO is perpendicular tp 
the planes ABC o, DEF, e nn d 2. 6. 
ark parallel. 

Again, becauſe AB, 6H art faite, thiey ire Th 
the ſame plane, and, for the ſame reaſon, BC, GK 
are both in one plane. Thus, ABGH,' and'CBGK, 
are two planes interlecting each other in the line BG, 
to which lines AB, GH are perpendicular in che one 
plane, and BC, GK in the other; therefore the angle 


1 * - K 4 * ** _— 2 a 21 7 a 
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6. 6. ABC is equal to HGK <, But HGK. 18 equal to 


415. 1. DEF*. ne the * ABC is * to 
; DEF. » 


1 ds 
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C perpendicular: 5 drawn to a plane, as two points in 
any ftraight line inclined to it, they ſhall have the ſame 
"ratio as the ſegments of the line which 2 om inter- 


ene br Sarda Net 9 1 e 


I | of 


. Fig 185 From the eben A. B, in dhe ragte lins/AB, in- 
15 Amed to the plane. CD, and meeting it in the point 
E, let che perpendicular AG, BF be drawn to CD, 
AG: BF:: AE: EB. | 
3 Becauſe AG, BF are eee Sov to cb. | 
41S 6 een de + Hence the ſtraight lines AG, 
| ahnen 
; points in its line of common ſection with CD. But 
1 en the common ſection of two planes is a ſtraight line v. 
| | + Therefore F, E, B, are in the fame ſtraight line; 
4 and the right angled triangles AEG, BEF, being 

*4-5- equiangular, AG: BF:: AE: KB. 
8 Con. x. The ſirzigbt line which joins the extremj- 
4 ties of the perpendiculars, paſles through the point 
Where the inclined; line interſe9s the plane; and is 
there divided into ſegments, having e ſame ratio as 


* are dache ads oi AD Ot bus Scl 
| . "Dea. 


41. . DEF. eee angle ABC is equal to 
1 DEF. „ 5 4 


7 6 * A 5 [4 I 1 I : þ 5 * 1 } ' 
32348 y 8 " 
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| Wipe ron 0 ple om tp 
+: any. ftaight line inclined to it, they ſhall have the ſame 


' ratio as the ſegments m_ line ohich the plate inter- 


ho, e n was 95 ptr be 


, 4 7 


. 5% From FUR wan B, M de digte 80 
I 2 ; > <ing: pip plane CD, and meeting it in the point 
E, let the perpendiculars AG, BF be drawn to OD, 


AG: BF:: AE: EB. 


Becauſe AG, BE are Can | 


* n Hence the ſtraight lines AG, 
N rain de e E, E. are 


points in its line of common ſection with CD. But 
| 6 the common ſection of two planes is a ſtraight line v. 


\ 


4. 5. equiangular, AG: BF:: AK : KB.. 


Con. z. The ſtraight line which joins the extremj- 5 


* ties of the perpendiculars, paſſes through the point 


VUhere the inclined. line interſecls the plane; and is 
chere divided into ſegments, ON the ſame ratio as 


eee EY Ho aht a As 
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*6.6. ABC. is equal to HGK · But HGK is equal to 


. Therefore F, E, B, are in the tame ſtraigbt line; 
| and the right angled triangles AEG, BEEF, being | 
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Cox. 2. Straight lines, which meet three parallel | 
g . are cut Sropdriciaty: 10.4 


PROPOSITION XII. 


Tf ſolid angle be contained by three plane angles, any 
two of them are together greater than the third. 


| Let there be a ſolid angle at the point A, contained Fig. 134. 
| by the. three plane angles BAC, CAD, DAB; any ; 
two of theſe are together greater than the third. 

II all the angles be equal, or if the two greater be 
equal, the propoſition is evident. In any other caſe, let 

| BAC be the greateſt angle, and let BAE be cut off 

from it, equal to DAB. Through any point E, in 

| AE, let the ſtraight line BEC be drawn, in the plane 

of the 'angle BAC, to meet its Kdes'in B, C. Let 

AD be equal to AE, and BD, DC joined. Becauſe 

the triangles BAD, BAE have the fide AD = AE, 

BA common, and the included angles equal, the baſe 

BD is equal to BE". But the ſum of BD, DC is 4 1. 
greater than the ſum. of BE, ECV. Therefore DC is “ 20. 1. 
greater than EC; and, ſince the fide DA is equal to 

AE, and, AC common to the two triangles ACD, 

ACE, the angle CAD is greater than EAC*. Con- * c 22. 1. 
ſequently, the ſum of the angles BAD, CADis greater ge” 
than the angle BAC. 


PROP O. 


% 
val 
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PRO POSITION XIV. 


All the plane angles which form any ſolid angle, are tage- 
ther 2 f than faur right angie. 
Fig. 135. . there be a ſolid angd; at the point A, contained 
2 by the plane angles BAC, CAD, DAE, EAB, theſe f 
angles, taken together, are leſs than _ right | 
angles. 
ö For, through any point B, in AB, let a Jane be 
- , extended to meet the ſides of the folid angle in the 1 
lines of common ſe&ion BC, CD, DE, EB, thereby 
. forming the pyramid BCDE — A: And from any 
point O, within the re ilineal figure BC DE, which is ; 
the baſe of the pyramid, let the ſtraight lines QB, 
OC, OD, OE, be drawn to the angular points of the 
figure, which will thereby be divided into as many 
triangles as the pyramid has ſides. Then, becauſe g 
each of the ſolid angles at the baſe of the pyramid is 
contained by three plane angles, any two of them are ? 
3. 6. together greater than the third. Thus, ABE, ABC | 
| 


are together greater than EBC. Therefore the angles 
at the baſes of che triangles, which have their vertex 
at A, are together greater than the angles at the 
baſes of the triangles which have their vertex at 
O. But all the angles of the former triangles are 


oh guy) to all the angles of the latter. There- 
| fore 


A 
1 
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fore the remaining angles at A are together leſs than 


the remaining angles. at O, that is, leſs than four 


D 3; C138 


right angles b. - 


PROPOSITION | XV. 
If {wo ſolid: angles be each of them contained by three 
plane angles, and have theſe angles equal, each to __ 
any alike . tuated, the twa ſolid angler are ex 


41 0 A rev 1 


12 a be a ſolid de at the polgh! A, FERRY Fig. 136. 


by the three plane angles Bac, CAD, DAB, and a 
ſolid angle at the point E, contained by the three 


plane angles FEG, GEH, HEF, equal to the former, 
each to each, and alike ſituated; theſe big Ft: 
are equal. . : . 
For, let the ſtraight lines AB, 40, aD, BF, 10, 6 
EMH, be all equal, and let their extremes be joined 


by the lines BC, CD, DB, FG, GH, Hy: And thus 


there are formed two iſoſceles pyramids, BCD. A and 
FGH. E. Upon the baſes BCD, FG II, let the perpen- 


diculars AK, EL fall from the vertices A, E. Then, 
becauſe the right angled triangles AKB, AKC, AKD 


have equal hypothenuſes, and the fide AK common, 
their other ſides KB, KC, KD, are alſo equal“: 0 Co 23. 
Therefore K is the center of the circle that circum- 


' {ſcribes the triangle BDC. In like manner, L is the 


Y center 


| . c. 2.6. 
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center of the circle that circumſcribes the triangle 
FHG. But theſe triangles are equal in every reſpect b. 
For the ſides BC, FG are equal ©, becauſe they are 
the baſes of equal and ſimilar triangles BAC, FEG ; 


and, for the ſame reaſon, CD is equal to GH, and 
DB to HF. If, therefore, the pyramid BCD-A be 
applied to the pyramid FGH-E, their baſes BCD and 
FGH will coincide.” Alſo, the point K will- fall upon 


I,, becauſe, in the plane of the circle FHG, no other 


point than the center is equally diſtant from three 


points in its circumference a; the perpendicular KA 
vill be in the ſame ſtraight line with LE, becauſe there 


cannot be more than one perpendicular to a plane at 
the ſame point ©; and the point A will coincide with 


E, becauſe the right angled triangles AKB, ELF ha- 
ving equal hypothenuſes, and BK = FL, their other 


N ne. 23-1, 


11. 6. 


1. c. 10.6. 


ſides AK, EL are alſo equal“. But the points B, 


D, C coincide with F, I, G, each with each; there- 
fore the ſtraight lines AB, AC, AD coincide with 
EF, EG, EH, and the plane angles BAC, CAD, 
DAB, with FEG, GEH, IEP, each with each. Con- 
ſequently, the ſolid angles themſelves coincide, and 


are equal. 
Cor. 1. If two ſolid angles, each contained by three 


plane angles, have their linear ſides, or the planes that 


bound them, parallel each to each, the ſolid angles 
are equal *, 


Cor. 
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Cox. 2. If two ſolid angles, each contained by the 


fame number of plane angles, haye their linear or 


plane ſides parallel, each to each, the ſolid angles are 
equal. 


For each of the ſolid angles may be divided into 


ſolid angles, each contained by three plane angles, 
and the parts being equal and alike ſituated, the 


wholes are equal. 


PROPOSITION XVI. 


If two triangular priſms have the plane angles and linear 


fides, about two of their ſolid angles equal, each to each, 
and alike ſituated, the priſms are equal and ſimilar. 


Let ABC-DEF and GHK-LMN, be two triangular Fig. 137. 


priſms, having the plane angtes BAC, CAD, DAB, 
about the ſolid angle at A, equal to the plane angles 
HGK, KGL, LGH, about the ſolid angle at G, each 
to each, and the linear fides AB, AC, AD, equal to 


the linear ſides GH, GK, GL, each to each ; _ 


priſms are equal and ſimilar, 
For, ſince the ſolid angles A, G are each contained 


by three plane angles, which are equal each to each, 
theſe ſolid angles, being applied to each other, coin- 
cide *. Therefore the ſtraight lines AB, AC, AD, 
coincide with the ſtraight lines GH, GK, GL, each 
with each. But AB coinciding with GH, and the 
point D with L, the ſtraight line DE muſt fall upon 

LM, 


* 15. 6. 
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8 - \ 
LM, becauſe there cannot be more than one parallel 


to the ſame line drawn from the fame point * ſo | 
likewiſe the ſtraight line BE falls upon HM : There- 


fore the point E coincides with M. In like manner, 


the point F coincides with N. Conſequently, the rec- 


tilineal figures which bound the one priſm coineide 


with, and are equal and ſimilar to the rectilineal fi- 
gures which bound the other, each to each; the ſolid 


angles of the one coincide with, and are equal to the 


ſolid angles of the other, each to each; and the ſolids 
themſelves are equal and ſimilar. 

Cor. 1. If two triangular pyramids have the plane 
angles, and linear ſides, about two of their ſolid 


angles, equal each to each, and alike ſituated, * py- 
ramids are equal and ſimilar. 


Con. 2. If two triangular priſms have the linear 
ſides about two of their ſolid angles both equal and 
parallel, each to each, the priſms are equal and ſimi⸗ 
Con. 3. If two pyramids have the linear ſides a - 
bout their vertical angles both equal and parallel, 


each to each, the pyramids are equal and ſimilar. 


PRO POSITION XVII. 


The oppoſite ſides of a parallelopipedon are ſimilar and e- 
qual parallelograms, and the diagonal plane divides it 
into two equal and fimilar priſms. = | 


] ( 
- 4a . 


| Boox VI. OF GEOMETRY. 173 


Let ABCD-EFGH be a parallelopipedon, or ſolid, Fig. 138. 

. bounded by fix planes, of which the oppoſite ones are 

parallel, any two of its oppoſite ſides, as ABCD and 
EFGH, are ſimilar and equal parallelograms. 

For, ſince the oppoſite planes AF, DG are paral- 
lel, and cut by a third plane BD, the lines of com- 
mon ſection AB, DC are parallel. Alſo, becauſe the . 10. 6. 
oppoſite planes BG, AH are parallel, and cut by the 
plane BD, the lines of common ſection, AD, BC, are 
parallel. Thus, the figure ABCD is a parallelogram. 

In like manner, all the plane figures which bound the 

ſolid are parallelograms. Hence AD is equal to EH, 

and DC to HG, and the angle ADC, by reaſon of 1. 2. 
parallel lines, is equal to EHG'*; therefore the tri - © xx, 6. 
angles ADC, EHG *, and conſequently the parallelo- 4 4. 1. 
grams ABCD, EFGH are equal and ſimilar. 

Again, becauſe AE, CG are each equal and paral- 
lel to DH, they are equal and parallel to each other; 
therefore the figure ACG E is a parallelogram *, and « 29. 1. 
divides the whole parallelopipedon AG into two tri- 

angular priſms ABC-EFG, and ACD-EGH. And 
_ theſe priſms are equal and ſimilar t, becauſe the plane : 16. 6. 
angles and linear ſides about the ſolid angles at F and 
D are equal, each to each: For the plane angles 
EFG, ADC are equal to one another, as being each 
equal to EHG *, and the linear ſides FG, DA equal 
to one another, as being each equal to EH, and fo of 
the others. 


Cor, 


P rer 
* * - 0 C = 
i" 
£ 4 
.. 
- 


I l J 
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Cox. 1. E oppoſite ſolid angles of a parallelopi- 


pedon are equal. 


Cox. 2. Every rectangular 5 is 
bounded by rectangles. 

Con. 3. The ends of a priſm are ſimilar and equal 
Gare, and their planes parallel. 


Cor. 4. Every parallelopipedon is a quadrangular | 


priſm, of which the ends are parallelograms ; and 


converſely. 

Con. 5. If two FORT FILE OA have: the ns 
angles, and linear ſides, about two of their ſolid angles 
equal, each to each, and alike ſituated, or the linear 


| ſides, about two of their ſolid angles, both equal and 


parallel, each to each, the ſolids are equal and ſimi- 


hr. 


Con. 6. If, from the angular points of any retili- 
neal plane figure, there be drawn ſtraight lines above 
its plane, all equal and parallel, and their extremes be 
joined, the figure formed thereby is a priſm. If the 
rectilineal figure be a parallelogram, the priſm is a 
parallelopipedon. If the rectilineal figure be a, rec- 


_ tangle, and the ſtraight lines be perpendicular to its 
plane, the priſm is a rectangular parallelopipedon. 


Cox. 7. Hence the method of forming a paralle- 
lopipedon, of which one of the ſolid angles, and its 
linear ſides, are given; alſo of forming a parallelo- 
pipedon, from a given triangular priſm, as one of its 
halves. 
* PROPO. 
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PROPOSITION XVII. 


Parallelopipedons upon the ſame baſe, and between- the 
ſame parallel _ are _ 


Let ABCD-EFGH, and ABCD-KLMN, be two pa- Fig. 1 * 


rallelopipedons upon the ſame baſe ABCD, and be- 
tween the ſame parallel planes AC, EM; the paralle- 
lopipedons AG, AM are equal. Becauſe the ſtraight 


lines EF, GH, KL, MN, are parallel to AB, CD, 


they are parallel to one another, and, being all in the 


ſame plane, NK, ML., will therefore meet both EF 
and GH *; let them meet the former in O, P, and the 


latter in R, Q, and let AO, BP, CO, DR, be joined. 


The figure ABCD-OPQR is a parallelopipedon : For, 
by hypotheſis, the plane EO is parallel to AC, the 


- plane of the parallels DC-HQ is parallel to the plane 
of the parallels AB-EP, and the plane AD-NO paral- 


lel to BC-MP. Hence AEO-DHR and BFP-CGQ 


are two triangular priſms, which have the linear ſides 


AE, AD, AO, about the ſolid angle ar A, both equal 


and parallel to the linear ſides BF, BC, BP, about the 
ſolid angle at Bo, each to each. Conſequently, theſe 
priſms are equal ©, and each of them being taken a- 
way from the whole folid ABCD-EPQH, the remain- 


ders, the parallelopipedons AG, AQ are equal. In the 


ſame manner, the parallelopipedon AM may be proved 
equal 


2. c. 16. . 


b 17. 6. 


© 16. 6. 


Fig. 140. 


217. 6. 


b 11. 05 


© 16. 6. 


76 FE L EME NTS Book VI. 


equal to AQ. Therefore the parallelopipedons AG 
and AM are equal to one another, 


3 


PROPOSITION XIX. 


ö Farallelopipedons, upon equal baſes, @ and between the ſame 
27 e planes, are egal. | 


"Oran 1. When the baſes have, one fide common, 
ad. lie between the ſame parallel lines. Let ABCD. 


EFGH and ABKL-OPQR be two parallelopipedons, 


between the parallel planes AK, EN, and upon the 
baſes ABCD, ABKL, which have the fide AB com- 


; mon, and lie between the parallel lines AB, DK; 
2 thele parallelopipedons AG, AQ are equal. 


For, let the planes EAL, FBK meet the fide HC of 
the former in the lines of common ſection LM, KN, 
and the ſide HF i in the lines EM, FN. Then, fince 
EA, AL are parallel to FB, BK, each to each *, their 
planes are parallel b, v, and the figure AN is a paralle- 
lopipedon. Hence ADL-EHM and BCK-FGN are 
two triangular priſms, which have the linear ſides AD, 


AE, Al. about the ſolid angle at A, both equal and 
parallel to the linear ſides BC, BF, BK, about the ſo- 


lid angle at B, each to each. Conſequently, theſe > 
priſms are equal ©, and each of them being taken a- 
way from the whole ſolid ABKD- EFNH, the remain 

ders, 
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ders, the parallelopipedons AG, AN are equal. But 
AN is equal to AQ, becauſe they are upon the ſame 


baſe, and between the ſame parallel planes. There- 


fore the Een ms AG, r 710 to one 


another. 


Cask II. When the baſes. are a Let 
ABCD, CEFG be equal baſes of two parallelopipe- 


dons, between the ſame parallel planes, and let them 


have the angles BCD, GCE equal. Let DC, CE be 
in the ſame ſtraight line, then BC, CG are alſo in one 
ſtraight line ©: Alſo, let their ſides be produced to 
meet in the points H, K .. Since the parallelograms 
AC, CF are equal, they are complements of the pa- 
rallelogram AF, and the ſtraight line HCK is its dia- 
gonal . Upon the baſe AF, let a parallelopipedon be 
erected of the ſame altitude with thoſe upon AC, 
CF; and let it be cut by planes parallel to its ſides, 
and touching the lines DCE, GCB; \ Theſe planes 


divide the whole parallelopipedon into four other pa- 


rallelopipedons upon the baſes DG, AC, BE, CF. 
But the diagonal plane touching HK divides each of 
the parallelopipedons upon AF, DG, BE into two 
equal priſms i, Therefore the priſms: upon HGC, 
CEK, are together equal to the priſms upon HDC, 
CBK; and theſe being taken away from the equal 
priſms upon HFK, HAK, the remainders, the paral- 

lelopipedons ere ded noon AC, CF are pork Con- 


« 18. 6. 


Fig. 141. 


© 19: 6 


ners eon u. 


K. 


feaendly n parallelopipedons upon theſe baſes, 


and between the fame parallel planes, are equal. 


-- Casx III. When the baſes are neither equiangular, 


3 have one ſide common. Let ABCD, KrGfI be 
the equal baſes of two parallellopipedons, between the 


ſame parallel planes. At the point E, let the angle 
FEL be made equal to BAD, let GH meet EL in L, 
and let the parallelogram FLA be completed. Becauſe 
the parallelograms AC, FL. are each equal to EG, 
they are equal to one another; and they are alſo e- 


. .» * quiangular; Therefore the parallelopipedon upon AC 


is equal to any parallelopipedon upon FL, between 
the ſame. parallel planes. But the parallelopipedon 


upon EG is equal to the ſame, Therefore the paral- 


n n hg n AC, . are 1 po one ano- 


ther. 99 $7003 


we 1. Poralelppipedon of equal baſes and equal 


altitudes ate equal. 
Con. 2. Triangular 0 upon ERS "58h which 
are either both triangles, or both eee and 
of PIPE altitudes, are equal. | 

Con. 3. Two triangular priſms, upon a parallels. 
gram and a triangle, as their baſes, and of equal al - 


titudes, are equal to one e, at the „BW | 


be double the triangle. 
Con. 4. A triangular priſm, and e any 


e inn, upon one of its ends, as a baſe, is equal 
to a 4.0 80 ana of equal baſe and altitude. 


PR OP O. 


10.188. 
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"PROPO'STTTON neg. 


Parallelopipedons of equal attitudes oo to one an as 
Nr Loans 0e 


Let ABCD, EFGH: be the bafes of two parallelopi- 
pedons AR, E of equal Wikrddes; AK * EL. :: AC 
Ae M3000 263 I nene * 

For, let the baſe AB, of ihe Nähen AC, be 
produced to M, ſo that BM be a fourth proportional 
to the altitudes of AC, EG, and the baſe EF, and let 


Fig. 143. 


the parallelogram CM, and the parallelopipedon MK * 


be completed. Let Bu be any part whatever of the 
line BM, let no be parallel to BC, and let the paralle- 
lopipedon Mk be cut by the plane noqr parallel to 
BK. Then, becauſe parallelopipedons of the ſame 
altitude, upon equal baſes, are equal, the parallelo- 

pipedon MK will contain By as often as the parallelo- 
gram CM contains Bo, or the line BM contains By. 


Thus, By may be any part whatever of KM. But, 


for the ſame reaſon, the parallelopipedon AK con- 
tains By juſt as often as the parallelogram AC con- 
tains Bo. Conſequently AK : KM:: AC : CM. 
But, from the conſtruction, it is evident that the pa- 
rallelogram EG is equal to CM; therefore the pa- 
rallelopipedon EL is en to 15 and AK : EL ' 
2 AC EG. 3 


wh 


* 


hs 


* 19, 6. 
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Cor. Priſms ſtanding upon their ends, and of e- 8 


qual altitudes, are to one another as their baſes, | 


PROPOSITION XXI. 
Two parallelopipedons, which have a ſolid angle of the one 
. equal 0 a ſolid angle of the other, are to one another in 
the ratio compounded of the ratios of the linear fides of 


the one to the linear ſides of the other, each to each, a- 
bout oy folid make Tt 


| Let DE, KL he two 3 f which 
the ſolid angle at B, in the former, is contained by 
plane angles ABC, ABE, EBC, reſpectively, equal to 
the plane angles FGH, FGL, LGH, containing the 
ſolid angle at G in the latter, and alike ſituated ; then 
the: ratio. DE: KL is the ſame with that which is 
compounded of the e- AB: FG, CB: HG, and 
EB: LG. | 
Por, let AB, CB, EB, be produced to.M, N, O. fo 
that BM = FG, BN = GH, and BO = GL. With 
the lines EB, BM, and BN, let the parallelopipedon 
. EP be completed ', and with the lines OB, BM, and 
BN, the parallelopipedon OP. Then, becauſe the 
ratio DE: OP. is compounded of the two ratios DE 
EP, and EP: OP, of which the former is equal to 


A: MNe, and the latter to EM: MO®, or EB: BO$; 
| the 
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che ratio DE: Op is the fame with that which is 


compounded of AC: MN, and EB: BO,, or ef *< 17-4: 
AB: BM, CB: BN*, and EB : BO. But OP is e- 95 
qual to KL , becauſe theſe parallelopipedons have the *5-<*7-6- 


plane angles, and linear ſides about their ſolid angles 
at B, G reſpectively equal and alike ſituated. Con- 
ſequently the ratio DE : KL is the fame with that 
which is compounded of AB: BM, CB: BN, and 
EB: BO; or of AB: FG, CB: HG, and EB: LG. 

Cor. 1. Two reQangular parallelopipedons are to 
one another in the ratio compounded of the ratios of 
the linear fides of the one to the linear ſides of the 
other, each to each: And any ratio compounded of 
three ratios (whoſe terms are ſtraight lines,) is the 
ſame with the ratio of the re&angular parallelopipe- 
dons, under their homologous terms. \ 

Cor. 2. Two cubes, or, in general, two fimilar pa- 
rallelopipedons, are to one another in EI 
ratio of their homologous linear ſides. 

Cos. 3. Similar parallelopipedons are to one ano- 
ther as the cubes of their homologous linear ſides. 

Cos. 4. If four ſtraight lines be in continued pro- 
portion, the firſt is to the fourth as the cube of the 

firſt to the cube of the ſecond. 

Cor. 5. The rectangular parallelopipedons, under 
the correſponding terms of three analogies, are pro- 

Ne 4d Cos. 


\ 


4 


Fig. 145- 
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Con. 6. If four ſtraight lines be proportional, their 


+ cubes are alſo. proportional; .and\converſely. 
Con. 7, Rectangular parallelopipedons, and conſe- 
quently any other parallelopipedons; are to one ano- 
ther in the ratio compounded of the ratios: of their 
| baſes and altitudes. 

Con. 8. Paraliclogipadons of Ha beſos: are to one 
another as their altitudes. 


Con. 9. Parallelopipedons, whoſe baſes ond alt 
tudes are ape n are apt and 


. converſely. © 


Con. 10. Priſms are to one „h in the SP 
compounded of the ratios of their baſes and altitudes. 


Therefore the 8th and th Cor. may be applied to 


"PROPOSITION XXI. 


Every triangular pyramid may be divided into two equal 
priſms, which are together greater than half the whole 
pyramid, and two equal pyramids, which are "_— to 
"the whole, . and Td 


Let BCD. A be any en pyramid. Let its 


linear ſides AB, AC, AD, be biſected in E, F, G, 


and the points of ſection joined; and let the ſides of 
of the baſe CB, BD, DC, be biſected in H, K, L, and 
the 
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LG, be drawn. Becauſe the two ſides AB, AC of 


of the triangle ABC, are biſected in E, F, the ſtraight 
line EF is equal and parallel to CH or HB, half the 
remaining fide BC *; and ſo of the other ſtraight 
lines that join the points of ſection. Hence EC, CG, 
and conſequently EL, are parallelograms, and the 
I planes EFG, BCD parallel. Therefore the ſolid 


 EFG-HCL, upon the triangular baſe HCL, is a priſm. - 


And the ſolid EHK:GLD' is a triangular priſm-of the 
ſame altitude, upon the parallelogram HD, whicticis 
double the triangle HCL. Conſequently theſe priſms 


are equal. The two remaining ſolids EFG-A;and 


and BHK-E, are triangular pyramids. They are e- 
qual and ſimilar to one another, and alſo ſimilar to 


the whole, becauſe the triangles which bound the one 


are equal and ſimilar to the triangles which bound the 


other; and alſo - ſimilar to thoſe which bound the 


whole, each to each, and alike ſituated. But either 
of theſe pyramids ĩs, for the ſame reaſon, equal to 
the pyramid KL D- G, and therefore leſs than either of 


17988 two priſms. Conſequently, the two priſms. EFG- 


HCL, and EHK-GLD, are together greater than the 
two pyramids EFG-A, and BHK-E, and greater than 
half the whole pyramid BCD- A. ae ad. 

Cor. By taking from the We Wen the two 
equal priſms, and from each of the remaining pyra- 
mids two equal priſms, formed in like manner, there 


I 


, * = | 
* 
Fig. 146. 
: Z 
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; 4 1 . 0 
will at length remain a magnitude leſs than any pro- 
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PROPOSITION, XXI. 
Pyramids of equal altitudes are to one another as their 
. b 


Cass I, Let BCD. A, and NOP-M, be two trian- 
gular pyramids of equal altitudes, BCD. A: NOP-M 
22 BCD : N OP. ; | 
For, ſince the cid Er. Hol. and Q88-TOX 
have equal altitudes, (each half the altitude of its py- 


.ramid*), they are to one another as; their baſes d, 


EFG. HCL: QRS-TOX': ; HCL: TOX. But HCL 
+ TOX-: : 4HCL :.4TOX ; : BCD: NOP. There- 
fore the ratio of the two priſms; in the pyramid 


BCD- A, to the two priſms in the pyramid NOP-M, is 


the ſame with that of the baſes BCD, NOP. In like 
manner, the ratio of the two. priſms in the pyramid 


EFG. A, to the two priſms in the pyramid QRS-M, is 


the ſame with that of (EFG, QRS, or HCL, TOX, 
or) BCD, NOP. Conſequently, the ſum of all the 
priſms taken from the pyramid BCD. A, after the 
ſame manner, by any number of diviſions, is to the 


um of all the priſms taken from the pyramid NOP-M, 
by the ſame number of diviſions, as the baſe BCD is to 


the 


heir 


mids themſelves are in the ſame ratio®. 
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the baſe NOP. And, ſince the remainder of either 


may be leſs than any magnitude propoſed, the. pyra- by 
1 18. 4. 


Cass II. Let ABCDE-F and GHKL-M be two py- 8. 107. 


ramids of equal altitudes, having any rectilineal fi- 0 
gures for their baſes, ABCDE-F : GHKLAM : 
ABCDE : GHKL.. 
For, let the baſe ABCDE be divided | into triangles. 
by the diagonals AC, AD, then the whole pyramid | 
will be divided into triangular pyramids, by planes | 


touching theſe lines AC, AD, and paſling through | 


the vertex F: Alſo, let N OP-Q be any wiangyilar PY- : 
2 of equal altitude. | 
en, ſince the pyr. ABC-F : NOPQ: : ABC: No 
N W ACD. : NOP-Q: : AED: OP 

3 41 
Ane AE: NOP-Q;: ADE: NOF 


The whole pyr. ABCDE-F: NOP-Q: : ABC DE: Nor 6. 4 


In like manner GHKL-M: NOP-Q:: GHKt. : NOP. 
Hence, the terms of the laſt analogy being inverted, 
it follows, by equality, that ABCDE-F : GHEL-M : 


| ABCDE : GHKL. 


PROPOSITION XXV. 


Every triangular priſm may be divided into three « epic 2 


eee 3 by 55 n 
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Let ABC-DEF be x triangular priſm," and let the 
diagonals BD, BF, of two of its fides, be drawn from 


the ſame point B; the plane DBF cuts off a triangular 


pyramid DEF-B, and there remains a quadrangular 
pyramid DACF- B, which may be divided into two 
triangular pyramids DAC-B, arid DFC-B, by a plane 
paſſing through its vertex B, and touching DC, the 
diagonal of its baſe, Thus, by the two planes DBF, 
DBC, the whole prifi is divided i into three triangu⸗ 
lar pyramids, having 4 common vertex at B, DEF-B, 
DAC-B, and DFC- B. Of theſe the ſecond and third 
are equal *, * becauſe they are upon equal baſes, and | 
haye the ſame altitude, But the firſt and third are 
alſo equal, for they are the ame with BEF-D and 
RCF D, which -are upon. equal baſes,” and have the 


. | fame Altitude. Therefore the priſm, is divided into 


three equal triangular pyramids. 

Con. I. Every pyramid i is the third part of a priſm 
of the fame (or equal) baſe and altitude. Hin ja 4 

Cor. 2. Pyramids are to one another in the ratio 
compounded of the ratios of their baſes and alti- 
tudes. 

Cox. 3, Similar pyramids or priſms are to one an- 
other in the triplicate ratio of their altitudes, or their 
| homologous linear ſides. 

Con. 4. Similar pyramids, or priſms, are to one 
another as the cubes of their homologous ſides. | 

| | Con, 
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Cor. 5. The ruſtum of a triangular pyramid may 
be divided, in the ſame manner, into three triangular 
pyramids, which are in continued proportion. For 
DAC-B : DFC-B = (DAC : DFC = AC: DF = = BC 
EF = BCF: BEF =) BCE-D : BEF-D, 


PROPOSITION XXV. 


A cone, and a pyramid, of equal altitudes, are ta one ano- 


ther as their been 


Let BD-H be a cone, and Er- G a pyramid of e- 
qual altitudes, BD-H : EF-G : : BD: EF. 

For, in the baſe of the cone, let the ſquare ABCD 
be inſcribed ; and let the- regular polygon KL be 
formed by biſeQing the arches which the ſides of the 
ſquare ſubtend. The difference between the ſquare 
pyramid ABCD-H and the cone BD-H is the ſum of 
the conic ſegments AHB, BHC, CHD, DHA, cut off 
by the ſides of the pyramid : But the triangular pyra- 
mid AKB-H is greater than half the conic ſegment 
AHB, in which it is inſcribed, becauſe it is equal to 
half the triangular pyramid BHM, that circumſcribes 


AHB*. If, therefore, the pyramid KL-H be taken | 


from the cone BD-H, there will be taken away more 
than half that difference. In like manner, by taking 


from the ſame cone the inſcribed pyramid of double 
8 ? - _ the 


Fig. 149. þ 
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me number of ſides, there will be taken away more 


chan half the remainder; and fo on. Therefore a 


pyramid may be taken from the cone that ſhall leave 
' - A remainder leſs than any magnitude propoſed. And, 


ſince pyramids of equal altitudes are to one another 
as their baſes, of the four magnitudes BD-H, EF-G, 
BD, EF, there may be taken from the firſt and third, 
| magnitudes proportional to the ſecond and fourth, ſo 


vs ' that the remainder of either ſhall be leſs than any 


| . 4 


propoſed magnitude. Conſequently theſe four mag- 
nitudes are proportional. 

Con. 1. It may be . in like manner, 
that a eylinder, and a priſm, of equal altitudes, are to 
one another as their baſes. 

Con. 2. A cone is equal to a pyramid, Ls a cy- 
linder equal to a priſm, of equal baſe and altitude. 

Cor. 3. A cone is the third part of a cylinder of 

the ſame (or equal) baſe and altitude. 
Con. 4. Cones or cylinders are to one another, in 
the ratio compounded of the ratios of their baſes and 
altitudes. 

Con. 5. Similar cones or cylinders are to one ano- 
ther in the triplicate ratio of their axes, or of the di- 
ameters of their baſes, or in the ſimple ratio of the 


cubes of theſe dimenſions. 
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DEFINITIONS. 
ET there be a ſtraight line, and a point with- 
out it, given in poſition, and let a point move 
always equally diſtant from both, it will deſcribe a 
curve, which is called a Parabola. 

2. The given line is named the Directrix, and the 
given point the focus, 

3. The vertex of the parabola is the middle of the 
perpendicular, which falls upon the direQrix from the 
focus: And the axis, or principal diameter, is that 
part of the perpendicular produced indefinitely which 
falls within the curve. 

| 4. Any 


F 


Fig. Is 
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4. Any ſtraight "Y drawn . a point in the 


curye, parallel ta the axis, and in the fame direction, 
is called a diameter, and the point in the curve its 


vertex. 


5. An ordinate to a diameter is a ſtraight line, 


| terminated on both ſides by the curve, and biſected 


by that diameter : The part of the diameter, which it 


_ cuts off, is called an abſciſs. | 
6. The parameter of a diameter is four times the 


diſtance of its vertex from the directrix. 


7. A tangent is a ſtraight line, which meets the 
curve in one point only, and every where elſe falls 
without it. | 8 | 

8. A ſubtangent is that part of a diameter which is 
intercepted by a tangent, and an ordinate, from ho 
point of contact. 


PROPOSITION I 
The diſtance of a point from the focus is greater than its 
diſtance from the directrix, if the point be without the 
.. . parabola, but leſs if it be within. | 


| Let GVN be a parabola, whoſe directrix is AB, 


vertex V, and focus F; and let P be a point without 
the curve, that is, on the ſame fide of the curve with 


che direQrix : Then, if PF be Joined, and PQ be 
diravn 


Point of it, then ſhall DG meet the curve, 1 
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drown perpendicular to AB, "FO po 4 
. nun- AN. en ups 1. 0% 
For, as 10 neceſſarily cuts the curve; let G be the 
point of ſection, GD perpendicular to AB, and P, D 
joined. Then, becauſe GF = 'GD*,PF=PG + GD; def. 1. 
Hence PF is greater than PD®, and conſequently ſtill * 20. 1. G 
greater than PQ. e $0298 
Again, let O be a point within the curve. The 
perpendicular OD, upon AB, neceſſarily cuts the 
curve; let G be the point of ſection, and let GF, 
FO be joined: Then OD is equal to the ſum of OG, 
GF », and therefore greater than OF s. 
Cor. 1, A point is without, in, or within the 
curve, according as its diſtance from the focus is | 


greater, equal, or leſs, than its diſtance from the di- 


x ' 5 f | . \ * * \ 
Con. 2. A perpendicular to the axis, at its vertex, 
is a tangent to the parabola, ©), » Dn. 


8 4 * . 3 © ® . o * 
j $3. ' 1 ' 4% © %- 4h | 
- # + # * % « Z* & * * * 
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E very ftraight lin r fo the direftris meets 


be parabola, and every diameter falls wholly within 
i. PR 4 #. 1 


Let DG be perpendicular to the directrix, at a Fig 1. | 


# 


For, 
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For, Dy being joined, let the angle DFG be made 
equal to GDF, and let FG meet DG *, which is pa- 


rallel to FC, in G. The triangle DGF, having the 


angles at D and F equal, will alſo. have the ſides GD, 
nn and therefore G is a point in the curre v. 


Again, the diameter * falls wholly within the 


555 Furye®. 1 85 


* 
53.6. 19. l. 
© 3. c. 1. 


n it, * 


chat OD is greater than OF. 


Con. Hence, the two legs of the curve continually 
diverge . the axis. | 


"PROPOSITION Il. 
A frraight line biſetting the angle formed by twa lines 
drawn from the ſame point in the curve, the one to the 


Faru, and the other perpendicular to the directrix, is 
@ tangent to the parabola in that point. 


The ſtraight line GE, biſecting the angle DCP, is 


a a tangent to the parabola in G. 


For, let H be any other point in GE, from which 
let there be drawn HF and HD, alſo HA perpendicu- 
lar to AB. Then, becauſe GE biſects the vertical 
angle of the iſoſceles triangle GDF, it will alfo bi- 
ſe& the baſe DF at right angles. Hence the triangles 
HED, HEF are equal in every reſpet*. Thus, HF 
is equal to HD, and therefore greater than H. Av. 
Conſequently, the point H 1 is without the curve ©. 

| Cor, 
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Can. 1. Heges the method of ee a tangent | 


from any point in the cure. 
Con. 2. If a ſtraight line be drawn from the focus, 


to any point in the directrix, the perpendicular which 


biſects it will touch the parabola; alſo, every perpen- 
dicular to it, which cuts the curve, will be nearer to 


the focus than to the point in the directrix. 


Con. 3 The parabola is concaye towards the 


axis. 


PROPOSITION W. 


Every Arai ght line, drawn through the Gar of a para- 


bola, except the axis, meets the curve in tuo points. 


Let FQ be a line paſſing through the focus, FD 


perpendicular to it, DA, DE each equal to DF; AG, 


EH parallel to CF, and interſeQed by FO, i in G, H*; 


and let the points AF be joined. Then, becauſe DA 


is equal to DF, the angles DAF, DFA are equal; 
and theſe being taken from the right angles DAG, 
DFG, the remainders, the angles GAF, GFA are e- 
qual: Whence the ſides GA, GF are alſo equal, and 
therefore G a point in the curve *. In the ſame man- 
ner, it may be ſhewn that H is a point in the curve. 
Con. A ſtraight line, making an indefinitely ſmall 
angle with the axis, being produced, meets the curve; 
hence the rate of divergency muſt be very ſmall. 


Bb PROPO- 
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” i a any Fun in a aps; a rh Hoy 

not parallel to a diameter, nor. biſeting the angle form- 
ed by two lines drawn from that point, the ons to the n 
focus, and the other perpendicular to the directrix, it 
will meet the cure in one other point, and nat in nore 
than one. 2 | 5 . 


Let H be à point in che curve, and HG a line not 
parallel to CF, nor biſecting the angle EHF ; then 
HG ſhall meet the curve in another point. 

For, let FL be perpendicular to GH, and it witl 
meet AB, ſince GH is not parallel to CF; alſo, the 
point D, i in which f it meets AB, will be different from 
5 ſince, if D, E were the ſame, 1 it would follow that 
HG, biledts the Lg EHE, contrary | to che hypo- 
theſs, | 

Let DA = Dr, a AG parll to EH, meet . 
in 1 8 G will be, a point in the curve. About the . 
center H, with the radius HE or HF, let a circle be 
deſcribed interſe Aing FD i in K, and let another circle 
be deſeribed through the three points A, K, F. Then, 
becauſe AB touches the circle EKF in E. . the rec· 
tangle FDK = DE DA. hence DA is, a tan- 
gent to the circle AKT "2 and therefore AG paſſes 
through its center 91 but HL, which biſeAs the chord 
IE, 


$586, 6081 src 6&8. 5 


FE, at right angles. alſo paſſes through its center ; * 1.2.2. 3. 
conſequetitly 9 is the centef of the eiréle AK F. a 
Whence GA = GF, and G a point in the parabola r, Ph, c. 1. 
Ik G were to meet the curve in aridther" point, that 

point would be the center of à circle paſſing through 

F, K, and touching the line AB in 4 point different 

from A, E, which is evidently impoſſible. 

Con. 1. If a ſtraight line be Asen müougü any 
point within the parabola, not parallel to à diameter, 
it will meet the curve in two points 
Con. 2. At the ſame point, in the brve, f 
cannot be more than one tangent; © 

Cox. 3: A tangent biſeQs the angle formed by " 

ſtraight line drawn to the focus, and anothef perpen- 
dicular to the directrix from the point of contact; it 

alſo biſects, and is 1 to "the Ay ay fs 

tends: that angle. ain. ; 

Con. 4. If a Araight line from the fotus be perpen · 

dicular to a chord; it will biſe& that part of the di- 

rectrix which is intercepted by perpendiculars falling 

upon it from the extremities of the chord ; and con- 
verſely. If FL be perpendicular to GH, it will bi- 

ſe& AE: For the circle EKF being deſcribed about 

the center H, FL=LK, hence GK = GF, but GF =. 

GA; therefore G the center of the cirele AKP, and 
Dat = = FDK DE 
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The chord on. a the tangent MO, will 
be biſeted by the diameter MN. 017 gi M 


For, let GA, HE be perpendicular to AB; and let 
FD meet MO, GH in Q, L. Then, becauſe FD is 
perpendicular to M, it is alſo perpendicular to 
GH; and therefore biſects AE in De. Whence, ſince 
AG, DN, EH, are parallel, GH is biſected in Ne. 

Cox. 1. An, ordinate to any diameter is parallel to 
the tangent at the vertex of that diameter. For, if 
GN = NH, then AD = = DE ©; 0 6156-272 Wh 6 
dicular to GH", and GH parallel to Mo. 

Cor. 2. The ſtraight line which biſects two o r. 
ll chords is a diameter. 
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The ſquare of a ſemi- ordinate, to any diameter is equal 10 


the rectangle under the parameter of that diameter, and 
.the correſponding abſciſs. 
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Cas I. Let GNH be an ordinate to —__ Fig. 6. 
then GN * = ACN X VN. e 0 
For, GN * = GF» — FN #*:; But Gy = A * e. 9. 2. 
therefore GN. CN. EN CN +FN x CN —FN» es. 2. 
Nx CF, and becauſe 2VN : VN:: ACV? CF, 
2VN x CF = ACV Xx VN. Hence GN = ACV VN. 
Casz II. Let GN be an ordinate to any other Fig. 5. 
diameter MK: Then GN = MN MN. 0 
For, let the tangent MO, the perpendiculars GA, 
GK, HE, and the lines DH, HF, FD, be drawn. , 
Then, becauſe the right angled triangles FCD, DLN 
are equiangular, and M, LN parallel, DF: FC: 
DN : DL:: MN: LQ, therefore DF x LQ = FC x 
MN *, and 2DF x LA (= 2FC x MN) = 4CV x 3.6. 5. 5. 
MN. But ; 2DF x LA DH! — HF? = DE* =. 2 
DA*= GK ». Conſequently, GK * = ACV MN. 
Again, from the ſimilar triangles DFC, DM, we 
have CF: FD :: D:: DM, therefore CV: Dq 1 
Dq: DM, and CV: DM:: ::DQ*: DM?**, Zut, 3 e. 10. f. 
from the ſimilar triangles GN, DQM, GK *:/GN > 
: : D-: DM*s, Whence GK*: GN*:: CV: DM 5. e 9.5. 
:: 4CV x MN: 4DM x MN. But GK * = 4CV Xx 
MN, conſequently GN * = 4DM x MN. 
Cor. 1. The ſquare of a perpendicular, upon any 
diameter, from a point in the curve, is equal to the 
rectangle under the parameter of the axis, and the 
abſciſs correſponding to the ordinate from the ſame 


D point. 


Cor. 


_ | 7 4 


correſponding abſciſſes; and the ſquares of perpendi- 


1 
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Con. 2. If there be two diameters, and from the 


9 of each a ſemi-ordinate be 2 to the other, | 


the abſciſſes will be equal. — — 201 
Con. 3. The ſquare of that part of a tangent, be- 
tween the point of contact and any diameter, is equal 
to the rectangle under the external ſegment of that 
diameter, and the parameter of the diameter which 
paſſes through the point of contact. 951 


Con. 4. The ſquares of ordinates, or ſemi - ordi- 


nates, to any diameter, are to one another as theit 


culars, from the ſame points, are in the ſame ratio. f 
ok. 5. If, from points in the curve, two tangents 


de drawn to meet, their ſquares will be to each other 
nas the parameters of the diameters * paſlng og 


Waren of contact. 


Con. 6, If the ſquares of de lines, drawn . ä 


certain points, to meet a line given in poſition, be to 


one another as the parts they cut off towards one ex- 


tremity, theſe points will be in the curve of a para- 
A which has the given line for a er 0 
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4 | ſubtangent, upon any Sameer, is bi joe in the verige 
ft that diameter. : | LE. 
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Let the tangent GM meet any diameter VN in M, Fig- 6 
and let GN be an ordinate to it, from the point of 
contact, the ſubtangent MN i is biſected in * 
For, let the diameter GL, and its ſemicordinate 
VL be drawn, then is the abſciſs GL = VN *; but, 2.8. 7. 
ſince LM is a gone girth GL MV, „ therefore” ® I. c. 6, 
MV = VN. © 12 
Cor. 1. That part of the axis, e the ts N * 4 
and any tangent, is + of the parameter of the diameter 
paſſing through the point of contact. | | 
Cor. 2. If MV = VN, and GN a ſemi-ordinate, 
then GM is a tangent, or, if GM be a tangent, GN is 
a ſemi-ordinate. | 


PROPOSITION 1X. 


That ardingie of a diameter which paſſes through the 
focus is equal to its parameter. 


Let GE be any diameter, and RE the ſemi-· ordinate Fig. 6. 
to it, which paſſes through the focus; then 2RE = 
4GD. 8 


- 


For, 


Fig. 7. 


d 8. 2. 
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For RE* = 40D GE*; but GE a FM = GD”: 


| Therefore RE * = 46D, „ RE ='2GD, and 2RE = 


4. Sin 
Cor. If an ordinae to any diameter paſs through | 
the focus, the abſciſs will be equal to the diſtance of 


the vertex 85 the focus. 
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1 from any * in the e 4 parallel to a diameter 
be drawn to meet an ordinate to the ſame, the rectangie 


under the parameter of the diameter and the parallel 


will be equal to the reclangle under the ſe genes of the 
ordinate. 


From any point H, in the curve, let HE be drawn 
parallel to the diameter VN, to meet its ordinate G 
in E; then P x HE = GE x EQ. 

For, let the ſemi-ordinate HK be drawn ; then 
GN*=P x VN, and HK*=P x VK 5, therefore 


GN*—HK*=P x KN, or GN + BK x NHK 


= P x HE, that is PX HE = GE x EQ. 


Cor. 1. The parameter-of any diameter is to the 
ſum of two ſemi-ordinates as their difference to the 
difference of their abſciſſes. 

Cor. 2. Straight lines, drawn parallel to a diameter, 


from points in the curve, to meet any chord, are to 


one 
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one another as the rectangles under the ſegments of 
the chord. | 

Cor. 3. If two parallel chords meet any diameter, 
the rectangles under their ſegments wil be to each 
other directly as the parts of the diameter which ty 
intercept from the vertex. 


{PROPOSITION AI 

If a e be cut by . dee he . 
| two points in the parabola, the part intercepted from 5 
tbe uertex vill be a mean proportional between the ab- 
Fier correſponding to the two ordinates . arg 

erte r in the curve. | 
| ken ide bee pain 0 Ae lag i Bide Fig. 7. 8. 
GH cut the diameter VN in O; alfo, let the ſemi- 
ordinates GN, HK be drawn; then VN: VO: : VO 
VX. 

For VN: VK (:: GN*: HK**: : GO; HO): : * 4.c-7- 
ON *: OK *; therefore VN : VO:: VO: VX. 416. 5. 

Cor. If two tangents, and the line joining their 
points of conta, meet the fame diameter, the ſeg- 
ment of the diameter, intercepted by this line from 
the vertex, will be a mean proportional oor age ey 
intercepted by the tangents. ' 


Ce. 'PROP0O- 
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45 ny two chords which intexſeft each der i 10 e + focus of 
@ parabola, are to one another  direftly as the retangle 


e Four Fete: 5 


Let the chords GH and PQ imenſontons another ; 
in the focus F, then GH : PQ: : GFH : PFQ. 92 


For, ſince GH and PQ, are equal to che parameter 
of the diameters to which they are ard nates, GII 
* VF = GFH , and PQ V EHQ; confequently, 
GH: PQ: 1GFH 1 FQ. & of eee l 
Cox. If two chards interſect in any point, the rec- 
_ tangles under their ſegments are to one another as 
* the parameters uf thoſe diameters to wich: they are 


F tl ; C im AV is tarih offs 10 110. 
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. * 1. Any Qraipht line,. 6 4d "Gs Fr "AE 
of a parabola to a point in the directrix, is a mean 


proportional between half the parameters of the dia :- 


meters which paſs through its extremities. 
PRoy. 2. If, from any point in the parabola, a 
tangent, ſemi- ordinate, and perpendicular, be drawn 
9 ta 


8 
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to meet. the * diameter, their ſquares will be to one 1 
another as the parameters of three diameters, that. 
which paſſes through the point of contact, that which 
they meet, and the axis. | | 

Prop. 3+ I, through the focus «of a pong a. "fo: | 
mi-ordinate be applied to the axis, and from its extre-. 
mity a tangent be drawn to meet another ſemi-ordi- 
nate produced ; then ſhall the produced ſenii-ordinate 
be equal to the line j Joining its extremity in the curve 
and the focus. b 

Prop. 4. If a tangent be drawn from any point 1 
the curve, to meet the axis produced, and from the 
point of contad a perpendicular to the tangent, and a 
ſemi-ordinate to the axis, be drawn; ; then the ſeg- 
ment. of the axis between the perpendicular (ups ſemi- 
ordinate will be equal to half the parameter of the 
axis, and the ſegment between the perpendicular and 
tangent equal to half the parameter of the diameter 
which paſſes through the point of contact. | 

PRoP. 5. To find the directrix and focus of 4 Pa- 
rabola given in poſition. 

Paor. 6. If, from the vertex of any diameter, 4 
ſtraight line be drawn to the extremity of a ſemi: 
ordinate meeting another ſemi-ordinate, the latter 
will be a mean proportional between its ſeginefts 
next the diameter and the former. 


935 


at the vertex of that e and a eint in * 
curve 
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curve, being given, to find the directrix and fo- 
6 (18D : 10 . i Dr ne 
\Prov. 8. If, from any point in a tangent, a parallel 
to the diameter paſſing through the point of contact 
be drawn to meet an ordinate of the ſame, the rec - 
tangle under the parallel, and its external ſegment, 
will be equal to the ſquare »of that part of it that is 
between the curve, and the line joining the vertex | 
of the diameter, and either extremity of | its ordi- 
nate. | 

Proy. 9. The focus and direktrix of a en 


being given, to draw a tangent to the curve parallel to 
a line given in Tn that i is not 29 22 to 
the directrix. 

Prop. 10. If there be two tangents to à parabola, 
ſuch, that the ſtraight line joining their points of con- 
tat paſs through the focus, they will cut each' other 
at right angles, their interſection will be in the di- 
rectrix, and the line joining it with the focus will be 
perpendicular to the line joining the points of con- 
tact. | | ET 
Poe. 11. From a given point, in a given para- 
bola, to draw a tangent without finding the focus. 

Prop. 12. Two parabolas of equal parameters, ha- 
ving their axes in the ſame line, and in the ſame di- 
rection, but their vertices at different points, being 
produced indefinitely, continually approach, but ne- 
ver meet. | 

Prop. 


} 
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f | * y TY 
| Prop, 13. In a given parabola to find a diameter 
that makes a given angle with its ordinates, 
Proy. 14. If, from any point in a tangent, a 


ſtraight line be drawn, to meet the curve and the di- 


ameter paſſing through the point of contact, the ſquare 
of its ſegment, between the tangent and the diame- 
ter, will be equal to the rectangle under its ſegments 
between the tangent and the points in the curve. 

Proy. 15. The focus and directrix of a parabola 
being given, to draw a tangent to the curve from a 
given point without it. | 

Proy. 16. If, from a point in a parabola, a ia. 
ordinate be applied to a diameter, and from the ſame 
point any other ſtraight line be drawn to meet it, the 
ſquare of this line will be equal to the redlangle un- 
der the abſciſs of that diameter, and the parameter of 
the diameter to which the ſtraight line, when bras: 
ced, is an ordinate. 
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ET there be two given points, and, in the 
fame plane, let a point move around them 
in ſuch a manner, that the ſum of its diſtances from 
them may be always the ſame, it will deſcribe a curve 
called an ellipſe. 
The given points are named the foci, and the 
, the line that joins them, the center of the 
ellipſe. 
3- The diſtance of the center from one of the foci 
is called the excentricity. 
A diameter is a ſtraight line drawn through the 
— and terminated on both ſides by the curve. 
5. The 


4 


W co, SECTIONS. 4% 


7 5. diameter which paſſes through the wel! is 
dr tlie tranſverſe act, and that which i is PR: 
dicular to it, the con ugate axis.” 


6. An ordinate to 2 dont? is a ſtraight” fine 


— Fang through the center, but terminated by bes 
curve, and biſected by the diameter. 


. 7. Two diameters are ſaid to be conjugate to one 
= when ney. is Rufer to the ordinates of the 
-—"—_ " 1 21! 34194 1 $- 400 

9. The parameter” of a diameter is a third pro. 
portic rtional to that diameter and its conjugate, —_ 
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If, from any point in an eilipſe, frraight lines be draws fo 

the foci, their ſum is equal to the tranſverſe axis, | 

Let EFGH be an ellipſe, of which EF is the tranſ. Fig. 10. 
verſe, and GH the conjugate axis, A, B the foci, and 
D any. point in the curve; then AD + DB = EF. ; 

For EAT EB = FA +FB*; hence AE = BF, and def. 1. 
AD + DB = EA + EB* = EF. x 

Cor. 1. If two ſtraight lines be drawn to the hel, 
from a point without the ellipſe, their ſum is-greater 


than the tranſverſe ; but, if from a 1 within it, 
leſs. 


Con. 


3 — 


Fig. 11. 
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Con. 2. A point is without, in, or within the curve, 
according as the ſum, of the lines drawn to the, focii is 
greater, equal, or leſs, than the tranſverſe axis. Ee) 
» Co, 3. The diſtance of either extremity , of .the 
conjugate axis, from one of the foci, is equal to half 
the tranſverſe. | | 5 | 
Cox. 4. The tranſverſe and conjugate a axis are bi- 


2710 
0 


ſected in the center. | 2 | 
Con. 5. A perpendicular to hs franfverle at ane 


of. its extremities, is a tangent to the ellipſe. 

Cor. 6. The ſquare of half the conjugate axis is 
equal to the rectangle under the ſegments into which 
the tranſverſe is divided in one of the foci. 

Cos. 7. The diſtance of the fagi is a mean propor- 
tional between the ſum and difference of the tranſverſe 
and conjugate axis. 


PROPOSITION II. 


. * 
11 8117 ' 
3 4 
* 


The firaight line which biſectr the angle adjacent to that 
which is contained by two ftraight lines, drawn from 

any point in the ellipſe to the 5 is'a , to the 
curve in that _ 4.5 


Let D * any point in \the eurve, from which AD, 
DB are drawn to the foci, and let the angle BDI ad- 


jacent to ADB, be biſected by the line DT; then is 


DT-a tangent to the ellipſe in the point D. 
For, 


Boon lb cone: SECTIONS. 529 


Pa let, any other point R be aflumed i in DT, and 

DI being made equal to DB, let BI, RA, RB, and. 

RI de drawn. The line DNT, which biſects the ver- 

tical angle of the iſoſceles triangle BDI, alſo biſects 

the baſe Bl at right angles. Hence RB = RI“, and + 1 
AR + RB = AR Rl, and therefore greater than | 
Ale or EF e. Conſequently the point R is without © 122 
the ellipſe . m © 7 oy 

Cour. I. A perpendicular to the 3 axis, at 
one of its extremities, is à tangent to the ellipſe. 

Cor. 2. The method of drawing a tangent from a 
given point in the curve, alſo, of drawing a tangent 
parallel to a line given in poſition, is evident. | 

Cox. 3. 'There cannot be more than one tangent 
to the ellipſe at the ſame point. For D is the point 
in the line DT, the ſum of whoſe diſtances from A, 
B is the leaſt poſſible: If any other line W drawn 
rough D, a point (different from D) may be found 
in it, ſuch that the ſum of its diſtances from A, B 
thould be the leaſt poſſible, and conſequently leſs than 
AD'/+DB ; whence that point would be within the 
ellipſe, and tlie line paſſing through it would cut, and 
not touch the curve. 27 

Cor. 4. Every tangent biſeRs the angle adjacent 
to that contained by ſtraight lines drawn to the foci 
from the point of contact, or, which is the ſame, theſe 
lines make equal angles with the tangent. 


D d Cor. 


ITE. 
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Con. 5. A ſtraight line drawn from the center to 


meet a tangent, and parallel to the line joining the 


point of contact, and one of the foci, i is Omer? to BON | 
the tranſverſe axis. 


For, ſince BC = CA, and” BN NL the line that 


joins CN. will be parallel to AD, and equal to the 
half of Al. 


Cor. 6. A perpendicular to a tangent, from one 
of the foci, and a parallel to the line joining the other 
focus, and the point of contact from the center, meet 
the tangent in the ſame point. 

Con. 7. If a chord paſs through one ; of the foci, 
and the tangents at its extremities be produced to 
meet, the ſtraight line that joins the point of con- 


courſe and the doeus, will be perpendicular to the 
chord. 


Let the tangents at the extremes of the chord 
DBO, paſſing through the focus, meet in the point 
T, and let TI be perpendicular to AD; then, becauſe 
DT, TO biſet the exterior angles of the triangle 


* 


2. c. 19.3. 


&2.c:13, ADO, Alis equal to half its perimeter * = AD + DB. 
3 Hence DB = Dl, and TDI, TDB equal in every re- 


ſpe. 
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From any point in an ellipſe, a perpendicular being let fall 
upon the tranſverſe, and ſtraight lines drawn to the 
fect, as half the tranſverſe is to the excentricity, ſo is 
the diſtance of the center from” the perpendicular to 
half the difference of the flraight lines drawn to the 
foci. * . 1 * | 


Let D be the point in the curve, from which Da, Fig. 12. 
DB are drawn to the foci, and DK PORTER to 


EF, then CF: CB; CK : — — 


For, let EL = AD, * LF = DB, and 2CL = aD 
DB. But ADI DB x AD<DB = AB x 2CKs, * 
or EF x/2CL = ABx ac, therefore EF: AR: : ac ; 

: 2CL, and CF: CB :: CK: CI. 


PROPOSITION IV. 


Any nos chords which paſe through one of the foci of an 
ellipſe, are to one another directly as the 2 


under their ſegments. 


Let DO, MI be the two chords paſſing through the Fig. 13. 
focus B, DO: MI: : DB x BO: MB x BL ; 


For, 


21 conte, s rio Book II. 


as 


For, let the tangents at D, O meet each other in 
R, through C let NQ be drawn parallel to DO, 
meeting the tangents in N, Q, and let RB meet NQ 
_—_— in, P. It has been proved that CN or Q =. CF; 
Ma therefore. No = EF; that CF: CB; :: CK: CL», 
| | therefore CFx CL = "CB * CK, and A DBR, or 
7. e. * DBP. is a right angle *, : therefore the triangles DBK, 
| BCP, areſimilar, and DB x CP.= BC x BK. Hence 
e. 6. CF> =CF x CL +CF x x LF" = BCx.CK + DBC 
e. 8. 2. = BC x CK + BCXBK+BD x PQ =BC**+DB 
f3 6.4.6. x PQ. and DB PQ = CF* — BC+ = EB x BF<. 
But DO:; NQ: BO; PQ:: DB, x BO: D x PQ: 
. Do: EF: ] DAT BO: EB x BY 


1 — — 


in like manner Wy MI : : EB * BF : MI x BI 


ut ty 
F * | Confequently | DO: ; MI Dux BO MB X BI. 


„ 
& — : 
"4 5 42 9 * 
OY „ . — 


Con, The recangle under; any chord paſling thro' 
the focus and the parameter. of the tranſverſe, is equal 
to four times the rectangle under its ſegments. 

For, ſince EF: DO:: EB x BF: DB x BO, if P 
be the parameter of the tranſverſe, EF x P: PO. x P 
: 4EB x BF: ADB x BL. But EFX P GH** 
al x BF"; therefore DL, x F = 4DB x BO ©. 


* 
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That EF, OH are er diameters, will be . 
1 en. * 


1 


Fro. 2. 


— — — 


.. —-— ———— — — 


„ — 


< 


Bor H CONIC SECTIONS. arg 


PN OR * 4 2 — yy 
, - + ; J r r * 1 5 9 \ 
o wm a+ - * k . , . . . * 


* 1 3 4 1 * 4 
, 1 * | . ' % ——— . 4 . 1 bh 
PROPOSITION. v. 
4 n / e enn ' p 
1 "WF * 


| * , SY . N 5 
* : F —— p | : 1 
1 — 4 # ® % * 1 18 * 2 | F 4 z# 


If a tangent to the ellipſe. meet either axis produced, and 
a perpendicular to the axis be drawn. fram the point f 
contact, then Jhall the ſemi-axis be a mean proportional 
between its ſegments. intercepted for the center * the, 
1 and e _ ID 2 


k do; 4 
e 1 


CASE Al Sin the tangent DT, nds the perpendicu-. Fig. 14. 


lar DK, meet the tranſverſe in T, K then CT.; CF 


: CF: CK. at 


2 ſince DT biſects the angle BDI, AT: EBt: 


AD: DB*®, a and . AB. . . AD + DB 3. 5 


— 
— — — = 


8 8 12 : 
That ia, CT: ch CF: CL... _ 
But CB: c:: CL: ck- 
Therefore CT: CF :: CF: CK 


Casz II. Let the tangent DT, and the perpendicu- 


lar DN, meet the conjugate in M, N; then MC : CG 


:: CG; S 
For, let DO, perpendicular to DT, meet the tranſ- 
verſe in O, then DO evidently biſects the angle ADB, 
therefore AO: OB:: AD: DB*, hence AT: TB; : > 
AO : OB, and CT: CB :: CB: CO», therefore 
1 | CT 


- 
os 
2 OO — — 


1 P 1. c. 13. * 
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CT x CO = CB*, | but CT x CK= CF>, confeguemly 
CT x; KO=CFz —CB* = CG. 

Again, from the Gmilar kel CTM, KDO*, 
CT x KO = CM x DK = CM « CN, thaveſtng CM 
* N CG, and CM: CG :: CG: CN. | 
Con. 1. The rectangles under the ſegments of the 
axis, and the ſegments of the ſemiaxis produced, both 
being divided by the perpendicular, are equal. 

For EKF = CF *— CK * = TCEK—CK*=CKT. 

Cor. 2. The ſegments into which the axis is di- 


' vided by the tangent, are direcily proportional to the 
ſegments into which it is divided by the perpendicu- 
lar. | in: 


For, ſince CT: CF :: CF: CK, CT + CF: CT— 
F:: CFI CK: or cx, chat is, ET : IF: EK 


KF. 


Cor. 3. The ſegments CT, CB, CO, are propor- 


tional; and, in like manner, it may be prove _ 


. CL, CO, are re 
PROPOSITION VI. 


If, from any point in an ellipſe, a perpendicular fall h upon 
either axis, as the ſquare of that axis is to the fquare 
"of the other, ſo is the rectangle under the Segments of 
. former, to the Jquare of the per pindicalar. PET 


Let 


cu 


ot 


22 
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Let the perpendicidar DK- fall from any point in 
the curve upon EF, then EF: GH? : :: EKF: DK *. 

For, ſince Cr: CF : : CF: CK*; CF*: ck: 
CT: cke, and, by Gomer, CF : EK F:: CT: Ik. 
But CT: TK:: CG. CN**, or DR, therefore 


CF“: EKF:: CG»: DK ?, and alternately EF“: _ 


: EKF: DK. Conſequently. EF* : GH*':: 


DRK. If the perpendicular DN fall upon GH 155 1. 4 


may be proved in the ſame manner that GH* NEE” 
: GNH : DN 4, 2 15 fm: (FO 
Cor. 1. The ſquares of e ee falling GM 


points in the curve, upon either axis, are to one ano- 


ther as the rectangles under the 1 into ö 
they divide the axis. | ; | 


Cox. 2. If a circle be deſcribed upon the tranſverſe, 


and another upon the conjugate axis, the formet will 


contain, and the latter will be contained in the ellipſe, 


ſo that the curve lines ſhall touch one another only 

in the extremities of their common diameter. 
Cor. 3. The two axes are the 18 5 and leaſt 

diameters of the ellipſe. | brody off] 


Cox. 4. If a circle be deſcribed upon tithes axis of 


an ellipſe, perpendiculars to the common diameter 


* | 


are cut proportionally by the curves. | 

Cor. 5. Every ſtraight line terminating in the 
curve, and parallel to one axis, is an ordinate to * 
other ; and converſely. 


Fig. 15. 


Con, 
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I N [on Con. 6. The two axes are conjugate. diameters. : 7 
Con. 7. The ordinate through the focus is he: pa- 


930912 


Fig · 23. 


Fig. 17. 


eo 


4 


rameter of che tranſverſe. 


Sd Xi 


Con. 8. Equal ee to. either axis are 


diſtant fr Om the center; the gret eater ordinate i is nearer 
the center; and converſely. An 


4 : 


Con. 9. If, from any 3 thec curve, a a ſtraight 


- line be drawn to the conjugate. axis, equal to half the 
tranſverſe, its ſegment intercepted from the ſame 


point by the tranſverſe, will be equal to half the con- 


_ bred by the ellipſe, and parallel to a tangent, is an er- 
dinate mw the diameter that paſſes through the point of 
| contact. 12 111 | 3. . 


1 . 
„ 


jugate; and converſely. 


ES 


PROPOSITI ON Pai 


The chord MN, FREY to e age at 56 is an 
ordinate to the diameter CD. p 
For, let MN meet CT _— n from n 


1 


2 7 7 


A nal jog n not 5 eh, the center, * termi- 


2 


M, N, let MI, NO be drawn perpendicular to EF, 


MR, NQ parallel to DC, Then, by fimilar ut 
angles, MI: DK:: RI: CK 1 Nat 
And Ml: DK:: IL: KT. 


of / 


% 
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Hence 


tl 


cl 
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Hence EIF ; EKF»: : RII.: kr 
But EKF = CKT* DHT 

"” WU Therefore EIF = NI. 

And | EI: IL:: RI: IF 

iy By compoſition EL IL: RF: IF 

el By alternation and 

= converfion EL: ER TFL: : IL: FIL. 

* In like manner EL: ET FL:: OL: FI. 

TR Hence“ IL : OL: :EQ + FL: ER +FL 
And RL : QL. :: EQ+FL:ER+FL 

ny divifion RQ:QL::RQ: ER +FL. 
Conſequently QL=ER +FL, ER = = FQ, CR . 
and MP = PN, 

Cor, 1. Every ordinate to a diameter is part to 

| the tangent at its vertex: 

oh For, if not, let a tangent be drawn parallel to it, 

- cdhen the diameter through the point of contact would 


N biſect it; and thus the ſame line would be biſected in 
two different points, which is abſurd. | 

Cor. 2. All the ordinates to the ſame diameter are 
parallel to one another. 


of a diameter, parallel to its ordinate, is a "——_ to 
the curve in that point. 
Cor. 4. The diameter which biſects one of two 
parallel chords, will alſo biſect the other. 
Cor. 5. The ſtraight line which biſects two parallel 
chords, and terminates in the curve, is a diameter. 
| E e Cox. 


Cok. 3. A ſtraight line, drawn through the vertex 


IH... 


Pig. 18. 


g 1 6. 
1. e. z. 
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Cor: 6. If tra, ws be at the vertices of #& 
ſame dia peter, che are Parallel; and converſely. 


Cos. 7. Every ee e divides the cllipſefimtq 
two equal parts, - ITE abc. 5 


A 
* 
* 
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| Ts diameters, one of which is parallel to the tangent, 


wy the vertex * tho others are cn Vugate to one anaifer. 
. PF; L . . . 


I Ude vo be paraldd to the engen DT, 
at the vertex of the diameter DI; then hall PQ, DE 


be conjugate diameters. 


For, let DK, 'QN be mmh to EF, and let 
the tangents at D, Q meet EF in TR. The triangles 
TDR, CMN, by reaſon of parallel lines, are equiangu- 
lar, therefore IK: CN :: DK: ON; hence. TK * 
CN* :: DK: QN "#7 EKF: ENF *:: CKT : RNC», 
and TK :CN :: CK: RN, or DK: QN : : CK: RN. 
Conſequently the triangles DKC, RNQ, are equian- 
gular, and DC parallel to RQ. Whence PQ, DI are 
each parallel to the ordinates of the other.” e, that is, 
they are conjugate diameters. 

Cor. 1. If, from the extremities of two ents 
ſemi- diameters, perpendiculars be let fall upon either 


axis, the rectangle under the ſegments, into which 


the axis is divided by ang of the perpendiculars, is 
85 > equal 
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equal to the ſquare of the ſegment, Ns the es | 


intercepts from the center. 

For, ſince RO is parallel to CD, CT: TK: CR 
cx, and CT X CK: CK x KIT: : CR x CN; (N.. 
But CT x CK CF = CR x CN, therefore CK x KT. 

or EK Xx KF — CN*. "INT 
Con. 2. Alto, the ſum of the ſs My the * 
ments, intercepted from the center, is equal to the 
ſquare of half the axis upon which the perpendiculars 
fall ; and the ſum of the ſquares of the perpendiculars 
is equal to the ſquare of half the other axis. 
Cor. 3. The ſum of the ſquares of any two con- 


jugate diameters is equal to the ſum of the ſquares of | 


the tranſverſe and conjugate axis. 


PROPOSITION 1x. + 


Any ſemi-diameter which meets an ordinate and tangent 
dran from the ſame point in the ellipſe, is a mean 


proportional between the ſegments. — from * 
_ Center. 


Casz I} Let the ſemi-diameter CN meet a tangent Fig. 19, 


and ordinate drawn from F, one jm thy of either 


axis in M, P: Then CM: CN : : CN: CP. 
For, let the tangent and ordinate from N meet the 


aixs EF in T, K. It has already been demonſtrated, 


k | | with 


8 
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with reſpect to either axis, that CT: CF: : CF: CK; 


of e 

hence CM: N:: CF:CK:: CT:CF::CN: F. ff il 
Cast II. Let the ſemidiameter CN meet a tangent due 
and ordinate from any other point D in M, P, ( 
CM: N:: N: CP, . 2 
For, let DP, the tangent at N, DM, and NR paral- ſeg 
tel to DM, meet the axis EF in L, Q, R, T. Allo, the 


let DR, NO, be the ſemi-ordinates to EF from D, N. 40 
The lines DK, DT, DL, are . e parallel to tan 
No, NR, N. 
; | HenceCOxOQzORXKTC: :*NO*: DK* ):: OO: KL. tac 
Buy alternation CO: O: CK x KT: K.“ 
But O0: OR: : KL: Kr e orc 
Therefore CO: OR :: CK: KL 
By converſion CO: CR f CK : CL 


Again CT x CK = CF** = CQx CO*. 

Therefore CT: CO:: CQ: CK 

Hence CT: CR:: CQ: CL | | 

And „ M: N:: CN: CP. | If 
Co. 1. Tangents, at the extremities of an ordi- 

nate, meet its diameter produced in the ſame point, - 


Cor. 2. A ſtraight line, drawn through the cen! 
ter, from the point of interſection of two tangents, bi- 
ſects the line that joins the points of contact. 


| _ 
Fig.22.23- Cor. 3. If a circle be deſcribed upon any diameter 
of an ellipſe, and through any point of it an ordinate 4 


E | of 
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of each curve be drawn, tangents, at their extremes, 
will meet one another in the common diameter pro- 
duced. | 

Cox. 4. The ſegments into which any E is 


divided by a tangent, are directly proportional to the 


ſegments into which it is divided by an ordinate from 
the point of contact. 
Con. 5. If a ſemi-diameter be bd to meet a 


tangent, the rectangle under the ſegments into which 


it is divided, by an ordinate from the point of con- 


tact, is equal to the rectangle under the ſegments, 


into which the whole diameter i is divided by the ſame 


ordinate. 


* 


PROPOSITION X. 


If a ſemi-ordinate be applied to any diameter of an ellipſe, 


the ſquare of that diameter is to the ſquare of its con- | 


jugate, as the rectangle under its ſegments to the Jquare 
of the ſemi-ordinate. 


Let PQ, DI be two conjugate diameters, and MN - 


any ſemi-ordinate to DI; DI? : PQ* :: DNI : MN *, 
For, let the tangent at M meet DI, PQ in R, O, 
and let ML be a ſemi-ordinate to PQ. Then, becauſe 


Fig. 21, 


CR 


b 11. 4. 
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| Fig. 24. 


A _— wy * * * 4 A TP * 4 
* 9 * ae 4 * bh * N , Y . * * bb . mn . * a 
N - 4 - » ds - + 
- 9 
1 2 . F 
%.. * 
= ”Y l = 
* : 


ck: CD : : CD: CN*, CD* : CN* ;: CR: CN, and 
CD*®: DNI : : CR: RN®;:O0C: CL:: C CL*. 
Hence D: C: : DNI : MN?, and DI : Q 
:: DNI: MN *. 1 22 3 

| Con. . The ſquares of ſemi-ordinates are to one 


N another as the rectangles under the W of the 
| diameter. 


Cor. 2. Any diameter of an elipe is to its para- 


meter as the rectangle under its ſegments to the 
ſquare of the ſemi · ordinate that divides them. 


PROPOSITION XI. 


V through any point in the ellipſe, a parallel to the con- 
Jugate axis meet the tranſverſe, and the focal tangent, 

its ſegment between theſe will be equal to the diſtance 
of that point from the focus. 


At the focus B, let BD 658 a ſemi- ordinate to the 


tranſverſe; then DT, touching the ellipſe in D, is na- 
| med the focal tangent. Through any point R in the 
curve, let RQ, parallel to GC, meet DT, EF in P, * 
PQ is, equal to RB. 


For, let FL = =RB. 
Then, becauſe CT ; CF: : CF: CB*:: CQ: CL* 


Alternately 1 CQ :: CF: CL 
By converſion CT : TQ: : CF: FL 


Hence 


(oy, 


. Rn N 
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Hence MC: PQ :-: cy: RB. Ht of 7 
But MC = CF*, conſequently 10 RB. 


Con. 1. A perpendicular to the tranſverſe, at either 


extremity, limited by the focal tangent, is equal to 
the diſtanee of that extremity from the focus. 


Cox. 2. The diſtance of any point in the curve e. 


EGS 


from the perpendicular to the tranſverſe, at the point 


where it interſects the focal tangent, is to its diſtance 


tones nat as wand GT INS: eee 
om” * | . 


PROPOSITION: XII. 


if four frraight lines touch an ellipſe at the wertices of two 
conjugate diameters, the' parallelogram which they con- 


tain will be equal to the rectangis under the tranfoerſe 


and conjugate axis. 


Let DI, PQ be two conjugate diameters, and LM, 
MN, NO, OL tangents at their vertices. Then LUNO 


is a parallelogram*, divided into four equal parallelo. 


grams by PQ, DI; and the whole MO is equal to the 
rectangle under EF and GH, or" CN = CF 
x CG. 


For, let DK, ape ine tot EF, die 
EF mget the tangent DN in T, and IP be joined. | 


Fig. 25. 


6. e. 7. 


U— T_T — * — 


3 = oa — ___—_ -_ 


1 4 , er x 4, as 


| a — 
*. QONIC SECTIONS. Boos Il. 
> 6, Then, ſince? CF =: CG: : (ERF* =) CK*; : PR. 


ne n- 
3 Bur + r CF: CF: CK. 
19.4 „eren g CT,:,CG :: CF: PR. 
E . Hence CG. r R = double the 


triangle CTP-= the parallelogram.CN. _ 
| Con. 1. If perpendiculars fall from the extremities 
of two conjugate ſemi-diameters upon either axis, the 
ment intercepted by one of the perpendiculars from 
the center is to the other perpendicular. | 
Cor. 2. All parallelograms whoſe ſides touch an 


| ellipſe in the vertices of two conjugate diameters, are 
of the fame magnitude. 


Con. 3. Every parallelogram whoſe angular points 
the . n to 


a 

þ iN ama PITS N 

* 

Y 

: 

| U 

= > 2 4 5 

: . | | 

N „ : . Wer , c 

. 7 * 17 1 * . 4 &%- © A $ 4 $4 C4" » 4 . 4 N — 
, *T . 5 * = N — > * 6 4 4 : 4 5 9 * LI 1 7 5 % .- l 
f ; WW > * 7 * * * | » , 8 2 F F 

; '& EE 4 F , 142 0 1 N EA 4 | 
, þ 4 :; L 4 : 6 | # 1 44 . " 
- 1 
„ 14 
* 


6 Dasacr. 1. The rectangle under perpendiculars to the 
=. tranſugſe paſſibg through its extremities, the rectangle 
2 under perpendiculars from the foci to any tangent, 
| the rectangle under perpendiculars to the tranſverſe, 
J from the center and the point of contact, and the ree- 

tangle under perpendiculars to the tangent,” from the 


point 


— —— — 


p — — - - F = 
ä ——- V mm — - — — — — * * 


% 
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point of contact, and the center, (all the Apen eu- 
lars being limited by the tranſverſe and tangent), 


axis. 


Paor. 2. if from any point 1 an ellipſe, ting 


ſtraight lines be drawn through the extremities of a 
diameter, any other ſtraight line parallel to the tan- 


gent at that point, and terminating in theſe lines, will 


be biſected by an ordinate to that diameter, from the 


point of contact. 


PRor. 3. If the diagonals of a quadrilateral figure, 
inſcribed in an ellipſe, interſect one another in one of 


the foci, and two oppoſite ſides be produced to meet, 


the ſtraight line that joins the point of concourſe and 
the foci will biſect the angle formed by theſe diago- 
nals. = | | 
Proe. 4. If two tangents, at the vertices of a dia- 
meter, meet any third tangent, the rectangle under 


the two former, and the rectangle under the ſegments 


of the latter, from the point of contact, are reſpe lively 
equal to the ſquares of the ſemi-diameters to which 


the tangents are parallel. 

Proe. 5. If, through the extremities. of the 55 
verſe axis, two tangents be drawn to mert a third, 
the circle deſcribed, upon the intercepted tangent will 
paſs through the foci. : 74/918 


F F „„ 


are each equal to the wor. e of the i 


—— a. — t 
* 
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Por. 6. If, from the vertices of two conjugate 
ſemi-diameters, two ſemi-ordinates be applied to any 
diameter, the ſquare of its ſegment, between the 


center and' either ſemi-ordinate, will be equal to the 


| rectangle under the ſegments into which it is divided 


by the other ſemi- ordinate. 


Proe. 7. If, from the vertex of any diameter, 
ſtraight lines be drawn to the foci, their relangle is 


equal to the ſquare of its ſemi-conjugate. 


Prop. 8. If a tangent meet two conjugate diame- 


ters, the rectangle under its ſegments, from the 


point of contact, will be equal to the ſquare of the 
ſemi- diameter to which it is parallel. 


Por. 9. Every diameter is a mean proportional 


between the ordinate to its conjugate, which paſſes 
through the focus and the tranſverſe axis. 


Pao. 10. If, from any point, in one tangent, a 
ſtraight line be drawn parallel to another, to meet 
the curve in two points, the rectangle under its ſeg- 
ments, between the tangent and the curve, is equal 


to the ſquare of its ſegment between the tangent and 


the line joining the points of contaQt. 

Pxor. 11. The rectangles under the ſegments of 
two chords which interſect, are to one another di- 
retly as the ſquares of the diameters to "Oy 
are ne 


Por. 
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PRroP. 12, If, from any point, in à given ellipſe, | 
ſtraight lines, parallel to lines given in poſition, be 
drawn to meet the ſides of a given quadrilateral in- 
ſcribed in it, the . rectangles under thoſe drawn to 
oppoſite ſides, will have ty each other a given ra · 


tio. 
B 


| 
| 
| 
[ 
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DEFINITION 8. 


1. ET there be two given points, and let any ; 
5 point in the line which joins them, except 
the middle, move in the ſame plane with theſe, in | 
ſuch a manner, that the difference of its diſtances 
from the given points may be always the ſame, it 
will deſcribe a curve, called an hyperbola. And e- 
very two points that are equidiftant from the middle 
deſcribe two equal and ſimilar curves, called oppo- 
ſite hyperbolas. 
2. The given points are named the foci; chat part 
of the line that joins them, intercepted by oppoſite 


hyperbolas, 
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hyperbolas, the tranſverſe axis ; and "rf e of 


the ſame line, the center. 

3. The conjugate axis is a ſtraight line, paſling thro? 
the center, perpendicular to the tranſverſe, and limited 
by a circle deſcribed from one extremity of the tranſ- 
verſe with the diſtance of either focus from the cen- 
ter as A radius. 

4. If two other hyperbolas be deſeribed, having 
the conjugate for their tranſverſe axis, and their foci 
at the ſame diſtance from the center as the foci of the 
former, theſe are alſo called oppoſite byperbolas; and 


have the GS of the former for their conjugare 


axis. 

5. A ed is a ſtraight line drawn through the 
center, and terminated by oppoſite hyperbolas. 

6. An ordinate to a diameter is a ſtraight line, ter- 
minated by the hyperbola, arid biſected by that dia- 
meter produced. 

7. An external ordinate to a diameter is a ſtraight 
line, terminated by oppoſite hyperbolas, and biſected 
by that diameter, or the ſame produced. 

8. Two diameters are ſaid to be conjugate to one 
another when they are mutually parallel to each o- 
ther's ordinates. | | 

9. A third proportional, to any diameter, and its 
e is called its parameter. | | 

An aſſymptote of the hyperbola is a ſtraight 
0 which, being produced indefinitely, does not 


i a 


meet, 


— — — * ä — rh... — — 


— — —— — 


— — 


— — — — — 


ä— — 


= DP a oi. Als. So h# 30 CERN — —— — — 2 _—_— — — - — * — - A 5 


* 


axis. 
; | 
- 
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meet, Þut continually approaches the curve, fo as to 
come within leſs than any given diſtance from it. 


PROPOSITION I. 


J, from a point in any hyperbola, ſtraight lines be drawn 
to the foci, their difference is equal ta the tranſverſe 
axis. | | 


Let DF, EP be oppoſite hyperbolas, of which A, B 
are the foci, C the center, EF the tranſverſe axis, and 
D any point in one of the curves; then AD — DB 
= EF. | : 


For AD-DB = AF —FB* — 2CF'> EF. 


Cox. 1. If two ſtraight lines be drawn to the foci, 
from a point without the oppoſite hyperbolas, their 


difference is leſs than the tranſverſe axis, but, if from 


any point within either of them, it is greater. 

Let M be a point within the hyperbola DF, and N 
a point without, between the curve and its conjugate 
axis. The lines AM, NB neceſſarily meet the curve; 
let them meet it in the points D, D; then AM—MB is 
greater than AM — MD + DB, or EF, but AN Tak 
NB leſs than AD + DN — NB, or EF. 

"Cor. 2. A point is within, in, or without the 
curve, according as the difference of its diſtances from 


the foci, is greater, equal, or leſs, than the tranſverſe 


Cor, 


extremity, is a tangent to the hyperbola. 
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Cox. 3. The conjugate axis is biſected in the cen- 
ter, dint ot ori 14 hg JA 
Con. 4. The retangle under the ſegments, into 
which the tranſverſe. is divided in one of the foci, is 
equal to the ſquare of the ſemi-conjugate axis. 
Con. 5. The ſquare of the diſtance of the foci is | 
equal to the ſum of the ſquares of the tranſverſe and 9 
conjugate axis. This, and the two preceding Corol- 
laries follow from the third definition. 

Cox. 6. A perpendicular to the -tranſverſe, at its 


— * mos w__ 
— 


PROPOSITION u. 


, 7 \ 
The ſtraight. line which biſects the angle, contained by 
two ſtraight lined, drawn from any point in the hyper- 
bola to the foci, is a tangent to the curve in that point. 


Let D be any, point in the hyperbola DFO, from Fig. 28, 
which AD, DB are drawn to the foci, and let the 
angle BDl be biſected by the line DT, then is DT 2 
tangent to the curve in the point D. 
For, let any other point R be aſſumed in Dr, and 
DI being made equal to DB, let BI, RA, RB, RI be 
drawn, The line DNT, which biſecis the vertical 
angle of the iſoſceles triangle BDI, alſo biſects the 
baſe BI at right angles. Hence RB = RI, and 
AR 


| 


1 
1 
1 
| 
| . 
| 
| 
| 
| 
14 


= 33 — , 
4 
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AR — RB = AR — RI, / apd-therefore leſs than 


Al or EF. Conſequently, the pole R is without the 
- byperbola R as 
+. Con... The-method of * 2 Ned hoc a 


given point in the curves alſo, of drawing a tangent 
parallel to a line given in poſition not 1 to the 
tranſverſe, is evident. | 
Con. 2. There cannot be more than one tangent 
to the hyperbola at the ſame point. ! Wt 
Con. 4. Every tangent diſects the angle contalned 
by ſtraight lines drawn to the foci from the point of 


contact; or, which is the ſame, theſe lines make e- 


qual angles with, the tangent, . 

Con. 4. Every tangent to the ſame hyperbola meets 
the tranſverſe between its vertex and the center. 

. Cor. 5. A. ſtraight line drawn from the center to 


meet a tangent, and parallel to che line joining the 


point of contact, and one of the foci, is equal to half 


abe tranſverſe axis. 


Co. 6. A 8 to a 5 client from one 


of the foci, and a parallel to the line joining the other 


focus, and the point of contact from the center, meet 


the tangent in the ſame point. [SEP 4 1 
Con, 7 If à chord paſs through one of the foci, 


and the tangents) at its extremities be produced to 
meet, the ſtraight line that joins the point of con- 


courſe and the focus, will be perpendicular to the 


W 120 


4 


Let 


4 - 


e CONTC: $ECTIONS: 233 


Let the tangents at the extremes of the chord DBL, | 
paſſing through the focus, meet in che point O, and 
let Ol be perpendicular to AD : Then, becauſe 
AD:—\DB = AL — LB, AD + LB= AL DB 
half the perimeter of the triangle ADL = AL + DI, 
becauſe O is the center of the inſcribed circle. Hence 
DB = Dl, and the triangles DBO, DIO equal in " 
hea go BL 1 * 0 | 


PROPOSITION Ul. 


* From any 1 in an e a perpendicular being let 
Fall upon the tranſverſe, and ſtraight lines drawn to 

$ the foci ; as half the abt = ab warns 
the center from the facus, ſo is the diſtance of the cen- 


oer from the perpendicular to half the ſunt of the 
e feraight lines drawn to the foci, KR" AE 
f EIN IE | 25 
| Let D be the point in the curve, from which DA, Fig 27. 
e DB are drawn to the foci, and DK perpendicular t to 
EF; then CF:CB:: CK : 2 


eg let EFL = AD, then LF = DB, and 2CL = 
AD + DB*. But AD+DB x AD —DB=AB x * $3 
2CK*, or EF x 2CL = AB x 2CK ; therefore EF: ® 11. 2. 
AB:: 2CK : 2CL, and CF: CB :: CK: Cl. 


* 


' Gg | PROPO. 


„ a 4 


"_—— | hs. 
FO 1 


— if 1 7 
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PROPOSITION „. 


. od cies the focus of 
an hyperbola, are to one another direttly as the rec- 
. e r ed | | 


l | [Lie ae DO, MI interſe& one another in the 
= wr Þ of eden DFO, DO';MI ; : DB x 
BO : MB x BI. Ct 
For, let the tangents at D, O meet each other in 
R, through C let N be drawn parallel to DO, 
meeting the tangents in N, Q, and let BR meet NQ 
5. c. 2. in P. It has been proved that CN or CQ = CF*, 
3. - therefore NQ = EF; that CF; CB: : CK: CL, 
| | therefore CF: x CL = CB Xx CK, and that DBR is 
7 © * 2 right angle“, therefore the triangles DBK, BCP 
are ſimilar, and DB x« CP = BC x; BK. Hence 
- CF* = CF x CL—-CF x FL = BC Xx CE—DB x 
 CQ=BC x CK — BC x RK DR x PQ = BC+— 
DB x PQ, and DB x N= BC — CF* = EB x BF. 
But DO : NQ : : BO: Q:: DB x BO: D* F. 
Therefore DO; EF:; DB x BO: EB x BI, 
In like manner, EF ; MI: : EB x BF : MB x BI. 
4 Conſequently DO: M:: DB x BO: MBN BI. | 
Con. The rectangle under any chord paſſing thro! 
F ' - the focus and the parameter of the tranſverſe, is equal 
to four times the rectangle under its ſegments, 


OPER, 


1 * * JF 
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PROPOS * 1 0 N V. ad 


- - - 


fi ih na en of ths h and a per- * 
pendicular to that axis be drawn from the point of 
contact, then ſhall half the axis bs a mean prepor- 
tional between its ſegments intercepted from the center 
e 


Cass I. Let the tangent DT, and pepe Np 56 
DK, meet the tranſverſe in T. K, CT: CP: *. 


CK, 


— 


For, fince DT biſctts the angle ADB, AT': TB: 
AD ; DB. ang L TB, AT=TB,, AD+DB. , 
2 | 2 | \ 2 
; . uo 
That is, CB: CT: : CL : CF, 
But CF; CB: CK: C. A: N 
Therefore CF: CT: CK : CF | 
And CT: CF :: CF i CK. 


| Casz II. Let the A 
cular DN meet the conjugate in M, N, MC : GG :: 
CG : CN. 

For, let DO, perpendicular to DT, meet the tranſ- 
verſe in O, DO evidently biſects the exterior vertical 
angle of the triangle ADB, . therefore AO': OB :: 
AD: DB:: AT: TB, Hence CB: CO :: CT: CB, 


\ 


* ers * — * * Toy * 8 
* 
N x f , 


1 
1 6 
1 \ * * 
a * f 
J N. 
J 8-4 . 
2 | 4 
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and CT x CO = CB. But CT-x CK ='CF ?, con- 
ſequently CT x KO = CB? - CF? = CG >. 
Again, from the ſimilar triangles CTM, DKO, 
| or A KO =: MC. X DK = MCN CN; therefore 
MC.x.CN'= CG *, and MC: CG :: CG: CN, - 
Con. 1. The rectangle under the ſegments of the 
rankrele, into which it is divided by the perpendi- 
cular, i is equal to the rectangle under the diſtances of 


the perpendicular from the center, and the point 
Where the tangent meets the tranſverſadQ. 


Con. 2, The ſegments into which either axis is 
divided by the tangent are directly proportional to 


EEO it is ann by the perpen- 


ä ( ke 2 8% 


ms. 4 


1 . 


"ke ts v 1 


PROPOSITION VI. 


If, from any point in an | byperbula, a perpendicular fall 
upon ihe tranſverſe axis, as the ſquare of that axis is 
10 the ſquare of the'ather, ſo is the rectangle under the 


| ſegments. of the former, haze einer { 


FOR e -01:2:02 45460 v2; 154 


I de perpendicular DK. fall from any point D in 
the curve, upon EF, EF*: GH* :; EKF: DK. 
For, ſince CT: CF: : CF: CK «, CF*:CK* :: CT 

9 by converſion, CF“: EKF :: CT: IK. But 

| CT 
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CT: TK:: CG ?*+ CN 37, or DK ?, therefore Ch. 
EKF :: CG*: DK 2, and alternately -CF* 1 CG'? 2.21. 


EKF: DK *. Conſequently EF * : GH'* : EKF DK. 


Con. 1. The ſquare of the conjugate axis is to the 


ſquare of the tranſverſe, as the ſum of the ſquares of 


the ſemi-conjugate, and the diſtance of the center 
from a perpendicular falling upon the conjugate, from 
any point in the curve, to 25 7 * of thas f | 
dicular. 11 

Cor: 2. The ſquares of ais falling N 
from points in the curve upon its tranſverſè axis, are 
to one another as the rectangles under the ſegments 
of the axis; and the ſquares of perpendicular upon 
the conjugate, are to one another as the ſums of the 
ſquares of the ſemi-conjugate, ang the diſtance of 

each from the center, hh. + 

Cor. 3. Every Rraight line; terminating in the 
hyperbola, or in oppolite hyperbolas, and parallel to 
one axis, is an ordinate to the other; and . e 

Cox. 4. The two axes are conjugate diameters. 

Con. 5. The ordinate N the N is the by 
rameter of the tranſverſe. PTY sa IRR 

Cor. 6. Equal ordinates to 22 is axis are 4 
diſtant from the center, the leſs ordinate N nearer 


| Ch TRE 94140666 44 33, 
the center ; and converſely.” mm dt 
| #9. 544.9 IR 4 (10 10400 . 111 


13 19 | » $2.0 17 EI 155 | 74 
- TY # { P * 1 ; * I *, $44; vt 


"; ” -{1 ene O0 PO. 
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4 68812 Wo F688 n 


PR enn 1 10 n 


1 point in the 8 4 parallel to the Stra 
camingate axis meet. the tranſverſe. and the focal tan- 
gent, its ſegment between theſe will de equal to the di. 
Aance n N 
+ at: 03. 4a\ £359. > 1390 A 
Fig. 31. Through any point R. in tha curve, ier k. paral- 
lel to GC, meet che focal tangent DE, and tranſverſe 


* ik, chen PQ RB. e 
* Egan let FI. = RB. 1 8 e CF : 


„„ GS Md: ai bal x 
if -Aternately,; CT: C . 


By conyerfion:CT/: TQ: : CF FL 
1e M: M.:: RB F 
But MC F, conſequently PQ = RB, 

Con. 3, A perpendicular to the tranſvetſe, at one | 
extremity,/ limited by the focat;tangent;' is equal to 
the diſtance of that extremityifrom!the focus. | 
Con. 2. The: diſtance» of any point in the curve, 
from che perpendiculat to the tranſverſe, at the point 
where that axis meets the focal tangent, is to its di- 
ſtance; bam the focus, 44 half GS] ” to the 
diſtance of the center from. the foens. 


: + Core; 3. Every perpendicular to * be- 
yond its vertices meetsthe'curve' on-eabh fide of the 


ait 


PRO PO. 
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* 4 


P'R O/P(O!S/T TON . 


Straight Sings drawn ad the center, parallel to the, 
lines OAT, Fo. auen ars aſynp· 


totes to the byperbolas. e ee IPOD N 
en me » Nn W 3 VIJAY N | ' 
The lines PQ, RS, drawn through C, parallel to Fig. 32. 


FH, HE, do not meet, but contindally approactl the 
curve, ſo as to come within W given di- 
ſtance from it. 44 -_ OT n<k 0 Am 1x a | 
For, let YO be perpendicular to EF, lnÞlbeigLh © DE, 
the points K, 9, aſſumed in the tranſperſe pröduced, 
let IS, mo be drawn parallel to GH, meeting PQ in | 
I, n, the curve in Dy u, and RS in 8, , Then, 
ſince CF* : CG#% : EKF: DK” *,atfid FQ = N br » 4 
CG, H FQ ENT: DK. Hence CK 2 208} + 
EKF: DKH but CK is always greater than 
EKF „therefore KIis greater titan DK. Thus) every 
point of PQ is wirhout the cur. 2d 
Again, by alternation and converſiony!! = 50) 
e: Hezingtg ch n 2 
TS But CK: Ce: „Kl: FO. 1H Sie 
Therefore IDS FO. In like manner] um 


8 


Hence ID : nn: 2 20:4 DS, and, ſince 10 . grentet 
than DS, ID is greater than awe," hence the point » 
is nearer to PQ than ther point. Di e ei bnoy 


-—- 


© 


is at the diſtance of the given line fron bf 


, F 
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Laſtly, to ſhow that the diſtance of the curve from 
PQ, when both are produced, becomeg#leſs than any 
given line, however ſmall, let Dy be Ren parallel to 


at the diſtance of the given line from it, on the 
me fide with the hyperbola, and meeting FQin 7; 


then, to Qy and FQ, let DS, parallel to FO, and ter- 
minating in Dy, CS, be a third proportional, and let 


it de produced to meet PQ in I ; ID is equal to .- 
therefore ID: FQ :: FQ; DS, and IDS = FQ. 
| Whence, it is plain, from what has been demon- 


ſtrated, that D is a point in the curve. Now, D. 
PO ;. conſe- 
quently the curve, at any point beyond it, is at a leſs 


diſtance from PQ. 


Cor. 1. There cannot be more than two afſſymp- 


. totes to the hyperbola ; and the ſame lines are alſo 
aſſymptotes to the other three hyperbolas. 


Cor. 2. The four hyperbolas approach indefinitely 
near, but do not meet one another. | 
Con. 3. Every ſtraight line, paſling through the 

ter, except the aſſymptotes, meets two oppoſite 


hyperbolas, each in one point only. 


Cox. 4. It a ſtraight lige be drawn enn any 
point in the hyperbola, W þ to either axis, and 
meeting the aſſymptotes, the rectangle under its ſeg- 
ments from that dein is equal to the ſquare of half 


the other axis. 9 


For, 
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For IDS.= FQ*=CG *; and it. . may' be pre 
in the ſame manner that RDO = CF. TOME - 

Cor. 5. According as the — axis is greats 
er, equal, or leſs, than the tranſverſe, the angle of the 
aſſymptotes is greater, equal, or leſs, than a right 
angle. When it is a right angle, the N ** 
WP an * or * N 


_PROPOSITION In 


* 


If, from any point in an hyperbola, a Hraigbt ling i 
drawn parallel to any diameter, to meet the afſymptotes, 
the reflangle under its ſegments, from that point, Lf 7 
qual to the fquare of half the diameter. \ i 


Let D be any point in the hyperbola, and DO 
drawn parallel to the diameter LCM, meet the af 
fymptotes in Q, V. Then VDQ = + LM-. . 

For, through D, and either extremity of LM, let 
IDS, PLR, be drawn parallel to GH, to meet the 
aſſymptotes. Then, becauſe of ſimilar triangles, 

ID: DQ::PL:LC | 
And DS: DV: : IR: LC 
Therefore IDS : DQ x DV :: PLR: LC. But 
IDS = PLR *; therefore DQ x DV = LC?, In the · 4 c. 8. 
fame manner, DV x DQ = CM*. Hence LC CM, 
and DQ_ x DV = the ſquare-of half the diameter 
H h | Con. 


Fig. 33. 
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— —· . ˙¹ wü ̃ .-. ondle ao tele ts —ů —— 
4 7 N — N V q 
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b > 82401 1942 21109 il z0o8 
conte SECTIONS. Book It 


eb: 1. Every Uainbter is bileded in the ente 6 
Gon. 2. If a ſtraight line be Ufawn through two ' 
points, in the ſame, or in oppoſite hyperbolas, its ſeg: 
ments from theſe nom; ogy by wy ae 
totes; will be equal. 67 F 0) 15HET89q has Feri 
RF For, if DV meet the. curvein O. OQ x OV = LC* 
' " = DV x DQ, therefore OQ : DQ :: DV: VO, and, 
=_ OD: D;: 8 VO. Whence a and 
| Dy = O. bells i tie engib 4 10 
Cor. 3. Eves — 3 limited by he * 
s biſected in the point of contact, and is equal to that 
diameter to which it is parallel. Alſo, converſely, a 
ſtraight live, terminated. by the allymptotes, and and ha- 
Ving ies middle point in the curve, is 4 tangent t to the ) 
hyperbola. Toit: SqyH > * 
7 Con. 4. If, from two points in the ſame, or in op- © 
poſite hyperbolas, parallel ſtraight; lines be drawn, to 
meet the ene the r eee their ſeg: 
NO roſs" ſs gude eg tits . 


te ite PR 6 Fo" 81 [ 0 N * 


0 bas ; ss k r Sb 
TEL: 
4 Araight line, terminated by the . and = 
to a tangent, is an ordinate to the diameter that paſſes 
ere the point contact. . 


rig. 3+ -O The chord DO, parallel to the tangent n is an 
ordinate to the diameter LM, | 
For, 


nnn 
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TT 88. 
For, let the af POLTYLE 0 en d in x.. 


and the chord in Q V alſo, let LM meet DO iR. 

Then, becauſe. XL. . ILV NG = RV. Zut, 329 

DQ = Ov. Conſequentiy RD RO. B 
Gon. 1. & raight, line, tertinsted by ojipagis — 

hyperbolas, and parallel to a tangent, is an external 
ordinate to the diameter that paſſes through the point 

of contact. 7e © DO 5701 SA ,ON'% . 

Gel 2. Frery ordinate, ahd every extdetial Ur. 
nate, to a Ane is parallel to the gn; 

* — of 0A hana? tos ore? 19/7 5, 

3 1. 3. e to the fins anheben 
ata to one dnothe ff tinte 
Con. 4. A ſtraight line, draum through the ver- 
tex of a diameter, n I] 
gent to the hypetbola. forage 

Con. 5. Phe diameter which biſects op af r 
parallel chords, will alſo! bife& the other. du mo U | 
Con. 6. The ſtraight line, which biſects two pa- 
rallel chords, aſſes through the ts the bre. 

| bola. | 
Con. 5. If two tarigehts be at te, yettices of 
the ſame diameters, they are parallel W and con - 
ce 8 


EF eweds woe d W 0 Bd. 123. 346 k 


it W eee een ene e N 


Nes WY 26) 6.36 Nn 
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Tipo djamere ert oral eme 7 
lr vertex. of the other, are conjugate to, one another. 


Fig. 34. 125 LeM By 1 be to two 0 Jiameters” of which 
Ml is parallel to the tangent XY, at the vertex of 
LM; 3 IN, LM are con piugate diameters." 


ren 
* 1114-47» ens 


For, let XI be drawn an uce to FR the 
other 8 in 7 an Rel he XL is "equal 
and parallel to ee, * XZ is parallel to LM. Now, the 
wiangles 102, ,LCY,, \by, reaſon 'of parallel liges, 


ry N 111 10585 n ww 


A e. 45. | a 3 
* 7. are equiangular, and they haye. the {ide 1 IC = 75 
. IZ LC = IX. | Whence XZ. is a tan- 
„Salz and ,. LM has, been Proved. para rallel to t. 
 Conſequent! Ys IN, 1 LM are mutually parallel to each | 
other's $ ordinates. * 
Con. 1. Tangents to the _ ur byperbolas, at the 


. j* 7 * 11. ” 


vertices c of two conjugate diameter, form a parallelo- 


YRID 1 * 


Frame, whole diagonals * coincident with the aſlymp- 
8 * 


786 ay * v4; Lo: 
5 181 * ＋ * . 4 It: 44 <) 1 Try « e Be | | HB 
OR. 2. Any two conjugate diameters of 3 an equi- 
S Ti ' 7 — : 


lateral hyperbola are equal to one another. 


_ For, the angle of its aſſymptotes being a right 
da, c. g. 3. angle, CL = LX * = Cl. 


nd! ut YSADAQIL 25: #615 i e 
3 | * „ 
A &, 93 *# x — » a % 781. rec! 


KO 
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6 ' # Y * 


* 1 


b O 081 Ti * XII. 


a 
«|; b bp d e the une 
5 that Mu i to rh ſquare” of itt conjugate "at the 


+4 rectangle under its fenen . De Cale ſemi- _— 
of ordinate. Vit „ 2 L 5 AE 903 04-1 1159 A 
y ny 314 * M1 VA 
A Let LCM bs any diameter, IN its conjugate, ; and Fig. 34 
1 DRO an ordinate to. | mm ip * Pro DLO; . 


LM*: IN»: : MRL: 
For, let DO n meet the 3 a G. 4 "a The 
tangent at L meet them in X, V. 2 Ty from find.” 
lar triangles, CL c . RC, by y cotver- 
fion and akernation, Cl. 1. Nel, RN. 
LX“. But LX. = Ct G * Ja and R 9 * 9, 
= DR* ; \ therefore CI 2 MRI. DR., and 
LM? ; IN*: : MRI, : DR.. e 
Cor. 1. If an "external ordinate be applied to any 
diametet, the ſquare of that diameter is to the ſquare 
of its conjugate, as the ſum of the ſquares of the te. 
mii. diameter and ſegment intercepted by the external 
85 ordinate, from the center, to the ſquare of the ex- 
ternal ſemi-ordinate. MM. 
Cor. 2. The ſquares of Cent ries"! are to one 
another as ow ee een ee 


| 


Cor. 


©: 
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Con. 3. Any diameter of an hyperbola is to its 


- parameter, as the reQangle under its ſegments to the 
' ſquare of the ſemi-ordinate that divides them · 
; Con. 4. In an equilateral hyperbola, the rectangle 
- under, the-ſegments' of any diameter is equal to the 
ſquare of the ſemi - ordinate that divides them; and 
the ſquare of an external ſemi-ordinate is equal to the 
ſum of the ſquares of the lemi. diameter * n 
intercepted from * center. 
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v R OPOSITION:: il. 
ace 27 , l ib pd zit of ++ ty 
If from Any point in 4 Siebel 6 pagls kae be hy 
drawn, to meet the afſymptotes, and from any other 

| Point in the ſame, or in the oppefute hyperbola, aight . ; 
ol Y . finer, parallel to theſe, be alſo drawn to the aſſymp- | 
1 baten, * the rectangle under the former foall — l to 8 
7 the prong. oh under the latter. * | ' 

| ebb mM. OLE GH 8G UN] 5 os % 
Fig. 35 From the point D, il the hypetbolay let thete be | 


drawn any two ſtraight lines D, DR to terminate 
in the affymprotes CO, CS, and from any other point 
N let NP be drawn. parallel to DO, and NS parallel 
to DR, to terminate in the fame lines: Then 2 
= PNS. ö 
For, let LDK, and MN O be * parallel to the 
conjugate axis, to meet the aſſymptotes. Then, from 


N 4008 O e JS" 


1 * 
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15 
the ſimilar triangles RDK, 5NO, RD: : DK 28 
: NO, and from the ſimilar triangles; I. D, MNp, 
D: LD:: PN MN: Therefore RDQ : LDK: 
PNS: MNO. n MNO “. wee 


RDQ= PNS. RI 'STGHID i- um 10 it 1 951 . 


Cor. 1. If, e pad in the 8 in op. 
poſite hyperbolas, ſtraight lines be drawn, each pa- 
rallel to one aſſymptote, and meeting the other, they 
are to one another inverſely as the parts Fey. inter- 
cept from the center. 


Cox. 2; If, from) any point in a given hyperbola, 


two ſtraight lines be drawn parallel to the aſſymp- 
totes, the e formed Sec is Pm! given 
ae n fx 

Con. 3. en ſector wy an I is equal to 
the quadrilateral figure contained by the curve, by 
one aſlymptote; and by parallels t. to the other, through 
the extremities of the baſe of the ſector. | 

For, ſince the parallelograms RQ, PS are equal, 
the two triangles CO, CSN, are together equal to 
- BS, and theſe equals being taken from the figure 
CQDNS, there, remains the ſector CPN equal to the 
pea ga OUR. Se- nb ad SHU 1191 


: bt p 4 ITE 


g "0 


0 cox eee. Roos, IL 
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Pn 0 POS 11 ey N by, | 

I in one of the aſſmptotes of an hyptrhola, any number 
of points be aſſumed, ſuch, that their diſtances from the © 
center be in continued proportion, and ſtraight lines be 
drawn from theſe points to the curve, parallel to the 
other aſſymprate, the Sxedrilgteral hgares formed there- 
by will be equal. | DIC 


- 


Let the points A, B, D, E. SP PREY 
ſymptote CS, ſo that CA: CB: : CB; CD;: CD: 
CE, and let AF, BG, DH, EK, be drawn to meet the 


* WR Furve parallel to the other aſſymptote CQ; the qua- 
* drilateral figures AFGB, BGHD, DHKE ſhall be e- 


n 


qual. 

For, let the tangent at G, and the line that joins 
H, F meet CQ in N, L, and CS in O, M. Then, 
becauſe OG = GN*, OB=BC, and becauſe MH=FL», | 
MD = AC ; therefore MD; OB ;: CB: CD:: DH 
; BG. Hence, the triangles MDH, OBG, which 
have the angles at D and B equal, are equiangular, 
and LM is parallel to NO. The diameter CG, there- 
fore, biſects the chord HF, and every chord parallel to 
HF e. Conſequently , CG biſets the ſegment FGH 
of the hyperbola. Bye it alſo biſects the triangle 


8 t FCH; 
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FOHz cherdfors: the leder CFO SR. And che 3 i 
quadrilateral An = h erte 1 ee 43. 6. 13. 
atm aan 3667 7h ond Yo THEME 5 11 nent | 
N. B. The gib and "12th propoſition of the" 4 
may be applied to the hyperbola, and denionſtjated 
iin the fame manner 33244 
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Prov. 1. The ſquare of any l . * 
hyperbola is equal to the rectangle under the diſtan- 
ces of its vertex from che foci, added to the differ- 
ence of the ſquares of the e and fe ſemi- 


conjugate axis. : $4 


"Pave. 2. Every WE of an 8 is — 
nically divided by the tranſverſe axis and perpendicu- 
hrs falling upon it from the foci. 3 


Pop. 3+ The difference of the e of any two 


conjugate diameters of an hyperbola, is equal to the 
difference of the ſquares of the two axe. 
io ti; f 


Prov. 4. I, from any point in an n 
fraig bt lines be drawn through the vertices of à dia- 


2 


meter, to limit the tangents at theſe points, the rec- 


tangle under the tangents will be equal to the Re: ; 
of the ſemi-conjugate diameter. 
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mean proportional het een its ſegments, interaepted 
from the diameter by two ſtraight lines interſecting 
each, other in an point of the qurre, and paſſing. 
through, the, vertices, of the diamete iges d YR! 
Prop. 6. If a quadrilaterab figure be fortied by 


tangents to the four, hyperbolas, a ſtraight line thro* 


the center, parallel to that which joins. two oppoſite 
points of contabt, Will divide the two bppolite ſides 


of the figure, ſo that the ſegments of the one ſhall 


be inverſely proportional to the ſegments of the o- 
($30 1912118ih-inmst yor lo SBI! Fg 1.404" 


Pas 2445 19 e ee az 0) Igups 21 i glodrog” ot 
* Sa aff 2 [5 ſtraight ling which Joing the | 
oY bis * 9Y "its 5 im agonals will pak thro ugh, the 


center o the yperbolas. ais 22836jn0® 


Prop. 8. 1 th ough a fixed point, any ſtraight 


SURG 


| Hit Be HE meet UA 2s 2, Nr. opheſitg hy- 


pbrbofas, 0 05 6 Pointe the rectangle un 

1717 — nee pi nis ga 
ns, from the fixed point, will be to the rectangle 
endet its Jegfichts, innbictptet by the aflymp mptotes, 


5 YON 


8 335 hib 


Sonn either point ft che chiie, in a conſtan 1 0 8 


6 OY: 2:52 0. 2318 mt 1 


A 1 $758 ſemi-pydinate} to any neee 8 . 


Prop. 9. IT, from a point in one ol * W 0 


flatrbyperbolapiariy'Rraight ling be drawn to , 


12161 . 


terſea the curve (or oppoſite rere in ons \polnes, 
and from the points of ſectiöti, lines parallel fo the 


ſame, Mg © leet the other, the f © fam. - 


21111 agu u 
| (or 
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(or difference): of the parallels will always be of che 


fade dibgtiltfude. e. 399 
8 16. A ſtraight line, drawn from any point 


in the curve, parallel to either aſſymptote, to termi- | 


nate in the directrix, is equal to a ſtraight line drawn 


from. the ſame point to the focus; . 


N. B. The propoſitions in the Appendix to the pre- 


ceding Book may be applied te to the rene 


4 | f A & | 0 | »@ 


E ®. IT" 7 
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WWI ont :inierh s 7 bas anal 8 
BN viijengbat bag iq fut: 4. 4% 
Ne 2 ni ie ad 20005 oviorar oor. god 
10 e „ t giritsd. tach 2 til ou: ad 8137 
+90 33 $009 ee e att nee een oi! 
gu «144 gie * bay c ei hi gc ao? 
11 i 118632 2 u x 33 15Y 93 i} gugnt? 
8 Uns AN. re ahnt Hic a eigne, fk 
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DEFINITION Ss. 
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Fig. 39- 1. ET chere be a circle, and a fixed point, with- 
| pst its plane, and let a ſtraight line, always 
WW and indefinitely extended 
both ways, revolve about the circle in its circumfe- 
rence ß the two ſurfaces thus deſcribed are each of 
them named a conic ſurface, the fixed point its ver- 
tex; the circle its baſe, and the ſtraight line paſſing 
through the vertex and the center its axis. 
2. A cone is a ſolid bounded by a circle and a co- 
nic ſurface. The fixed point is called the vertex, and 
the circle the baſe of the cone. Alſo, the ſtraight line 
paſſing through the fixed point, and the center of the 
circle, is named the axis of the cone. 


3. Let 


* 
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be 3: Ie there he a.civgle, and any ſtraight ng in- Fig. 4 


terleRing! its playe at the center, and let another 
ſtraight Une, always, parallel to the former, revolve A 
about the circle in its circumference ;/the ſurface thus 
deſcribed is named a; cylindric ſurface, of which the 
ee eee ie ugh 
4 wy eylinder' i is a \ ſolid bounded 17 two, equal 
and parallel circles, and a cylindric ſurface. Either 
of the circles is named the baſe, and the ſtraight line 
joining their centers the axis of the cylinder. 
OW cone or cylinder is termed right or oblique, 


according as the axis is nnn or n to 
the baſe. 


6. The ſection of à cone or cylinder is termed pa- 

rallel or oblique; ' according « 45 itt [Fn is parallel © | 

inclined to'the'baſe;+ © 4 007 7 DING, & 
. When u cone or | eplinder is cut ene | 
touching the axis; and perpendicular to the baſe, and 

by andther plane perpendicular to the former, in ſuch 
a manner, that the common ſection of the two planes 
make angles with, the common ſections of - the'firſt 
plane and the ſurface, alternately equal to rhoſe which - 
the common ſection of the firſt plane and the baſe 
makes with the ſame lines on the ſame ſide, [the ſec- 
tion. of the ſecond _” is called ee Tos 


* . 
— — — 14 #74 


"4 
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— 
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ny Zig. WKen'the circümferehtee of 4 circle ,"Ubſcribed 
though any point in the curve of 2 parabi lag hyper. 
bola, or ellipſe, ſo nearſy eoincides with che curvt, 
that the circumference of no other circle) can be de. 
ſciibed bettyeen them, the ' conic ſection is fuld to be 
of the fame curvature with the circle at that point, 
and the radius of the circle is termed the Tadinisof 
Eo edwadüte. ( b99 9409. bet s i whaityo K 


- ee ee ibi bas 22101 191.5189 bag 
8 on! zii $13 bus ny S117 Do * a sl 0 5611 4G 
badly 9to eie ddr 231999 1i9ft aig: 
eee ralf TE würden 
5 10 * uit —1 el l an ee ib 
5 ee 3, e c: 
Cos u. A {ſtraight Wie the vertex, and any 
pint ing ae ſurface, lies. wholly.in that ſyriare.; 
its continuation. one way is in the ſame, and its, conti- 
nuation che other way in the oppoſite ſurface; alſo, 
[overy. aching meren abs circumference gf the hoſe... 
Con. a. Any planę touching the axis of a conic 
desen ſurface in two ſtraight. lines. 
Con. 3. If. a cone be cut by a plane touching the 
Al, or dy a plane through the vertex, and any two 
ban inthe crcumderene of th baſe, de ſoon i 
baron Sf 201 10 an aro o ihr Arn! 
Con- 4. I a plane, touching a tangent to the baſe, 
"+ through the vertex, it touches the conic ſurface 
in che ſtraight line joining the vertex and the point of 
W con- 
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contact, very point in the plane, except in that 
traightline, being without the ſurfuce. 

| Com ſtraight-line, | drawn from any point: in 

a cylindric ſurface, parallel to the axis; den e en | 

: that ſurface. +." 
„Cb 6. Aay plane touching the axio of u Cylihdie 
e as ſurface in two parallel ſtraight „„ 


1. es, io 50 4 9 * JA. a 1916 hol 4100 Abl 


eee eee 5 a it ii oi 
P R 0-P 0 81TIDN ks Ani 
Salt Aas CL, OA „an. 4 ox7-yns ÞF not: 7 


If a" conit"or cylinidric ſurface be cut 57 a plane p47. 10 
the baſe; their line of common ſection 1s the bas 

red of & dircle, baving itt center * the auf. 

s ee Wineq's d eee AUT nee en 
I. et ADC A be a conic PEE, « which BCD Fig. :39. + 

is thebaſe;, and: AE the:axis, and let it be cut by the 

plans GOLA, parallel BCD, the line of common 

ſeftion OK ta chcumference GI gh 

ving its center in AE. 1 111 | 

Fot, ler an two Planes, ABC; Arb, touching che 

axis AE, cut the ſurfaces in the ſtraight lines AB, AC; 

AF, ADY, the baſe; BCD, in the diameters BEC, * cor. 2, 

DEF, and, the ,parallel:ſetion GOL, in the ſtraight | 

lines GQH, KOI. Then BC is parallel to; and © _ 

D to KL. Hence, by ſimilar triangles, -ED : : OK | 

(43 AE AO) EC: OH. But ED EC, therefore - 

OK = OH. Conſequently: all t lines, drawn 


from 


2 
1. 


1 


15 cone s Boe Ih, 


from the -point O e arise mens the Parallel I 
plane GOL, to terminate inthe ling af cominun fee. cyh 
tion GK HL, are equal to one another, and GKHL is | 
hs cireumference of a eirele, of which © is the cen 
| Fig. 40, ., LetMBDCN be a eylindric ſurface, of which BOD 


is the baſe, and AE; the axis, and let it be cut by the E 
| plane GOL, parallel to BCD, the line of common 
q ſection GKHL is the circumference of a . ha- 
121 ving its center in A. 
For, let any two planes, ABC, AFD, touching the 1 


6 axis. AE, cut the, ſurface in the Rraight lines MB, 

Yor. 6. Nd; LF, KD*, the baſe BCD, in the diameters BEC, 

DEF, and the parallel ſection GOL, in the ſtraight 

lines GOH, KOL. Then BC is parallel to GH, and 

11 FD KL. But: NO, K are each patallel- to AE. 

Therefore OD, O0 are parallelograms, and OK = 

ED = EC= OH. Whenes GK HI, is the eireumfe. 

rence of a citole, of which O. is the enter · AAA 

Fi Co, 1. If a conic ſurface be eut by à plane, paral- 

tel to the bafe, the folia- bu NT eh ana and the 

n 2113 Ai yo! ma, AA IK 

Gonk. 2 If ane ſurface DO two planes 

ples to the baſe; the ſold betwixt them, and the 

bolids berween esch of tem and e are eyün. 

dert. (1.4 el 481 * 7-00; 40 N en 

„Gon. 3. E cone or cylinder be cut nder 
raneel to the bafe, the feftion ig u elfte. 


e Con. 


*s 


Con. 4. Any plane touching the axis of a cone or 


cylinder, cuts every parallel ſection in its diameter. 


PROPOSITION UI. 


Every ſub-centrary ſectian of an oblique cone or cylinder is 
a circle, 


Let the cone or cylinder MBCN be cut by the 
plane MC, perpendicular to the baſe, touching the 
axis, and meeting the ſurface in the ſtraight lines 
MB, NC, and the baſe in the diameter BC. Let it 
be cut by another plane DFG, perpendicular to the 
former, ſo that their line of common ſection DF may 
form with one of the lines MB, NC, the angle NFD, 


equal to the angle MBC, which BC forms with the 


'other on che ſame. fide. The latter ſection DGF, 
which is called a ſub - contrary ſection. i is a cirele, and 
DF 1 its diameter, 


For, let the parallel ſection 1181 paſs ST any 


point K in DF. Becauſe HGI is parallel to the baſe, 


it is perpendicular to MC, and therefore GK *, its line * 


of common ſection, with DGF, is perpendicular to 
the ſame v. Thus, GK is at right angles to DF, and. 


HI, and ſince HI is a diameter of the. parallel ſection , 


the rectangle HKI = GK *, But the triangles HDK, 
IKF, being ſimilar (for the angles at K arg equal, aud 
SBM | K 1 | the 
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rig 41.42. 
| 
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the angle NFD=MBC = 'DHKJDX : HK {+ KI*RF, 
and the rectangle DKF = HKI. Conſequently the 
rectangle DKF = GK?, and the ſection DGF a circle, 
having DF for a diameter. | 

Cor. Every ſub-contrary ſection of an oblique - 


linder is equal to its baſe. 
For the triangles H HDK, IKF are iſolceles. 


PROPOSITION Ill, 


Every oblique e ſection of a cone or c dr is a2 
PORE ene 


Fig. 43:44: Let EHFG be an oblique head ſeQtion of a 
| cone or cylinder MNP, the circle EHFG is a ſub- 
contrary ſection. | 
For, let any plane ODRL, parallel. to the Se: 
meet it in the line DKL, and let OKR be a diameter 
of the parallel ſection perpendicular to DKL. Alſo, 
let the plane MNp, of the axis, and the diameter 
OkR, meet the ſurface in the lines MN, PQ, the baſe 
in NP, and the circular ſection in EKF. And through 
any point C, in EF, let AGBH be another parallel 
ſection, which the plane MNP interſetts in the diame- 
»4.c.1. fer ACB*, and EHF O in the chord GCH. Then, 
ſimce the lines of common ſection of two parallel 
} x0. 6, planes, with any third plane, are parallel *, AB is 


12 ** — 3 * * N 
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parallel to OR, x. GH to DL. But OR is perpen- > C 
dicular to DL, therefore AB is perpendicular to GH*, 1. 6. 
And, fince the diameter of a circle biſects the chord to „ 
which it is perpendicular, the chords GH, DL are BE * 
biſected in the points C, K. Conſequently the line Y 
EF, which biſects two parallel chords of the circular 
ſection EHF G, is a diameter of that circle, and per- 
pendicular to theſe chords. Thus HCE is a right angle. 
and, ſince HCA is alſo. a right angle, the line HC is % 
perpendicular to the plane MNP a. And conſequently 
the plane MNP is perpendicular to each of the planes 
AGBH, and EH FG, touching the line HC *, and alſo * 7. 6. 
perpendicular to the baſe which is parallel to the for- 
mer f, | 

Again, becauſe HC is perpendicular to the diame- 
ters EF and AB, the rectangle ECF = CH; = ACB, 
and EC: CA:: BC: CF: Therefore the triangles 
AEC, CBF are ſimilar,” and the angle CFB = EAC 
= ENP. Whence, ſince EHFG is perpendicular to 
the plane MNP, touching the axis, and MNP perpen- 
'Genlar to the baſe, EHFG is a ſub-contrary ſean” 

Cor. No other than a parallel, and a ſubcontrary 
ſection of a cone, or cans, is a circle. 


PROPOSITION, I. 


Every ſeflion of @ cone or cylinder, by a plant acting tht 

conic or cylindric ſurface on every fide,” that is neither 
parallel nor a. ſub-contrary ſection, is an ellipſe. 
a | Let 


K » al n 1 wy p 4 * ; J * vey * * * 22 | * — 
7 v7 | | a8 # . ; : 
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oh) 
. * Let FHFG' be a ſecion of a cone or cylinder 
| MNP, by a plane meeting the fürtacg en every fide, 


F but neither a parallel nor a fub- contrary 2 
* hq A Mp 2 — ' & Oo 
0 e \ | 
"For, the Tame conſtrud ion -remaining; as in the 
18 


FOR preceding, propoſition, only let C be the middle of 
- FF; it is ſhewn, in the ſame manner, that HC is per- 
| Pendicular to AB, and that' 5 biſects GH and DL. 
57 ſimilar triangles EC: 1 AC OR, 
W "i: 0B: KR." 
Therefore. FC“: ERP: : CG*: DR®. 
' Conſequently EHFG is an phe; of which Er and 
0 are two conjugate diameters. 


* : . 
; | . 
" | 3 


PROPOSITION V. 


tr a 72 ( a cc 
— — —ę—-—— — — ̃ ‚ů ——— CO * 
5 * 
* 7 bs. i = 4 * — A, 
* * 75 ot » ” th? q 
F 2 1 2 * 1 by p 
Pl a © e . * 


F F 2 cone be cut by a plane parallel to another, touching 
* the conic airs end 15 Joys on is a Parabola. 


a 


Fig. 45. Through any point B, in the circumference of ther 
baſe BGC, let the tangent DE be drawn,' the plane 
ADE, touching that line, and the yertex A, touches 

® cor. 4 the conic ſurface in the ſtraight line AB.. Let the 

cone be eut by the plane VGN, parallel to ADE, and 


ee the fuſe. in. GN nenne 
ola, a Wanted 


— . K 


| For, 


»•**% — ——— — — 
o 


1 
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For, let ABC, che plane 6f AB and the axis, in- 
terſe k G VN, in the line VK, and the baſe in the G. 


ameter BKC. Alſo, let MHL be a parallel ſeQion, - 
through any point I in VK, interſecting ABC, in the 


diameter ML, and VKG in the ſtraight line HI. . 


Then, by reaſon of parallel planes, the ſtraight line 
AB is parallel to VK, BD to GK, GK to HI,' and 


ſince DBC is a right angle, GK is perpendicular to 


BC, and HI to ML*. Now, by ſimilar triangles, * 1. 6. 


VK : VI: KC : IL; but BK = MI. Therefore 
VE: VI:: BKC : MIL : : GK : Hf, Whence 
GVN is a parabola, of which VK is a diameter, and 
GK its ſemi-ordinate, * 


PROPOSITION VL 


Every other ſection of a cone is a hyperbola. 


ſs - = % 


Let DFO be a ſedion of the cone ABDC, different . 46. 


from any that has been mentioned, meeting the baſe 
in the line DO. Let DO be cut at right angles by 
the diameter BC, and let ABC, the plane of the axis, 
and BC, interſect the ſurface, and the plane FDO, in 
the ſtraight lines AB, AFC, and FK. Then FK is 
not parallel to AB ; otherwiſe, as DK is parallel to 
the tangent BG, the plane FDO would be parallel to 


the tangent plane AGB; , Contrary to the hypotheſis 3 * 11. 6 
-: F679 ' let | 


— 


BC to MLS. Hence MK is a parallelogram; and, to. 6. © « 


: | 


£ 


li 
* [ [4 
| | 
= - . 
. # 


Fig 47. 
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let them meet, therefore, in n the point E, which will | 


be in the oppoſite ſurface, becauſe, by hypotheſis, the 
plane FDO does not meet the other on every ſide. 


Alſo, let LMI be a parallel ſection, through any point 
Nin FK, interſecting ABC in the diameter LI, and 


DKEF, in the ſtraight line MN. Then LI is parallel 
to BC, and MN to DK ©, and therefore MN perpen- 
dicular to LI*. Now, by ſimilar triangles, - 
FER: EN: : BK: LN 

Al F: N:: K: M | 
Therefore EKF: ENF: : BRC: LNI: : DK* : MN>, 
Whence DFO is a hyperbola, of which EF is a dia- 


meter, and DK, MN Temiordinates. 


PROPOSITION VI. 


To find the radius of curvature * at a goes point, in a 
given conic Any | n 
Dom [» Let D be the given point, in the given pa- 
rabola DVL, at which it is required to find the radius 


of curvature. 
From D, let the tangent DM, the i 


DR, and the diameter DF, be drawn. Alſo, through 


any point Q, in the curve near to the point D, let the 


circle DQO be deſcribed, to touch DM in D, and 


4a P. Let * WP. he joined. and QN 
drawn 
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drawn parallel to MD, to meet DF in N. Then, be. 
cauſe the angle DF MDG = DN, the triangl fy 


DNQ, PQD, having 2 common "_ at D, are LOR "Mi | 
angular. | | 
Hence- 28 25, DQ:DN, and PD x DN = Do | 
Alſo Q:: Dq; N. | 
Thergtove | . PO; :D „ DN: P DN 3 | 
Or » : PQ» :: PD: P, (P being the para- 4 


| meter of = Now, it is manifeſt that the nearer . 
| the point Q is to the point D, the nearer will the cir- 
cumference of the circle be to a coincidence with the 

. curve at that point; and, therefore, as no portion of 
theſe curves, however ſmall, can be the ſame, the 
circumference of the circle will have approached the 
neareſt poſſible to a coincidence with the curve at the 
point” D, when the point Q falls upon it; in which 
caſe the laſt analogy, which holds univerſally, becomes 
PD* :PD* :: PD: P, where it is plain that PD is e- | 
qual to P, the parameter of DF. Hence, if DP be 5.44 
taken equal to four times the diſtance of the given 
point from the directrix, and biſected by the perpen- 
dicular IR meeting DR, perpendicular to 155 in R, 
then RD is the radius of curvature. : 
Cas II. In the ellipſe, or hyperbola, let D be the Fig. 48. 
| given point, DM a tangent, DF, EG conjugate dia. 
meters, and DHO perpendicular to the two parallels 
DM, EG. Through any point Q, in the curve, near 
to the point P, let the circle DQO be deſcribed to . 
touch a 


2 
o — 
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touch the line DM, and meet DF inP. LetPQ, 


QD be joined, and QN drawn parallel to DM, to 
meet DF in N. The triangles DNQ ; POD, are fi- 


8 milar, DN: Ln D: DP, hence DN: DP :: DN? 
i. | F:1 


Or DN : DP :: QN> : PQ. 
But DF: P:: FN x DN : N- 
Therefore DF x DN: PM, DP:: FN x DN: PQ». 


And Dp: NN:: P DP: PO; 


which analogy, when Q coincides with N, hacomes 


DF: DF :; Px DP: DP, where DP is equal to the 


parameter of DF, as before. 10417 
. Cos. 1. H a circle touch a tangent to a conic ſec- 
tion, at the point of contact, on the ſame ſide, and out 


off from the diameter which paſſes through that point, 


a ſegment, equal to its parameter, the conic ſection is 


| of the ſame curvature with the 1 at the point of 
| contact. 


Cor. 2. I. from any point: in i i curve 7 an el- 


£ vpe or byperbola, a diameter be drawn, and a per- 
5 pendicular | be let fall upon its conjugate, the radius 
| of curyature,. at that point, will be a third propor- 
tional to the perpendicular wh the ſemi-conjugate 


_-, ameter. ol 


For, ſince Pit; D: 71 ds 0 


= And, DG EC: KO Dy. 
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PROPOSITION)' | VIk -, | 


If, from any point, in the curve of 4 conic ſeftion; an or- 
 dinate be applied to the axis, and likewiſe an ordinate 

| 15 the diameter which paſſe: through the other extre- 
 mily of the firſt ordinate, the circle deſcribed through 

a the extremities of the ſecond, to touch the tangent to the 
curve, at the aſſumed Point, will be of the fame curua- 
ture with ie conic «OT at that of co N | 


Cs s& S@- + *® 


eons: the poles D, in the curve, let the ordinate 
DR be applied to the axis AB, and the ordinate DHI. 


to the diameter RG; then the circle DPL deſcribed L 


- through D, L, to touch MD, the tangent to the curve 
at D, will be of the ſame curvature at that Point, 
For, let its circumference meet DF again in P, let 


. PL be joined, and MD, RG interſect each other i in E. 


Casz I. In the parabola DAL, becauſe the diame- 


ters are parallel, the angle DHE = PDL, and the 
angle MDP = DEH. But, ſince MD is a tangent to 
the circle, the angle MDP = PLD: © Therefore the 
| angle DEH = PLD, and the triangles EDH, DPL, 


Fig. 49.50. 


egquiangular. Hence EH ; HD:: LD: DF, But 


the ſubtangent EH is biſected in R, and the ordinate 


I 0 ia H. Therefore RH: HD:: HD: DF. Con- 
ſequently DP is the parameter of RG, or = and 


; v1” 
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, DPL. the circle of curvature correſponding to the 
| point D. 
Fig. 50. _ "Cat II. in the cltiple Wo yd becauſe DR 
7 is an ordinate to the axis AB, the diameters DF and 
RG. are equal, and the rectangle ECH = CR* = OD. | 
Hence the - triangles. ECD and DCH are ſimilar. 
_ Therefore the angle DL DEH, and the angle PLD 
(= MDP) = DHE; and conſequently the Songs 
DPL and EDH are ſimilar : Whence DP: DL: 
EH; : ED'x CH: EH x HC. But ED, "2 85 — 
cb x DH, and EH x HC = GH HR. 1 


8 Therefore DP: DL:: CD x DH: GH: x HR. 
. And DPxDH: DLxDH :; intents a | 
We Dake. ee e RR 
dien DP: CD:: 5 neh. ee e 


— ' And by in- 2 4 
voerſon Dy: Dp: HHR 3 
Co onſequetitly D DP i is the parameter of Dr. aud Pyr. 

OE the circle of e correſponding | to the 2 D. 
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Aer A Let chere be a right line, and a point 
3 Without it, and let another point without it move in 
duch à manner, that the ratio of its diſtances from 
| thee ſhall alvays be dhe fame; bur 
* | 2 „bn N 10 ! e eee 15 $-» a4 *$7.3 4 ſoribe 
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ſeribe an ellipſe, parabola, or hyperbola, according as a 


its diſtance from tlie other point is greater, equal, or 


leſs, than its diſtance from the ſtraight une. % 8 | 


Prov. 2. Let a ſtraight line touch the cireumfe- 
rence of a circle ; the point which moves equally di- 
ſtant from both deſcribes a parabola. Let two circles 
touch one another, internally or externally"; "the 
point which moves equally diſtant from both their 
circumferences deſcribes accordingly an ellipſe or = 
| Paoy. 3 3. If two tangents to a conic 156 inter- 
ſet one another, and, from any point in the one, a 
line be drawn parallel to the other, to interſect the 
curve, and the line joining the points: of contact, 1 
ſegments from that pore wil be continually pro- 


portional. 


Paop. 4. If te parallel chords of a de fe Aon ö 


be interſected by any third chord, the rectangles un- 
der che ſegments of the former will be to each other 
: directly as the rectangles under the ſegments of the 
: latter. 


* 


15 13 517 s. if two chars of a conic ſeQion interſeR, 
and be always parallel to two lines given in poſition, 


che reclangles under their ſegments will have to each 


other an invariable ratio. 


"Prop. 6. If, from the vertex of two tangents. a 


Arajght i line be drawn through the focus, it will bi- 
8 PEEL ſet 


* 
4 . N — 
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ſet the angle formed by lines drawn throngh the fo- | 
cus, and the points of contact, or will be perpendicu- 
lar to theſe lines, if they be in the ſame ſtraight line. 


Pop. 7. Any ſtraight line, Jrawn from the vertex 
of two tangents, through the line joining their points 
of contact, to interſect the conic ſection in two points, 
is barmonically divided, 1053 


Por. 8. A ſtraight line drawn from the vertex of 
two ſecants, through the interſesl ion of the lines 
5 which j join the oppoſite points of ſection, to meet the 
conic ſection in two points, is harmonically divided. 
| Pop. 9. Any tangent interſe*ting two other tan- 
gents, and the line paſſing ed their Paine of 
contact, is harmonically divided. 


" Prop. 10. If a ſtraight line be drawn through the 
vertex of two tangents, parallel to the line Joining 
i © their points of contact; any ſtraight line drawn thro”. 

the middle of the laſt line to meet the firſt, and in- 
terlect the conic ſetion in two points, is harmoni- 
| cally divided. 
' Prop. 11, If two ſtraight lines, not parallel, be i in- 
| ſcribed in a conic ſection, and their extremes joined 
by four lines; the interſections of theſe and the ver- 
tices of the tangent triangles, erected upon the two | 
chords, will be all four in one ſtraight line. 


Prop. 12. If a perpendicular to a tangent, from the 
b | Point of contakt, meet the axis of a conic ic ſection, and 


N * | 
' 
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from the voin of concourſe a perpendicular be let fall 
upon the line joining the focus and the point of con- 
tact, the ſegment of this line between the perpendicu- 


lar and the tangent, is equal to hat x the parameter of 
the axis. 


PRoe. 13. Let there be any 5 carl in a conic 
ſection, and, from two extremes, which are not of the 
ſame chord, let two lines be drawn through any point 
in the curve, and from the other two extremes let two 
lines be drawn through any other point in the curve; 
the interſections of thoſe lines which are not drawn 
from the ſame chord, nor meet each other in the 
curve, will be in a ſtraight line, parallel to the chords, 


if the chords be parallel, or, i fit, in ths an. 
| ſtraight line with their interſefion, 
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* LINES AND ANGLES. 
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1. E ERY e. Rs ken U WS. 
. of the ſame kind, called the meaſuring unit. 
Thus, a line 1s meaſured by a line, an angle by an 
angle, a ſurface by a ſurface, and a ſolid by a ſolid. 
„ 2. Certain magnitudes being given, that is, their 
meaſures being determined by an aQual application 
of the meaſuring unit, it is the buſineſs, of menſura- 
tion to ſhew how the meaſures of others which depend 
on theſe may be obtained. 
3+ The firſt part of menſuration, which treats of 
lines and angles, being chiefly concerned about mea- 
ſuring the ſides and 1 of a triangle, is oni 
named 9 


4. Any 


3 r 


Boon l. ME NS UNA T ION. 
4 has ſtraight. line of a 8 length may | 


Fw 


Ls 


- 
- 
2 * oh 
£ - 


be aſſumed as the meaſuring unit of lines ; but the 


goth part of a right angle is the meaſuring unit of | 


angles, and it is called an angle of one degree; 3. and X 


ſo every right angle is an angle of go degrees. 
5. An angle at the center of a circle has the ſame 


ratio to four right angles, that the arch intercepted "ts 


between its ſides has to the whole circumference, 
Therefore the angle will be determined when it is 


known what part the arch is of the whole circumfe- 
And hence the arch has been called the men- | 


rence. 
ſure of the angle. 


6. 1h e circumference of every wire is 00 to 


. . 4 _— 


degree into 60 * e 3 minute into bo ſec nds, 
dc. marked thus, 25" 14 12.80% (25 deg. 2 n. 


12ſec 8 thirds). Thus, a quadrant, or 4th part of : 


the circumference, contains go*, and an angle i is of ſo 


many dag. min. &c. as are contained in its arch, 


7. The complement of an arch, or angle, is its gifs 
ference from a quadrant, or a right angle. 
arches AB, BD, alſo the angles ACB, BCD, are the 


Thus, the 


„ e of each other.. 
8. The ſupplement of an arch or Wan is its dice. 
renee from a ſemi- circle or two right angles. 


e of each other. 
N The 


1 4 1 #£# 74 j * 
4 * +4 . « AL. 


Thus, 
the arches AB, BL, alſo the angles ACB, hs. are 


Fig. 1. 
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9. The ſine of an arch is a perpendicular falling 
from one extremity of the arch upon a diameter paſ- 
| fing through the other. BE is the fine of AB. 

10. The verſed ſine of an arch i is that part of the 

diameter intercepted between the ſine and W 
AE is the verſed fine of ARS. 

1. The tangent of an arch is a fraight th Ws tobeb- 

"© it in one extremity, and limited by a line drawn 
from the center through rhe other extremity,” AG is 
the tangent of 3. RR vegetal 

12. The ſecant of an arch is the in which Limit 
the tangent. CG is the ſecant of AB. ad 
13. Theſe are alſo faid to be the fine, on, be. 
of the angle AGB to the radius Ca. 
14. By the cofine, cotangent, &c. of an arch or 


| ; angle, i is meant the 7770 ange, &c. of its 1 


ment. 
5 Hence, The chord of 609, the ſine of go?, and 
the tang. of 45, are each equal to the'radiug—An 
arch, and its ſupplement, have the ſame e 
Fine of an arch is half the chord of double the arch 


Ihe fine of an angle at the circumference is half the 
chord of the arch upon which it ſtands to the radius 


of that cirele The coſine of an arch is equal to that 
part of the diameter which is n between the 
center and the fine," 
16. The meaſures of three rink bile TEOY * 
| "meaſure of the fourth proportional to them may be 
23353535 found 
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found by multiplying the ad and zd numbers together, 
and dividing their product by the ſirſt— The mea · 
ſures of two lines being given, 'that of a mean pro- 
portional between them, by multiplying the given 
numbers, and extracting the ſquare root of their pro- 
 dut—The meaſures of the two ſides of a right angled 
triangle being given, that of the hypothenuſe may be 
found, by adding the ſquares of che given numbers, 
ad extracting the ſquare root of the ſum. n 


Let a, 6, c, repreſent the meaſures of the „ Fig. 2. 


 nuſe, and the qwo.lides af x fab angled eee 


m, n, thoſe of the * of the hy pothenuſe, then 


a: b;:b: 7 and a;: 0 : n, hence am = S, an ., 
and am + an = b + 4. or a* = 5 +6. ; Conſe, 
quently. a U T, allo „ Hg. 6 
17. The ſolution of the three following problems 
is the obje d of the firſt part of menſuration.. 227 
- PROBLEM 1. The meaſure of the diameter of 2 
circle being given, to find that of its circumference, _ 
Prop. 2. The meaſure. of the radius being given, 
to find from thence the meaſures of the ſine, tangent, 
ſecant, and verſed fine, of every. auch! of a quadrant. ,, 
PRoB. 3. The meaſures of three parts of a wiangle 
| being given, to find from, thele the meaſures of 1 
remaining parts. eee $435 e 
One method of meaſuring the . of a 
circle, and of conſtructing the trigonometrical ca- 
non, which is a table * the meaſures of the 
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—U— — — 


2. e 12.6. g 


* 
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5 


ſme, tangent, ſecant, and verſed ſine ef every arch of 
a quadrant, contaiftiing an exact number of 1 NS 
is * in we evi propoſitions. 


. * 
q * 4 5 2 
J F 7 dtn ns ad. 558 * 1e 
pe 3 "A 7 | * 
SS 22 1 2K 1 4112 £ To act 
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The 7 „ | chord of any arch ig a mean 3 rti 
al between the, radius, and the Jum of the dia ame _ 
"IN: Tord of double the arch. 1 


9298 


be ſupplemental chord BE, of the arch xt, is a 
ien proportional between the radius BC, and the 
fum of the diameter AB, and ſupplemental chord | 
BI), of the arch AD, the double of AKK. 

For, let BA be produced to F, ſo that AF = B, 
and let ED, EC, EA, FF, be drawn. The triangles. 
BDE, EAF, having the ſide BD = AF, DE = EA, 


1. e. 10.3. and likewiſe the angle BDE 2 TAE 5 are equal! in e- 


4. 5 


very relpect. "Thus, the angle at F = DBE = EBA, 
and the” triangle FEB iſoſceles . Hence the triangles | 
EUR, FEB are equiangülar:? Therefore BC: BE : : 
' BEEBF*;6f BC BE BE: AB ＋ Bh. Pn 
A . The chord of any arch! is a mean propor. 
tl Between tlie radius and the difference of. the 
diam. and ſupplemental chord of double the arch. td 
f For; if BG de Made qual t to BD, and E, 65 joined, 
hb triangles BE, Bf are equal in every relped, 
20. 219 50h «+ wi 1012; 47 
„Alt u NM 
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and CAF, EAG Gude, Hence Ca. AB AB: 


#j 
- 
N 


AG, = = AB — BD. CCC 
„Log. 2. If the radius BC, yy the ſupplemen - 0 
tal chord BD be given. in A parts of the n 
then, 5 g N Ko 
8 221 5 BE dhe eren chor * t half 
- N tte arch AD. 99 
n 2 —BD = AP the chord of half the arch A. 
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75 be þ 5 of; any. circle i is 10 its circumference as 1 to | 
3 1416 nearly. 3 WONG RE 
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Let ABC be a circle, in which AD i is the nde of a Fig. 4. 
hexagon, and ler Fa radius' AC (= AD) = 2 1; then 


BD = AB — Hs. T0 the. RO, 
tal chord of . . 


ty 2 A7 


43 * . 2 { + of circum, 15 7 — 1. r 
„ e 1. 931851652520 
Nee, Gg _— ET br 1.982889 7 22 2. c. 1. 
977784644 
y h * | 5 Acad. 1. 9989291749 - "A 
„ V2+m=1.99973227 58=n 
„„ 2 +n=1:9999330678=p 
6  viF3=2,9999842669=9 
The chord of r T Eg .00409061 2: 
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an inferibed | in the circle, is 3 Now, 


let EF repreſent one of its ſides, and GH one of the 
ſides of the ſimilar circumſcribed polygon ;- then the 
PERRY CK = 3 CE'— EEE D 2 : | 


. 


a; but; K : CO: + EF : GH, 1 08 
-999997908 1 oe, GH = : .004090618, 
hence theperimeter of the inſcr. polygan= 004090612 
X 1536 = 6.283 Soo za, the perimeter of the circuml. - 


polygon = .004090618 x 1536 = 6.283189248 ; 
conſequently the circumference of the circle will be 


nearly = 6. 283195, and the ratio of the diameter of 


* circle. to its (0 EE HARE 2.3 6. 28 318 5, or 


Nen, 11 
. Con. a. Let D, C repreſent the Shiite and « cir- 
cumference of a circle, then C' = = 3-1416D, and 


D = 3183 C. ; e 


Cox. 2. To the radius 1. 01745, is 40 Lb of 


1 ; degree, hence .o1 745 RN is the length of an n arch 


of N degrees to the radius R. [IR 
Col. 3. An arch of a Circle of the fame ma - 
with the radius coptains 57.29 5 degrees. 
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 Tofind the fine and cms of i minute to the radius 1, 


It is evident that a very mall arch, ſuch as 1 mi- 
nute, and i its ſine, will be very nearly equal; therefore | | 
6.283185 _ 
360 X 60 


dae A 1— eee, =9999999577 i is 


its coſine, or the ſine of 895 59 


oo is the Foy of 1 minute, and 


— A y 


PROPOSITION. W 


. 
it _ 


Twice the da under 10055 of half the ſum, and 
the coſine of half the difference of two urchey, ir equal” 
ta the rectangle under the' radius and the Fw of their 
fines. h nag all 


i 4057-4 
Let AB, AD be the two arches, C the center, Fig. 1 
| AF a diameter, DL parallel to it, BG perpen- 
dicular to DL, CE perpendicular to the line join- 
ing B, D, and AH parallel to BD. Then the tri» 
angles BGD, CHA, which have the angles at G. H 
right, and the angles at D, A equal, by rea- 
ſon of parallel lines, are equiangular ; therefore 


F 


27 
BD: BG :: CA: CH, and 2BI x CH= CA x BG. 
Now, BI is the fine of BE, half the ſum of the arches, 
CH is the coſine of AE, half their difference, and BG 


the ſum of their ſines. men the propaſitng i is 
manifeſt. . | 


Cor. 1, 11 the ſine of the mean of three equi differ- 


ent arches, the coſine of the common difference, and 
* likewiſe the ſine of one extreme be given in numbers, 
- (the radius = 1) the fine of the other extreme may be 


found, by ſubtracting che latter of the pou! numbers 
from the product of the two former. 


Con. 2. The ſum of the ſines of two arches, W \ 
together make 60), is equal to the ſine of an arch that 


is greater than 60, by either of the two arches. 
For, if AB + AD = 60, then BD = CA, and con- 


ſequently BG = CH = S,AN or 8 AM = SAN + 60 +60? 
or 8, AB + 60%. 


een V. 
| To find tho fines of all arches rom I minute 10 * 
* 5 0 ö 
Since the Fine and cofine of t minute are given, let 
+ noe the ltr nh ame I, nag | 
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. — —— = ſine a. 
2c * ſine 2: — ſine 1 — : ſine 3. 991 


4e c ſme 3. e 22 | 
5 8 8 525 
N Thus, che ** of all Aebes of 5 6526 number 
of minutes: may be ſucceſſively derived from one ano- 
7 ther:*. Hüt the fines of thoſe above 66? may be found . 
by addition. — 75 by Cox. 2. in this manne. S 
f IT 2 — — 2 5 NN A hex | 
| : Sine 1 +1 ſine 505 59 = hne 60⁰ 1 . | 
| = Sine 2 * ſine 5958. =-ſine bo*z. & = = | 
= Sine 3+ fine 59 . = fine 60%. 2 | 2 
Site 4+ fine 59 . ="kins . | 
| — wy 4 8 a on 1 1 2 2 . | 
; 


With reſpeQti to thoſe ches hich” do not canli 
of an exact munter of minutes, for the odd ſeconds i = - — 
each, a proportional part of the differeties between - rene 
the ſines of the next greater and leſs arches” may be be = | 
taken and added to the fie of the leſs; and that will — 


give the line of uch an arch —_ — 1 PS get ; 
122 205 * — 2 vey X: 87 | pert Cone Nt 
| > 0% a 1 
PROPOSITION VL / 


— Ra, 6 
The ſings 77 ary arch of the ks being given, to 
Jo the Cone fs fecants „ and SE Jo ner. 4 
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Fig. 6. 
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Let AB be any arch of .the .quadrant AD, BE its 
ſine, CE its coſine, AE its verſed fine, AG its tan- 


gent, and CG. its ſecant. Then AE = CA — CE, 


and, by ſimilar triangles, CE : EB :: CA: AG, alſo 


CE: CB:: CA: CG. Thus, the. verſed fine is e- 


qual to the difference between the radius and the co- 
ſine ; the tangent is a fourth proportional to the co- 


' ſine, the ſine, and the radius; and the ſecant a third) 
| proportional to the coſine and the radius. 


But the ſecants may be more eaſily found from the 
tangents. For the ſecant of any arch is equal to its 


tangent added to the tangent of half its complement. 


Let GF be made een to GC, and CF joined: Then 
the angle ACF = 5 G= + BCD, therefore the arch 
AH = + BD, and AF 87 tangent of half the com- 


| plement, of AB. 


"On theſe 1 may the 1 canon 
be conſtructed; and, by means of it, the four caſes of 
the third problem, both with reſpect to right angled 
and oblique angled triangles, may be reſolved, the 
proportions for finding the unknown parts being firſt 
deduced from the following Theorems. | 
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T H E OR E M I. 


In any right angled triangle, the hypothenuſe is to one of *© 


the fides as the radius (in the Tables) to the fine of 


the angle oppoſite to that fide ; alſo, one of the fades is 
to the other as the radius to the tangent of the angle 
oppoſite to the latter. 


Let ABC be a right angled triangle, DE the radius 


of the tables, the angle EDF = BAC, FG its fine, 


and EH its tangent. Then the triangle ABC is ſi- 
milar to each of the triangles DGF, DEH, becauſe 
the angles at A, D are equal, and the angles at B, G, 
E ek Hence AC: CB :: DF: FG, and AB: BC 

: DE : EH, that is, AC : CB: : R: 8, A, and 
AB: BO: : N: , A. = 

Cor. 1. To the hypothenuſe as a radius, each fide 
is the ſine of its oppoſite angle; and to one of the 
ſides, as a radius, the other fide is the tangent of its 
oppoſite angle, and the hypothenuſe is the ſecant of 
the ſame angle. 

Cos. 2. The ſine, tangent, &c. of an arch or angle 
have the ſame proportion to their radius; and to one 
another, that the ſine, tangent, &c. of a ſimilar arch, 
or equal angle, have to their radius, and to one ano- 
ther, | 


N n Caſes 


Fig. 7. 
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Cafer of Right-angled Triangles. + 


Es 1. When the hypothenuſe and one of the oh- 
5 haue angles are given. | | 
Cas a. When a fide and one of the lone angles | f 
are given. 1 
Casx 3. When the W e and. one of the 
ſides are given. 
Cas 4. When the two fides are given, to * 5 
ne parts of the triangle. OBS? Yo 


| Proportions far ſolving theſe Caſes. 
Cas 1. Given the hypothenuſe AC, and the angle 
A, to find the other parts of the triangle. As the ob- 
lique angles are the complements of one another, 

when the one is given or found, the other will alſo be 
known. Now, to find AB, BC, ' 85 


Fee 
R : 8,0 :: A0: AB | 

or, 8A : TA :: AC: CB Fg 
8, A: R :: AC : AB OR Bs 


Or, 8% R :; AC: CB 
8, : T, C : AC: AB 
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The proportions for the other caſes are to be ſtated. 
in like manner. Thoſe proportions which have ra - 
dius for one of their terms are generally uſed in prac- 
tice. aw yl th” 1 82 ö . 


. REE OAK M n 


In any plane triangle, as one of the fides is to another, ſo ir 
the jine of the angle oppoſite to the ne to _ Wy * 
the angle oppoſite to the latter. CM 1 


Let ABC CAA BC: 8,0 : 8A. Fig. * 
About the center A, with the radius AB, let the ſe- 
micircle DBE be deſcribed upon AC produced. Let 
the radius AF be drawn parallel to BC, and FG, BH 
perpendicular to the diameter DE. Then FG, BH 

are the fines of the angles (FAD) BCA, BAC, and 
the triangles FGA,” BHC are ſimilar : Hence AF: 
BC : : FG: BH, and therefore AB; BC: : 8, C: 8, A“. . . l. ch 


HE 0 


In any plane triangle, as the ſum of two unequal fides is 
to their difference, ſo is the tangent of half the ſum of 
the oppoſite angles to the tangent balf their differ- 


ENce. 


Let 


a eat ou wears ——— , , os AA 


nlp MENSURATION Bl. 
Let ABC'be' a' triangle; of Which the fide AC is 


- greater than AB; then AC+ AB: AC—AB::T, 
| TEE BC 


* „ ; 
#% 4 4 


4 . 3. 
* 2. e. 8. 3 


1 AB, let the ſemicircle DBE be defcribed upon 


AC produced. Let DB, BE, and EF parallel to BC, 
be drawn. Then DC is the ſum of AC, AB, and EC 
is their difference. Alſo DAB is the ſum *, and DEB 
half the fum.* of the oppoſite angles ABC, Ach; 


and BEF is half their difference ©. Now, to the ſame 


radius EB, DB is the tangent of DEB, and FB the 
tangent of BEF. And, becauſe EF is parallel to BC, 


DC: CE : : DB: BF; hence AC+ AB: AC— AB: T, 


er, . 


411 1 2 i 1 : 


TH E OR E M dr 


4 we the 33 7 any Prey Wage is to 17 the ſum 
| "of the bros fades, ſo ir half their difference to the di. 


feance of the middle of the baſe from the OG: 


Let ABC be a triangle, of which the baſe ACi is bi- 
ſected in E, and BD is the perpendicular upon AC. 


Then, becauſe AC x 2ED = JHC x NIC, 


AG: AB + BC :: AB — BC: 2ED", and AC : 
AB + BC . , B— I, vp... 


2 


Cor, 


t T, 3 About the center A, with the 


| will biſea the baſes AE, CD, at right angles. Now, 
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_ Cor, This fourth proportional ED added to half 
the baſe gives the greater ſegment; wy n 
N - BC, AB — BC Mw 


T * 3 i 1 
2 \ DIR” 


THEOREM YV. 


As the rectangle under any two ſides of a plane triangle. 8 
is to the rectangle under half the ſum and half the dif- | 
| ference of the baſe, and the difference of the two fides, 


fo is the ſquare of the radius to . of the fine of 
half the Fong angle. 


| 


Let ABC be a triangle, having the fide AB greater Fig. 1 EE 
than BC. From AB let BD be cut off equal to BC, 
and from BC produced, BE equal to BA. Let AE, 
CD, and CG perpendicular to AE, be drawti Alſo, 4 
let BHF be drawn to biſect the angle ABC, and it 


from the right angled N ABF, DBH we * | 
_ _—_— a 


AB: AF:: R 8, 3 ABC. 
BD: DH :: R: 8, 4 ABC. 


Conſequently ABxBD:AFXDH ::R2: $*, 2 ABC*, 


e 
Or ABxBC: AFX FG: : R*: 8, 4 ABC, | 


There« 


- cd oy" 
= x 


pi = 1 4 
* 
p * a} 
— oo © + 
a” 76 


N obs ME vs U R A TION. Pooh | a 


* A - Therefore" (Cor Theo. 45 an X Be : EE 


1 1 2 s + ABC. . 


LY 4 

*. | 4 
555 Hence Ac. C + 4AB x BC x80 2 z ABC. 

| ' 


Caſes of Oblique angled Triangles, * n 

5 Cask 1. When two angles and a ſide are given. 

Caen 2. When two ſides, and an angle oppalite to 
one of them, are given. 

Casz z. When two ſides and the included angle | 
"7 are given. | 

. 4 When the three fides : are given, to find 
n the ng Py of the triangle. 


* = ad a angle of a riangle, ee oder 
3 two, are the ſupplements of each other; therefore, 
f Vuuen the one is given or found; the other will alſo be 
known. The proportions for the iſt and ad caſes are 
deduced from the ad Theorem; but the data in the 
4 ad caſe are not ſufficient, when it is the leſs ſide that 
: ſubtends the given angle. a | 
Sb In the 3d_Caſe, half the O'S TOW of the required 
 .-++ anglesis found by the 3d Theorem, and that half dif- 
feerence added to the half ſum, gives the greater angle; 
4 then the unknown ſide is found by the 1ſt Theorem. 


s3* 


— 
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WE. 1 Pr Caſe will be reſolved into the 3d Caſe of 
F ght angled triangles, if the ſegments of the baſe be 


found by the 4th Theorem, or it may | be ſolved dis 
. rely by the 5th Theorem. 


Praftical Solution of the Caſes. 


To avoid the tedious operations of Multiplication 
and diviſion, in finding a fourth proportional, loga- 
rithms are generally uſed. Theſe are a ſet of num- 
bers, ſo adapted to the natural numbers, that the ad- 
dition and ſubtraction of the former correſpond to 
multiplication and diviſion in the latter. However, 
in the proportions of the caſes of right angled tri- 
angles, where radius is always one of the terms, the 
4th term may be found with as much expedition by 
the natural as by the more artificial method of work. 
ing. | f 


n Right angled Triangles. 


Casx 1. In the right angled triangle ABC, given 
the hypothenuſe AC 324, and the angle BAC 48˙17, 
to find the other parts of the triangle. 


The angle Ach ge — 48 17 * 41 43. Then, | 
to find AB, BC. | | 
i; 


jt 


gn: \ \ N 


2 | 4 
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eee OM! 
R: 8, 48. 17 324: ( | * 


R: 8, C:: AC: AB 
R : 8, 41 43 :: 324: AB. 


1 


5 Solution by Natural Sines. 


I: «7464446 :: 324: BC = 241.8480504. 
1: 6654475 : 324 : AB = 215. 0499: 


Solution by e Sines. 


L. 8, 48? x 7 . 9.872997 
L. 34 242.5105450 


5 | Sum 12.384 5426 


I. R. 0 + .  10.0000000 ; 


— 


L. 8, 4143 og 9.8231138 
L. 34 '», © 2-5105450 


Sum 13.3336 588 
LK di by: 2 . 


Whence BC = = 44184805, 1 5 AB 215. 605. 


0 8. Cas 


— 0 : 
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CASE 2. Green. the fide AB 125, and the angle 


A 19. ; ; 1 


The angle C = = : go* 1525 19 354% 0 
-R: 8. A: : AB: Ac 
R: St. 51˙ ** 21 125: AC 

R T. A : AB: BC | 

R. T, 510 19 129 BC. 


2 
Z 


Solution by Natural Secants and Soak | 
x : 15964824: : 125 : AC = 199.5604 | 
1 : 1.2489484 : : 125: BC = 156.11855. , 
Solution by Logarithmic Secants and Tangente. 
L. S. 515 19 Ne 70.203164 
A 8 


L. AC = 199. 5603 2 „5 N 2.3000741 

| L. T,51*19... 74 | Ty + 19.0965445 | 
A L. 126 . » 0 2.0969100 

* BC = <td I | , A NIAITS | 


Cas 3. Given the hypothenuſe AC 415, and the 
ſide AB 249. | 
AB: AC :: R: 8. A 
249 * 28 3: RK; . 4 
R: T, A:: AB: BC 
| R T. A : 249 : BC it 


00 249 


„ |; 2 5 * Fs 1 i? 'S - * ; „ ö re = 
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2497 ar gt 15 586 = 8. A 55 745. 3. 8 
L. 415 +L 2 12.618451 8 


1. % ĩ M „ 3 0% 


1 


L. 8. far 010), a 


11.333 75 249 * BC = = = 332; 
A 10. 1249384 
L. 4%%/%/c 243964333 


L. BC= 333 4.521137 


4 


BC may be found without finding an angle. 
AG — Ab . 
erh 172425 — 620001 15 110524. 

1 a . oy 

A 664 x 166 * = 110224. 
Therefore BC = T6214 = 332: | 


— +» 
* 


— 


5 Given the ſide AB 53 and BG 67. 
"LA: DFAS, 


I + 
i 
" 
5; 


33 6733 1: 1,26415094 = T. 51 39 1549. 
1 NEN 11.826748 
„55 8 


V. St, A 519-39 15 % 9 © 10. 1017989 


* 


Been J. EN SUR ATA o. 491 
4 85 1.16118553 5: 1830 AC = 8.485309 | 
1.8.5135 1 16.267326 
L. 33 * . Ah," "yp. 11-4 r 79. 
1 AC = : 8%. 42834 basel a a 
Or. "fice AC: = Abb + BC, AC = 1 7298 = 
b5.428332, &c. | 


h 


22 ab hae 


4 þ Cas t. Given * 45 A 49? 255 the angle 0 rig: 1 
63² 48, and the ſide AB 275. * de 


The angle B 180 — 4g 27 e 6637 
e 8, A ; AB BC *: 2961 

8, 63 48 : 8, 4 25 2.0 395: BC | 5 
1.8. 4925 4 L. 75 bx is.rg8379 | » „ 
L. S, 637. 48. 30 ge & 9.959756 Th | . 
de 336.7665 42 * NOIR | 
| | 8, C: 8, B:: AB: A0 

| : 8, 63⁵ 25 8.66 47 275 AC 


** 4 
: 8 8, 669 47 1. 4275 i2 4026580 3 
1 8,6 z 48" — « 9-9329175 
\ EAC = 281.67  &© © 4497405 
Cat 2; 
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Can 2. Given the fide AB $32, be 35h and the 
angle C 107* 49+ 


0 8,018.4 
$32 * 358 : : 8, 107 40, 8, 42 | 
1.8, 105% 40, or * 20 1. 358 . 
"ES "532 . 2.7259 116 


4 


L. 8, A 39 57 = 3 Ne 9.8069906 | 1 


oe KFH u 
8. 107 40. : 8, B :: 009.2 AC 


3 »4 5 . 4 
L. 8. 349, 27 9.3 + 1 555 * 00 12,4555607 
1. 8. 73285 <4, +, 99790192 


I. AC = — rio. 6 7 + © AT. 1 " We ti | 


Casx 3. Given 4 rd AB 176, BC 1 33 and the 
included angle ABC 7 3% 


309: 315 T, 33 35 


L. T. 53 30 +L. 43 © © AT ha 5 11.7642 596 
LS. „ - 2:4599899 


—__— een 1 — 


1. 1. ESS x08 39 92743011 


2 RY r . 4 * , CT T * 8 9. 2 : 
Book l. M EN SURAT ION. 29, 
8, C 8, B *: A A 


8, C 8, 23. ::176 : AC. "| 
1. 8,73 * L. 176 LEY We 13.226 1090 
I. S, 649 % ð¹. 909542166 


ny Wo = Seen 110 Lal. 71883. 
| Po r e the Te wi AB 159, AC 140, | 
[and BC 130. bo > 
z AC: {IF AY B r ED. 
70: 140 10 : ED. = = 20. 
AB : AD 92 R : Cos. A = 


150: 90 1: R.: C8. 457 1 46.4 


In like manner, we find the oP 22 ak Ws 


warmer, chr 59” 29" 43. * b 


where D =- 2 C. 4574 +1 
150 X 140: 60,X 70) 1: N81 A. 
L. 60 ＋ L. 70 + L. W 23.62 32493 

L. 150 + L. 140 2 „ 1 1443222193 


X L. 8, 4 N „1593010300 
L. S. Z A 26* 33 54 18. 9065051 50 


3C+D , "BOW! Js 2 
: R': 8 


Hence the whole angle A = 53* 7 48.36. In like 


manner, we find C = 6% 22 48“ 5, and therefore 
B = 59* 29 23˙14. | 


| Theſe | 


= i 
TT WEI eg , 3 
4 


— WOE TR E 
a * 


— 
— — — 


Fig- 13. 
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weuiealhy, and che unknown. parts "meaſured by 


number of equal parts, and having the Arlt of theſe 
ſubdivided into 10 equal parts: So that, if the ſmaller 


or, if the former be tens, the latter will be hundreds. 


Therefore, any number en by: two n miy 
de taken from ſuch a ſcale. 


 three-figures may be taken from it. The method of 


| arch of the quadrant, conſiſting of an exact number : 
7 of degrees. The chord of 60*gives the radius of the 5 
: Fires from which it was taken, 


N 1 0 3 . * 1 Z ” 4 * ; } * g F > ! 
Y £3 . 3 . * "4 bY $; : : : T | 4 * 1 * ? N A 9 : AS * * : 


5 of the eras of a we.) x) opp) the chord of 


"Theſe Caſes or Problems Day be conſtructed geo- 


means of a ſcale of equal parts, and a Une of chords. 
oe ſimple ſcale is ſtraight line divided into a. certain | 


diviſions be taken for units, the larger will be tens ; 


A diagonal ſcale is that which is deſeribed upon a 
ſimple one, in ſuch a manner, as to exhibit the ioth 
parts of the ſmaller diviſions, ſo that any number of 


conſtruQtion is evident from the figure. 
A line of chords is a chord of gos taken —. any | 


circle, and ſo divided, as to exhibit the chord of every 


4 Fi 4 : 44 8 » + 
* * 0 — * x A 7 4 & © 


* 


E X 4 M r K E= 


„ ann 4 L — Lose e 1 14 A ; 
o 


To conftrud "oP third caſe i in ebligue angle Trianghs 


9411 [3] 122 


Wich de chord of 605, "hs a radius, delivids part 


2. - N - : 1 7 ; 2 


# $4, ” * 0 * 
* — « WS 
. | * * \ o 5 
w = * 


2 1 — = 
x 


. — 2 >? > — 1. | 8 of 7 * 87 , | 1.63 ; 
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: 735 from'm te. From the: benter B draw the ines 


F 


Bm, Bu. Upon the one ſet off 176 equal parts frem 
B to A, and 133 upon tho other, from B to C. Join” 

A, C, and the triangle is conſtructed. Then Ac, 
meaſured upon the ſame diagonal ſcale is 187, the 
2 W fue wk the ſame line of chordh, | is 4 3'a. 


LL 6 


The meaſuring of Heights and Diftances, / 


The inſtruments commonly uſed for meaſuring a 


heights and diſtances awe, a chain, a | Quadra," 
ſquare, and a theodolite. Fr 10. 
A chain is uſed for meaſuring thoſe diſtances or 


lines which are to be given ſides of triangles. The 


Engliſh chain is in length 4 poles, or 66 feet. It con- 
ſiſts of 100 equal links, made of iron; each link, 
therefore, ſhould be 7.94 inches long. Every ten 
links, from one end to the middle of the chain, is di- 
ſtinguiſned with a piece of braſs. wes x 
A quadrant is uſed for determining vertical DAN, | 
It is made af braſs or. wood, the radius being of any 


convenient length, the circumference is divided inta 


go equal parts, and theſe again ſubdivided, as für as: 
the dimenſions of the quadrant will admit. Alpjoa 
plummet is ſuſpended by a thread from the center. 


if 
296 r NS n 71.10 N. Bock I. 
_ +Afquire pak for finding the ratio of the ſides | 
of 2 right angled triangle. It is made of the fame 
materials. Two-of: its ſides are divided each into 
loo equal parts. eee e dy: | 
poſite angle. | 
A cheodolite is uſed. — . 
well as vertical angles. It is a circle of braſs divided 
into degrees, &c. having an index moveable about its 
, center, and i 15 furniſhed with ſights. 


PR 0 B L E M L 


To find the beight of an 2 aj Jandng upon 
level goes | | 


1 L By the QUaDranT. 
Let any convenient diſtance BA be meaſured by 
the chain, in a direct line from the foot of the per- 
pendicular BC, that falls from the top of the object. 
Then, ſtanding at the point A, let the quadrant be 
| held as repreſented in the figure, ſo that the eye at D 
may ſee the top of the object C, along the fide of the 
quadrant DF. Now, if the plummet hang freely, the 
line F will be perpendicular to the horizon, and 
therefore parallel to BC; hence the angles Dpp, | 
a DCE are equal, and their complements GFP, CDE 
ER e ar alſa 
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- 


alſo equal. Thus GN, the arch of the quadrant that 
is remote from the eye, will give the number of de- 
grees in the angle of elevation CDE. Whence, in 


the right angled triangle CED, the fide DE (= AB,) 


and the angle CDE being given, we may find CE, to 


which EB, (= DA), the height of the eye above the 


ground being added, we Ft the whole height of he 
object. 
If the angle of elevation be 45 then DE = EC, 


that is, the diſtance meaſured is equal to the height 
of the object above the eye. 


II. By the Square. 


Having meaſured AB, as before, hold the ſquare to 
the eye at D, as in the figure. Then, the plummet 
hanging freely, the line FP cuts off from the ſquare a 
ſmall triangle ſimilar to CDE. Therefore we ſhall 
have the ratio of DE to EC, — the former being 
given, the latter may be found by the rule of propor- 
tion. Let n repreſent the number of equal parts, 
which the plummet cuts off from the fide DH or HG, 
towards the end D or G. Then, | 

1. When the plummet cuts the fide GH, remote 


Fig. 15. 


from the eye, it is as 100: #:: DE: EC. Hence, 


if in this caſe, DE = 100, then EC. = ts 
2. When it paſſes through the oppolite angle H, 
we have a ratio of equality, DE = EC. 
P p 3. When 


: 
1 
: * 
* 
x 
L 
ö 
k , 
| 
= 
vt 
1 
b * 
: k 
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Fig. 16. 
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3. When it cuts the fide DH Ny to the 
eye, it is as 1: 100: : DE: EC. | | 


PROBLEM u. 
To find the Height of an Indtceſible Objekt 


E ” the „ rene 


3 n A 1 
ti #44 # 


8 any 8 ſtation 3 the "PRE | 
BA in à direct line with the foot of the object, and at 


both ſtations A, B, take the angles of elevation DAC, 


DBC. The difference of theſe angles will give the 
angle ADB. 


Then, in the triangle ABD, 8, ADB! S, A:: AB: BD 


And in the triangle BCD, - R: 8, DBC: : BD; DC. - 
Whence R x S,ADB: 8,A x 8, DBC :: AB: DC, 


that is, as the rectangle under the radius, and the ſine 


of the difference of the angles of elevation, is to the 


reQangle, under their ſines, ſo is the diſtance mea- 
ſured to the height of the object above the eye. 


ANorHER SOLUTION. 


In the right/angled triangles DCB, DCA, to the 
lame radius DC, AC, CB are the cotangents of the 
NG ia angles 


> 


E 


— 
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A 7 
angles of elevation, and their difference i is AB; hence 


this proportion. As the difference of the natural co- 
tangents of the angles of elevation is to the radius, ſo 
is the diſtance meaſured to the height of the object 
above the eye. 


II. By the SqQuars. 


At the ſtation A find by the ſquare the ratio of AC 
to CD, and, at the ſtation B, the ratio of BC to CD; 


hence the ratio of AC to BC, and conſequently that 


of AB to BC will be given, from which BC, and 


conſequently CD may de found. 


Let AB = d, AD: CD:: , 3 CD: : 
2:9; then cb iy R at both ſtations, 


the plummet cut tlie ſidè of pa ſquare remote from 


— — —— 


dhe eye, DAL „ 2 K the fide conti- 


1 100 


gun to the eye, CD = == If the plummet 


cut the oppoſite hes ep of the m at che firſt ſtation 


nd * 


loo — 


B, CD = 


8 £ 
. 


* 1146 X 4 | F 
it C1 18 #23 ILL PROBLEM 


5 Lk 1 1 9 1 32 * WC! Abe: 5 


3 9 4" . 


\ 
* 


— — ee 
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To find the diſtance of a given place from an inacceſſible 
object. RE, 
Fig. 17. Let A be the inacceſſible object, it is required to 
find its diſtance from the given {tation B. Meaſure 
any convenient diſtance BC, as che baſe of a triangle, 
| whoſe vertex is at A. Then, the theodolite being 
placed at B, let the diameter be directed towards the 
ſtation C, and the moveable index towards the object 
A, and the intercepted arch ſhews the number of de- 
grees in the angle ABC. In like manner, let the 
angle BCA be meaſured, and the angle at A will be 
known. Then, 8, A“: 8, C: CB: BA. 


- = * - : - = bs Muy 2 gy pp 5 . 
» rere | & 
05 rr 4 9 DJ * 8 
8 — G | % » C SZ ow Fo — = N 
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- 
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To find the diſtante between two inacceſſible objedts. | 


| | ig 18 Let a proper diſtance CD be meaſured as the baſe ] 
| | of two triangles, whoſe vertices are at the objects 
| 


/ 


A, B. Then the angles at C and D being meaſured 
by the theodolite, we find, as in the laſt problem, 


_ fides 'AD, DB: And, as the included angle ADB 
is 
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i given, the other angles of the triangle DBA may be 
found by -the 3d theorem, and theth the fide 955 * 
the 2d theorem. ff 9 


* 


r FEN D ri 


Properties of Signs, Tangents, c. 


PRrorPos!TION 1. As the ſum of the tangents of two 
arches is to their difference, ſo is the fine of the ſum 
of thoſe arches to the ſine of their difference. 

Prop. 2. Twice the rectangle, under the ſine and 
coſine of any arch, is equal to the rectangle under the 


radius, and the ſine of double the arch. 


Paop. 3. As the ſum of the ſines of two arches is 
to their difference, ſo is the tangent of half their ſum 
to the tangent of half their difference. 

Proy. 4. As the ſum of the coſines of two arches 
is to their difference, ſo is the cotangent of half their 
ſum to the tangent of half their difference. | 

Prov. 5. Half the rectangle under the radius, and 
the ſum of the ſines of two arches, is equal to the rec- 
tangle under the ſine of half their ſum, and the coſine . 
of half their difterence. ; 

Proye. 6. Half the reQangle under Bs radius, * 
the difference of the ſines of two arches, is equal to 

the 
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| the Toftangle Na the * of ball & their ſum, 1 


the ſine of half their difference. l 
Proe. 7. Half the rectangle under the i and 


the verſed ſine of any arch, is equal to the ſquare of 


the fine of half that arch, 1 1 8 > 


Pnor. 8. Half the rectangle under the radius, and: 


the difference of the verſed ſines of two arches, is e- 
qual to the rectangle under the ſines of half their ſum 
and half their differencceQ. 1 | 

PRoP, 9. As the fine of half the difference of two 


arches, which pater make 90 degrees is to th 


5 107 21 ol „Aung la E i 
AUfferdiide df fieit Hnes, fo is is 1 to * 0 | 
25 01 10. 109167 217 « 61 41 uit 857 11 N 
Por. o. As the ſine of half the ſum of two 
arches is to the ſine of Half their difference, ſo is the 
ſine of their ſum to the difference of their ſines. 


Par. 11. The difference betweeh the tangent and 


cotangent of any arch is double the tangent of the 
difference between'the arch and its eomplement. 

Proy. 12. The ſum of the tangent an cotangent 
of any arch is double the ſecant of the difference be- 
tween the arch and its complement . 
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 Trigonometrical Theorems. jj 14 
Tet 11% G2-,AO0TE IAG en baths . 
Tazonen 1. In any ie angled triangle, the ſum 
of the hypothenuſe and one ſide, is to the other 
ſide as the radius to the tangent of half — 
poſite to the latter. bn se are ren 
Turok. 2. The difference ofſthe hypothenuſe * 
one ſide is to the other ſide as the tangent of balf the 
angle oppoſite to the latter is to the radiys, , as 
THEOR. 3. In ahy Plane triangle, as the greater of 
the two ſides is to the leſs, ſo, is radius to the tangent. 


of an angle; and radius is to the tangent of the ex- 
ceſs of 455 above this angle, nas the tangent of) Half 
the ſum of the angles at the haſe is to the tangent of 
half their, difference. $ 3 9 mi wor! to Ut 
'Tazor.. 4 As the baſe offany;planetriangle-isto 
the difference of the two. ſides, ſo is ae ſine of; half 
the ſum, of the angles at the: bag fta Ihen ſine f half 
their difference. ins gust a to mul 9dT 81 404 
Tuxon. 5. As: the baſe. is t than fum d the td 


ſides, ſo is the coſine, of half the ſumi of the auglas nt 
the baſe to the coſinè of half their difference. 


Trazor. 6. In any plane triangle, twice the rec- 
tangle under the two ſides is to the exceſs of the ſum 
of their ſquares, above the ſquare of the baſe, as ra- 
dius to the coſine xt the vertical angle. 


THEOR, 
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Tron. 5l As the rectangle Wader the two fes is 
to the rectangle under half the perĩimetet, and its ax- 
is above the baſe, ſo # the ſquare of the radius to the 
ſquare of the coſine of half the vertical angle. 
1 TBz08# 8. As the rectangle under half the peri- 
meter, and its exceſs above the baſe, is to the rec- 
tangle under its exceſſes above che two ſides, ſo is the 
ſquate of the n of the * of 
half the vertical angle. Enn ee ee 
TREOR. 9. As half the paimeter is to its exceſs a- 
| boxe the baſe /I a che cotatigent of half either angle 
at the baſe to the tangent lot half theather he 
© 41 Tntoxt1,0; As the exceſs of half che perimeter a- 
bove the leſs ſide s to ity exceſs above the greater, ſo 
is the tangent of half the greater angle at the baſe to 
the tangent of halt the de. Y olgnr ff 
Du TüIOET Ir. AS che baſe is to the: difference of its 
L . is the nen the vertical = the 


| 1 9 12. As radius to: te ſum al the et, 
of the angles at the baſegſo is the, perpendicular to the 
perimeter. 90 Din Ti: bn 
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Examples io the Cafes tit ae 


EXAMPLE I. In a right angled triangle, given the 
hypothenuic 185, and one of the acute angles 32 40, 
to find the other parts of the triangle. 


Ex. 


+ 


-_ 


Ex. 2. Given one of the Gdes 64, and 15 oppoſite 
acute angle 23. R 5 

Ex. 3. Given the rene 520 1 one cof the 
ſides 26 5. 0 4 . 

Ex. 4. Given one of the: Aides: 2. 80 and the oth 


. fide 59 | 10 


Ex: 5. In an oblique 10 3 


Ad 69* 14', another 46 5 and the fide; be- 


ng TO YWDO TT HKLATNYD BEE 46 
A. 6. Given one of the age a6 . 


tween them 248, to find the remaining 4000 of Be 


Ac du teat coins 5 f 
Ex. 5. Given one of the ſides 21 5, mother! * 0 
and the angle oppoſite to the former 49. 
Ex. 8. Given one of the ſides 329, een 
and the angle oppoſite to the latter e 
Ex. 9. Gixen one of the ſides 59, another 65. a4 | 
the included angle 83 16 . Nn en 


Ex. 10. Given one of the du 4. another 1733 
and the included angle 103%. F 
Ex. 11; Given one ofthe due 1264 e * 1055 
and the third 96. | 
Ex. 12. Given one of ths ſides i ing, another 196; 
and the third 175. 
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'E comple in 4 meafrin Heights and — 0 

Ex. 1. | Required the hae * a tower, whoſe 
angle of elevation, at the Gitance of 160 un from 
ae bottom, is 510 300. | 

- Ex; a. What is the height of a hill, whoſe angle 0 8 
elevation at the bottom 1 is . A yards thr 
off, 29% 1 5. Ai uo 

Ex. 3. To find the diſtance N two inacceſ· 
fible objects, chere are given the angles which it ſub- 
tends, at two allunied ſtations, 60 and 66%, the di- 
ſtance between theſe ſtations 320 yards, and the . 
ther an les, at the ſame points, 43? and. 44" zo" re- 

Ex. 4. To find the height of an obfit'o on he top 


463 * 


bt hill, there are given. the elevation of the hill 33" 


and the elevation of the object at the ſame ſtation 
$0? 4 alſo the elevation of the object, at another ſta- 
tion, 80 yards, i in a direct line from the former, 30®. 
Ex. 5. From the top of a a tower, whoſe height was 
360 feet, the angles of depreſſi ion of the top and bot- 
tom of an object, upon the. ſame horizontal plane, 
were obſerved to be 41? * and 54* reſpeRtively. The 
height 0 of that object ir is required: ——— | 
Ex. 6. From the ſummit of a hill, the angles of 
| depreſſion of the top and foot of a ſpire, upon the 


plane below, whoſe height was known to be 120 feet, 


% 


were 
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were obſerved to be 30 and 33%. Requured the 


i 4 4 


height of the hill? atk b hon: 

Ex. 7. Two e 10 the Sidtance of 60 yards,- 
were taken on the fide of a hill, from whence the | 
angles of depreſſion of the foot of 2 tower, on an op- 
poſite hill, were obſerved to be 70 and 80 30. allo, 
at the upper ſtation, the depreſſion of the tower was 
found to be 18, and the elevation of the tower ge, 
and all the — were taken in the ſame vertical 
plane. Required the height of the tower 1 

Ex. 8. On the top of a monument, whoſe height; is 
60 feet, ſtands : a ſtatue 12 feet high. At what diſtance 
from the monument may the ſtatue be viewed, under 
an angle of 3d and what is the e . angle under 
which it can be viewed? 

Ex. 9. The elevation of a tower, at one ſtation, is 


40 #1 


20? 45, at another ſtation, 60 yards diſtant from the 


firſt, (but not in the fame frraight line with it, and 
the foot of che tower), 195 4⁰ 5 and, a at a third ſtation, 
30 yards diſtant from each of the former 21* 48". Re- 
quired the height o of the tower ? TD 

| Ex. 10. If a ſfatue, 12 feet high, on the top of a 
monument, appear to an obſerver under an angie 
of 4* 46', and, at the ſame ſtation, a part of the mo⸗ 
nument, of 20 feet from the top, ſubtend an angle of 
ge 30; What is the height of the tower, and its di- 


4 

4. 
Nance from the place of obſervation | ? 
itte e 
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a Ex. 11. At e ſtations, in the ſame ſtraight ins” 
| with the foot of a tower, the angles of elevation . 
ſuck at eche feſt If the fouble, ang the ſep6nd the J. 1 1% 
complement of the third ; alſo the diſtance of the firſt 
and ſecond ſtations is 27, and the diſtance of the fe. 
cond and third 100 3 Required the height of. 
the tower? „ 
Tee AGE krise Ats Ge [2 
ſtations, (no two of which are in the ſame ſtraight 
line with the foot of the tower), are 50˙ 45's g8* 1 5 A 
and 46* 45' alſo, the diſtance of the fixſt and ſecond 
ſtations is 24, Me diſtance of the ſecond and third 
38, and the diſtance of the firſt a third 50 yards 
What i is the height of the tower? 
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OF PLANE: SURFACES. 


| 
Straight line being aſſumed, as the meaſuring 
unit of lines, its ſquare is aſſumed, as the mea- 
ſuring unit of ſurfaces, The number of meaſuring - 
units which a ſurface contains is called its area. And 
the general-prohlem, in this paytr of menſuration, is is to 
find the area of any given plane figure. 

The area of a reQtangle may be found, by multi- Fig. rg. 
plying the numbers which expreſs its length and 
breadth. Thus, if AB contain 5 times the meaſuring 
unit x, and BC 3 times the ſame ; then the rectangle 
ABCD will contain 15 times the 8 unit y, 
which is the une of x. 


For, 


N RH N NN 


For, let AE be equal to x, and EF parallel to AB ; 
then the ratio AC: AF = AD: AE = 3: 1; there- 
fore the rectangle AC is equal to 3 times AF; but, 
ſince AF: y = AB: K 5: 1, AF is equal to 5 times 

7. Conſequently AC is equal to 15 times . | 

Hence the areas of all other rectilineal figures, alſo 


h the areas of circles, ellipſes, and parabolas, may be 
| obtained by means of the following Theorems. 
| | | ; 
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Fig · 20. 1 n is equal thereto we i 
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THEOREM II. 


Every triangle in agua! to; half thexxe@angle under its 
baſe and perpendicular. 
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4 . is lo the fine a of the angles ot triangle, 
"fois half the reftangle Wnder the containing Allet to '% 
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Paine 4 


Every triangle i is 4 nean n proportional ae the, rec- 1 


_ tangle under half the perimeter and its exceſs, above 


one of the ſi des, and the redtangle under its EXCL, * a 
bove 1 two romeo > fi des. | 


Let 0 and B, of the triangle ABC, be Fig- 21. 


biſected by the lines AG, BG meeting in G. Alſo, 
let the exterior angle CBH be biſected by the line 
BK meeting AG in K. From the points G, K, let 
perpendiculars be drawn to each of the ſides of the 


triangle, and let GC, CK be — 
1 


1 
15 


\ Bop of he Dt., WW was 
ory s Ms ane 


iſt, The perpendiculars GD, GE, GF, are equal ; 


and the ſegments; AD, AE; BD, By; CE, CF e- 
qual. 


ad, The perpendicular KH, AM.EL f are el: 


And the ſegments AH, . MCL 


equal. y All va, 
zd, AH ot AL. is half the perimeter. Alſo BF 


= CM, and B= CF, 


* 


4 


Fig. 22: 0 


0 


' 
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Ith, BH is the exceſs of half the perimeter above 


AB, DB its exceſs above hy and AD its FROG g- 


bove BC. 3 
5th, The refiangle . Al and DG is equal to 


the triangle ABC, 


6th, From the ſimilar wings Mie AK 


AD: DG :: AH: HK; therefore AH * AD: AH 
* DG :: AH xDG: HK DPG. | 
7th, The triangles GDB, BHK ate ſimilar ; . 


fore HK x DG = DB * BH, | 5 
8th; Hence AH x AD : ABC : : ABC+ DB x BH, 
.. Cox. Hence, if a, ö, c repreſent the numbers which 
ae ſides of a triangle, Wr 
. — N 
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THEOREM v. 


Every quadrilateral figure it equal to balf the reftangle, 
under one of its diagonals, and the ſum of the perpendi⸗ 
culars falling upon it from the oppoſite angles. 


"THEOREM Vi 


Every quadrilateral Eure, having 1 if its fides patal: : 
lei, it equal to half the rectangle under the um of the | 


Soon. We and the diftance between r | 
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AH E Og VIE; 
80 In any quadrilateral figure, radius is to the 57 ne of the Fig. 24. 
', angles formed by its diagonals, at half the rectangle 


| under theſe diagonals to the . 8 
. , 
$8 +9 | als $99 4 "4 
* 1 | 2 47. 1 N | . 0 
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Ib any regular polygon, radius is to: the e 95 half 
- the angle M the polygons as half its fide to the radius 
of the inſcribed circle; and the polygon. itjelf- it equal to 
half the reftangle under its'perimeter, and the radius 
of the inſcribed circle. 


wy 4 4 , q . * 


By this theorem, the areas of the following regular 
polygons (the ſide of each being 1) have been calcu- 
lated, and put down in the Table oppoſite to their 

names. IIence it will be caſy to find the area, when 
the fide is expteſſed by any other number. 1 0 
For, ſince ſimilar polygons are to one another as , 


the ſquares of their homologous ſides, the area o any 


of thele polyggns may be found, ;þy auktiphying the 
Rr | ſquare 


0 7 . - 
„„ TYP” eve R A 1 O N. Lug 
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3 

4 
5 3 Pentagon. 8 1 C 920477 7 ' 
„% | Hexagon. | [2.598076 _* 


* ca uf Heptagon. | 3.633918 3» 

8 *| Octagon. | 4.82847 
9 | Nonagon. |}. 6.181824 + 
"WP. Decagon., | 7-694209 | 


| 0 
117 \Vadecagon. 9.365641 


12 f Duodecagon. 11.1961 52 
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Ms aul i is to the ar oft its diameter as 78 $4. fo 1 


n. 8 9 *. 


For, the ailnneter of a circle being I, its circurafe- 
rence is $1416 ated and N * being equal 
= | NS pA : | | to . 
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to half the rectangle under the radius, and a ſtraight 
line equal to the circumference, its area is = 4/X. 4 X 
3.1416 =,.7854. - But circles are to one another as 
the ſquares of their diameters. Therefore . 7854: 1 
is the ratio of any circle to the ſquare of its diameter. 
Con. 1. Let D, C, A repreſent the diameter, cir- | 
cumference, and area of a circle. Then A = .78541), 
A=.07958 C*,D=,\/ 1.2732 A, and C=\/12.5664A; . 

Cox. 2. Let N bethe number of degrees in the arch 6 
of a ſeQor. Then .01745 RN x R, or 008726 RN 
is the area of the ſector to the radius R. 


e X. 


Every „eee is to the las gle, under * er and 


conjugate axir, 41.7854 {o 1 nearly. . 
's X 


Let. ACBD be an ellipſe, of which AB is the tranſ⸗ 
verſe axis. 

From F, any point in the curve, let FG "Bye perpen- 
dicular to AB, and meet the circle deſcribed upon it, 
in E. Let FT, ET be the tangents at F, E, and thro' 

the point u, indefinitely near F, let mnp be drawn: pa- 
rallel to EG. Then, 

The triangle EGT: FGT: EG FG 
And T: mT : EG: FG 

Therefore Ep : Fp :: EG: FG: AB: CD. 

. 6 8 


3 
? 
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Hence every portion of the circle, between two pa- 
rallel ordinates, is to the correſponding portion of the 


ellipſe, in the conſtant ratio of AB to CD. Conſe- 


quently the whole circle AHBK : ellipſe ACBD : 
AB: CD:: AB.: ABN CD. But AHBK : AB? : : 


7854: 1. Therefore ACBD : AB x CD:. 7854: 1. 


Cor. 1. Ellipſes are to one another as the rec- 
tangles under their axes. 


Cor. 2. Every ellipſe is equal to a a circle whoſe 4. 


ameter is a mean proportional between the tranſverſe 
and conjugate axis. | 


Cor. 3. If a circle, be deſcribed v upon, has axis 


of an ellipſe, as that axis is to the other, ſo is the 
circle to the ellipſſede. 4 11. 
Conz. 4. In the ſame ratio, are hn ſegments, (and 


half ſegments), cut off by an oxdinate to the common 
diameter. The parts intercepted between two ordi- ; 
nates! (or ſemi-ordinates). to the common diameter. 
The ſegments formed, by joining the extremities of 


_ theſe ſemi-ordinates. And the ſectors formed by 
itraight lines, drawn from any point in the common 
diameter, to the points where two * to 
it meet the curves. 


Thus; AB; CD = EBG: TBO - Hock cor 


HE CFS OLB : OMB = OLK : OMI. 
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Every oy lags of a 5 is two: thirds of its eircum- | 


Jo parallelogram, 


Let ABC be a ſegment of a parabola, cut off by 
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Fig. 26. 


the ſtraight line AC.” Let AC be biſected in F, the 


tangent DBE drawn parallel to it, and B, F joined: 


Then is BF a diameter, and AC its ordinate. Alſo, 


let AD, CE be drawn parallel to BF. - The parabola 
ABC ſhall be two thirds of the parallelogram AE. 


For, let AG, the tangent at A, meet BF, produced 


in G, and through the points 0; 6, in the curve, or 
tangetit, equidiſtant from the point A, and indefinitely 


near it, let nin, xy, pq, Fs, be draun parallel to AF, 


AD. Then, becauſe the parallelogranis An, 'Ap, have 
a common angle at A; An: Ap = AF: AD + Am: 
Ag. But Am = og, and TE Ag = FG: AF. There- 


fore Au: Ap Af; AD FG : AF = FG: AD. 


And, ſince the ſubtangent FG is always biſected in 


B, the vertex of the diameter, FG = 2BF = 2AD.' 


Whence An: Ap = 21 1. Thus, the parallelogram 
An is the double of Ap, and the parallelogram mnxy 
the double of pgrs. But otxn = mnxy, and otsp= pgre, 


Conſequently otæn the portion of the parabola, be- 


tween two indefinitely near ſemi- ordinates, is always 


4 


\ 


| Fig. 27. 
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— double of otsp, the correſponding . of the 
external ſpace BDA. Therefore alſo the whole ABE 
is double the whole BDA. Whence ABF is + of 


FD, and ABC 2 of Al! 


Cox. I. In like manner, may. the quadrature of a- 


ny curve, whoſe ſubtangent and W are in a con- 
ſtant ratio, be obtained. 8 
Con. 2. Let AB, CD, EF, _ three 3 di- 


f ameters, cut at right angles by the ſtraight line BDF, | 
the parabolic ſpace ACEFB is equal to a "Ow 


under AB T ACD EE, and BD... 


\ Fora: the nee,, Al Er me de tangent at 


C in m, u. Then the quadrilateral AT rims 
A ABAER BD 
+ And, zm r ADN BD. 
Conſequeniy (AE Ta © -3ACEFB = 
AB e EF x BD. 57 01 ligt. 4 1 


Cog. 3. All paraholas, ſon the ſame, or equal ba- 
ſes and haying, equal altieudes are qual. , 15 
Co. 4. lf. two parabolas, on the fame, or equal 
baſes, be between, the ſame parallels, any two parts, 
intercepted by lines Parallel te the baſe, ag dual 


Lon. g. Uf he te parallel chords, in any pa- 


rabola, a and D the diſtance between them; F then i is 


(3 _ 65 
9393 1 


ſion for the area i that part of the parabola which | 
they ffercept. ne La | 
: THEOREM 
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” 


1 BY ey” AO LF A ATE? 47 "Y 


Book II. a an RATEOM 319 
le r . 5, 
F f ir ab el „ ein een g uli 5 
* I/ M, A ar e een Nba. 
n E O R KM . 


1 


TFT 14 * fy 


„onen 31441 471 01 > 


Every er A a e formed by two 3 W 

. drawn from the focus to the curve, in equal to half the 
external ſpace between perpendiclldts falling an * 

3 extremities e baſe upon 25 ee, 1 


K FS 14 1 14.1 1661 ts GIL. Mi ' 


| 3 the extrerhifles' A B. 40 the baſe & des Fig. 28. 
tor AFB; let the Peipendkeulft an) BE. fall upbn 
the directrix CD; the AVB"=22ADEB!- l 
por, let two points, 5, 4 be aſſumed in the curve, 
or in the tangent AG; equidiſtarit from the point A, 
and indefinitely neat - it. Let Fp,'Fq"be" joined, 
„Du drawn, parallel to AG, (and the parällelogram 
mnþq completed. " Thenz becauſe” the ;parallelogrim 
mp, and the 'triangle Ey ſtand upon the ſame baſe 
54, and have equal altitudes, (for tlie tangent AG bi. 
ſeas FD at ar ne the former is double e i 
latter. But'pgrs'= np; therefore” pr & #Fyp, and —  _ 
| conſequently the whole external ſpace ADEB double | 


: | : 


the whole ſector AKB. HUB. * 


* 
2 


AT THY 


— —— — — 
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Fig. 29- 


Al r : 
-: . I 4 : 4 1 | . : 
we 5 N a d * 4 L 8 - 
. e ö 7 1 
” * * 
3 1 { : 5 * * 1 : 4 * * 


»$4 


* 
-_ 


OR. OY et 0 B wy * M. 
x 


To find an 8 to the area of ad curve di if- 


= FEST. * 


5 3 ANTS : 


Let AGN be any cutve, differen from a Pendl, 


WIE BO any ſtraight line, upon which, from the curve, 
- there fall two perpendiculars, AB, NO, it is required 


to find an approximation to the area of the quadrila- 


_ eral BON. Let BO be divided into an even num- 


ber of equal parte; by the perpendleulars CD, EF, 


; GH, IK, EM! falling upon it from the curve, and let 


the numb& of theſeperpendiculars be ſuch, that any 
two adjacent parts of the curve may nearly coincide 


5 with the curve of a parabola paſſing through their ex- 
| tremities, and, having its axis an to 1 41 808 


diculars. Then the ſpace ' ; 

pak ts AEFB-=AB+7TD + EF X 2 BD N 

e er = 'EF + 3GH + IK IK x 5 BD. 
P 


Therefore ABON = N + zcD + . + F IK 
4 + alM + NO * BDintarly. - * . 
Hence, if Y and I. denote the tirſt and laſt terms, 


in the ſeries of numbers that meaſure the perpendi- 
culars, E the ſum of all the even terms, R the ſum of 
all * reſt, and D their common diſtance, we have 


this 


th 


al 


II. 
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this general expreſſion F FL +4E +2R N * 4 D for an 
approximation to the area of the quadrilateral ABON, 
whatever be the curve AN. | 


. * * 
* 8 
* BS * 


* . " 
; - P .. tr C8 4 j v4 l I\ * % 


, * . 4 
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Let it be required to find the area of the quadrant ant, 


"270 BER. 


hererf the radigg, A0 1. eee eee 


$ 7 F< 1 4 F # 3& 77h, 


6918, 201+ 80011006 4 07qt) th bent: 
Let AC % biſected by the We Wt "DE, po 
CD divided into 4, equal, parts by the perpendiculars 


mn, po, . Then, BODE, = BC + DE/+ un arc 


+ 209 „ a CM nearly. Now, BC 1. DE = AVI. 


mn = 4/58, r= $a/(635\p9'= Vo, and Cm . 
Thus, BG DES 4.68600 1 2791 


aun N ar =5 Ass +2. ALE 696 pd 0 & 11 11 25 
| 277 = 15 Yr; 9369 einn 


PR V, ihe og ep 


= 176792 r = 4783 = 
BCDE, 3 which, ſubtracting cthe 


triangle cbE 1 . 5 7 N 5 "ACM = 2165 
There remains the ſetor:B@RIiH. „ & 12618 
The triple of which,is the quadrant ABC = 85 
Or the arga of a circle hoſo diameter is m 0 


ene 1 * +191 {4 0153483 63 87% br. tant 561; . r 
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Fig. 31. 


is MOATA e e . 1 
322 nM e SARS. Book I. 


11611431 19 0 FY 11 O15 


» 7 2 3 2 PL 
* 3 * * 
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ABT 


cOFIS +8 5-24 


ES 17 p * * e A bg 
— E X M „ e TM 4 
I 207th r= JUN 5244-21 hn 
To find the area of the h dal, I FDM, of which the 
abſciſs FM =- 10, nr MD = 1% and 2 | 
: tranſverſe, CF = 15. 4 7 9 ; | | 4.4 


\ 


Let FM be divided into 5 equal parts, by the Kemi. 
ordinates HI, inn, p, ne ieee 


Then HI 2 ES „ n = 2 5% ae ws and rs 
Ee pro? Nt * Len; n ae 1 ,-olog 5715 


(REN „Ani HIT MD = — 16.8 might 9 9164p! 


wt batt +1 Ann With, 68. 83309 Ty 
glen: Am Off A 5 U. 27% 1% 6363 


23 6: 10 % f i 50 (alte 


Ahe figure HIMD, . 19342792 K 868.8468 
to which adding HIF = 6,4, e as a portion 


of eee en Maw W 4G þ or the area of the 


en 13 no mug; 1} IBI ofit ; 


1 8 
Apt un bog blen „d ni Id vas ty 6 


014 »bert od ver eonmT but nid „d orig 
el 4 E. X 0 M. Fes Hat > 50 Ul. | 
21 2&1 eb d aids oi yd bowls m nd 
Let AF, AE: be:therallymptoteg, and C he vertex 
of an equilateral hyperbola ; let CB be perpendicular 


| to AE; aud AB or BC = 1, required the area of the 


ſpace BCDE, when BE = 1, and DE perpendicular 


— 


— - \ A TY F 
R * 


a 7 s | . ' 2-4 : 9 2 Oe 
to AE. Let BY be divided into 6 equal parts, and 


* L 4 W : 
x * 
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II 


the ſeries of 5 at the points of ſection 


will be £ 72 To I 155 1 — F +L= JN „ 8. 27705, 


2R = 2.7, and the figure BCDE = = 12. 47795 X r. 
= 69316. 
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1 } * * %T 
1.4 5 « ' . \ Ay Nr 
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The moſt uſeful . for W the 


chain and plane table. A ſtatute, acre of land being 
160 ſquare poles, the 8 is made 4 poles j in length, 


that 10 ſquare chains (or 199,900 ſquare links) may 
be equal to an acre, ,, The plane table is uſed for 


drawing a plan, of the held. and taking ſuch angles 
as are neceſſary to calculate its area. It is of a rec - 


tangular fort,” and Is ſurrounded with a moveable 
frame, by means of which a ſheet of paper may be 
fixed to its ſurface. It is furniſhed” with an index, 
by which a line may be drawn on the paper; in the 
direction of any object in the field, and with ſcales of 
equal parts, by nar" eu lines may be made pro- 
portional to the diſtances of the objects from the plane 
table, when meaſured by the chain ; and its frame is 
divided into degrees; for obſerving angles. 


qi »d AN 1} ; glods: Ave ter191% pu ag 0 
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1 AC bas .r = YA aller 1058 951 
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11 Fig. 33. 
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275 <= a fe with the Fg ei Ne 

j "2 
Let AmBCD7 ape the feld to be 8 
Let it be reſolved into the triaogles AmB, ABD, 


BCD, AD. Let all the ſides of the large triangles 


ABD, BCD, and the perpendiculars of the ſmall ones, 


Anz, Af, from their vertices m, 7: be meaſured by 


the chain, and the areas calculated: Their amount is 
the area of the whole. — 


But if, on account of the curvature of its ſides, 


the field cannot be wholly reſolved into triangles, then 


either a ſtraight line may be drawn over the curve 


ſide, ſo that the parts cut off from the field, and thoſe 
added to it, may be nearly equal, or, without going 


beyond the bounds of the field, the curvilineal ſpaces 
may be taken ſo ſmall, that they may be conſidered 
as ſegments of a n Wp according- 


* ; 
ly i 9 f F Tt? 
. 
hs s * 
, . ' 


D R O BB IL E M= 1. 


1 
1 - 1 


* 


2 neafare a field 40175 the plan table. 


n „n 


Bhs Fl plane table be fixed at F, about the middle 
of the field ABCDE, and its diſtances 'FA; FB, 
Ts FC, 


LE, 
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C, &c. from the ſeveral corners of the nn 
ed by the chain. Let the inden be directed from 
ny point aſſumed on the paper to the points A, B, 
„Kc. fucceſſively, and the Tines Fa, Fb, Fe, &e. 
irawn in theſe directions. Let the angles which« 
heſe lines contain be obſerved, and the lines them- 5 
elves made proportional to the diſtances meafured. 4 . 
Chen, their extremities being joined; there will be 
ormed a figure abede, ſimilar to that of the feld; 

nd the area of the field may be found by ung 

he areas of the ſeveral triangles of which it conſiſts. 


p R o. n Li ni 


7 


To plan a field from a given baſe line. | 
Let two ſtations, A, B, be taken within the field, Fig 35. 
but not in the ſame ſtraight line, with any of its cor- 
ners, and let their diſtance be meaſured. Then, the 
plane table being fixed at A, and the point à aſſumed 
on its ſurface directly above A, let its index be di- 
rected to B, and the ſtraight-line ab drawn, along the 
fide of it, to repreſent AB ; alfo, let the index be di- 
rected from a, to an object at the corner c, and an in 


definite ſtraight line drawn in that diredtion; and fd | 
= of 


o 
#7 +. 4 
& + 2 


wy 


* * * ha. * 
* * = - *. . 
; . ” EY wo. > 
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er every other corner ſucceſſively. N ext, let th 
plane table be ſet at B, ſo that b may be directly over 

B, and ba in the ſame direction with BA, and let a 

+ Rraight line be drawn from b, in the direction BC. 
Ihe interſection of that line with the former, it is evi- 
dent, will determine the poſition of the point C, and 


brd triangle abc, on the paper, will be ſimilar to ABC 


in the field. In this manner are all the other angular 
points to be determined; and theſe being N 
* will be formed a repreſentation of the field. 
If che angles at both ſtations were obſerved, as the 
diſtance between them is given, the area of the field 
might be calculated from theſe data; but the opera- 
tion is too tedious for practice; it is uſual, therefore, 


to meaſure ſuch lines in the figure that has been con- 
ſtructed, as will render the calculation eaſy. 


EN D I.. 
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fl THE OR E M 8. 


A 
» 


TrzOREM 1. Every right angled triangle is equal 
to the rectangle under half its perimeter, and the ex- 
ce of half the perimeter above the bypothenuſe. 
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1 . 4 why 
v . 2. As radius is to the fine of double one e * 5p 
i f the acute angles of. a right angled triangle, fo is || 
Ide ſquare of half the hypothenuſe to the triangle. 
ll Turok. 3. As radius to the tangent of half "the 
vertical angle of a triangle, fo is the rectangle under 
half the perimeter, and its excels above the baſe: to 4 
the triangle. +. „ 
THEOR. 4. Every triangle i 18 a mean proportional * 2 &. 
between the exceſs of the ſquare of half the ſum of : 3 
the two ſides above the ſquare of half the baſe, ang 9 
the exceſs of che ſquare of half the baſe above the 9 
ſquare of half the difference of the two ſides. 
Thron. 5. Evil quadrilateral figure Wt 
/ a circle is a mean proportional between the excels off 
dhe ſquare of half the ſum of two ſides above the * 
7 ſquare of half the difference of the other two, and the 
exceſs of the ſquare of half the ſum of the latter a- © 4. 
bote the ſquare of half the difference of the former. : 
Tnzor. 6. Every quadrilateral figure inſcribed "i . 
a circle, is a mean proportional between the rec- IF 
tangle under the exceſſes of half the perimeter, aue 
two of the ſides, and the rectangle under i its n 
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5 


ry 
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above the other two ſides. * J 
„ * | k + * 
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TE, ATOMERICAL PROBLEMS. 


1 WR , rm. 13; #IY | * 4 
erb 1. Given two ſides of a triangle 732, 


2 


8 and 456, and the included angle 112*; to find its 


area. E: 


2 Pao. 2 2. To and the area of a triangle, whoſe ſides 
, * . are 273, 294, and . 

Ei 7 Pros. 3. In the 3 field ABCD, given 
„the fide AB 85, BC 37» CD 9+, and DA 10+ chains, 


[4 


n I Allo ABC a a right angle : Required the area? ? 
© On Pon. 4. From t the ſtation. F, within the five · ſded 
3 wel ABCDE, are meaſured FA 10,27, FB 35> 
9 * FC 7.48, FD 7.85, and FE 7.15 chains ; alſo the 
4 68 AFB 73%, BFC 757, CFD 52”, and DFE 96. 


Required the area ? . 
Pon. 5. At two ſtations, A, B, within the ſield 
Js x , CDEFGH, diſtant 1250. links, v were obſerved the fol- 
1 ng angles, ABGh! 375 , BAC: 215 30, ABD 9; 15, 
BAD gz, ABE 2 5 Bai l 36, AF yo, ABE 

15480» BAG 81*, ABG 505. 30, BAH 26* 40, and 
1 4ABH 136 30': Required the area | FEY 

ER PROBN6. The ſides of 7 a triangle are 2 252 and 240, 

bs and the baſe 1 56, alſo the ſides of another triangle 
1 4 clit off from it next tlie Vertex, are '60 and. 47. Re- 
2 quired, the area of the Sr bt of the Ari- 


* 


Pon. 


K II. 
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Paas 7. Given the ſides of a triangle 169, n 
and 182.3 Required the areas of the inſcribed and 1 


* 


* * a : 1 by 


circumſcribing circles? 
| ProOB, 8. The ſides of a quadrilateral inſcribed j in 
a N85 are 68, 5. 552 and 40: Required oy a 
rea | 


Pros. 9. The baſe of a triangle, and the peil 
culars falling from its extremities, upon the ſides, are 
123, 120, and 112-2 iran 8 the * 


EE 5; „ 


ſides and area of the triangle ? 


314011) 


baſe is cut f in .cxtry T0 15 ean Fry by the 
perpendicular, 2 865 


| Pros. 10. 1 | The vertical angle « of a trian ale, whoſe 


„ and th he ut of the including 
ſides 112 : Req vired the ki tides and arg? 6 
Pros. 11. The ares of 2 t ria gle 1s 200, and the © 


baſe, which is a mean propo onal between che — N "2 
ſides, i 18 40: Require 155 a! þ 1 , _ 


Pros 12. The two fides Le funde are 640 and 


138 of 


360, and the baſe | 80p,: 70 ene the | line bileczing * 


the vertical angle, and the, areas, of the criangles * | 
which i it dividey,the hed... ©: 643&AM 2 | 5 | 


rr 


Pros. 13. Required the ides and | area of 35 tri- 


angle, of which the perpendicular i 18, a męan propor- 
tional between the whole| baſe and one. of, ts E. 


ments, the vertical Aae being zen FUR 4 


the including ſides 1990? ” 
Pros. 14. A triangle whoſe ſides are 123,, 187, * 

and 85, is divided into three triangles, which are to 

Tt one 


"on 
e : 


4 T ©X 


a 1 
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EF one . as s 1, 2, 2, 3. by ſraight lines drawn to the 
extremities of theſe ſides, from the ſame point within 
the triangle, the areas and unknown fides of theſe 


triangles 2 are required | ? 


- Pros. 15. The ſides of a ai are 36%, „ 376, 


and 484, alſo the angles ſubtended by theſe ſides, at 
| A certain point within the triangle, are 104 5 "I I 2* 
and 1445, reſpectively : Required the diſtances of 
that point from the angular points of the triangle. i 
Pros. 16. The ſides of a quadrilateral inſcribed i in 

a circle are 195, 93, 149, 85: Required its area and 
diagonals, and likewiſe the area of the circle ? | 
©. Pros, 17. Ina right angled triangle, there i is gi 
ven the diſtance. of. one of the extremities of the hy- 
pothenuſe from the center of the inſcribed circle 4, 
and the prod xced part of the ſame, when continued, 
jo meet the 


nuſc and area? 5 


Pros. 18. The ſides of one triangle are 105; 252, | 
273, and the ſides of another 396, 671, 715: Re- 


quired the ſides of a 3d triangle, ſimilar to the rt, 
and equal to the ad? 

 PRoB. 19. The angles at the baſe of” a triangle 
are 70% and 80?, and the ſides and baſe of another 
are 460, 5 10, and 830: Required the ſides and area 


of a 3d, ſimilar to the 1ſt, and deſcribed about the 
ad, ſo that their baſes are parallel? 


ProB. 


* 1 * 
* N 
* 


Jet fpendicular 2; to 1 22 ho poche · 


g. 


. RB 
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| Prog./20. Required the area of an ellipſe, whereof 

4 the focal diſtance is 12, and the diſtance of the focus 
> from the ditectrix 2 Alſo, the areas of the ſeg- , 
ments of a parabola and hyperbola, cut off by an or- 

} dinate to the axis, the abſeiſs being equal to the 

| tranſverſe axis of the ellipſe, and the focal diſtance 41 
and parameter t the fame i in each c curve? 3 
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An en ſide is the anbei unit 

of lines, is aſſumed as the meaſuring unit of 
ſolids; and the numbe of meaſuring units which a 
ſolid contains is called its content or ſolidity. 


The content of a rectangnlar parallelopipedon may 

be found by multiplying the three numbers which 
erxpreſs its length, breadth, and thickneſs, continually 
together. 17 


432 


5 
— 


— 


Fig. 36. Thus, let ABCD-EFGH be a GT paralle- 
lopipedon, of which the linear fide AB contains the 
ee unit & 5 times, the ſide AD 3 times, and 
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he fide AE 4 times; then the rectangle AC con- 
ains y, or the ſquare of x, 15 times, and the ſolid 
AG ſhall contain'z, or the cube of, G0 times. 
For, let the ſolid AG be cut by the plane KLM, 
parallel to the baſe AC, and diſtant from it by AK, 
equal to x. Then, becauſe AC :y = AM: z, and 
+ MAC= 15), AM = 152. But AE: AK (= AH: Al.) 
SAG: AM, and AE = AAk, conſequently AG 
4AM = 602. 52 99 : 
Hence the ſolidities of priſms, pyramids, cylinders, 
cones, and ſpheres, alſo of parabolic, elliptie, and hy- 
perbolic conoids, may be obtained by means of the 
following Theorems. 
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Fiery priſm or cylinder i is ew} fo a reflgguer paral- 
lur peu of equl boſe and , ; wh bs 
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Every H! or cone i one hte of the DS or 65 
a eee im ect ba 3X 
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"THEOREM m. 


. ond 15 al > 
The pen f an pyranid or | cond iñ equal” wor 

© whole pyramids or cones of the fame altitude with the 
Sf) 

K ' fruſtum, 
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fuleum, of which the greateſt and leaſt have. their ba- 


ſes equal to the ends of the frutum, and the other is a 
mean ee, between them. 


e ne onen 0 a6. 

The demonſtrations of theſe theorems are given in 
the ſixth book of Geometry; and they may alſo be 
eafily deduced from che following axiom : Of two 
* folids, "Between t two parallel planes, if the ſeQions, * 


© by a plane parallel to theſe, at any altitude, be in El 
the ſame ratio with the baſes, the ſolids themſelves I * 


©are to one another as their baſes,” upon which a- Pl 

- xiom the demonſtrations of the remaining theorems 4 
depend. r 3 h 

; 939 LQHITISE 1116 7h 33.70 py | d 
tee z 140 it 1 295 * 1 
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Every Here! is loo thirds 2 its circunſeribing older 
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Fig. 37- Let the, quadrant ACB, revolving around the ra- 
| as AC, deſcribe a hemiſphere ; ; the  circumſcribing 
ſquare ADBC will at the ſame time deſcribe a cylin- 
dex, and the N CAD a cone. Of theſe ſolids 


An the 
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ie cylinder ſhall be equal to the ſum of the other 
ops. 1 . eee 
For, through any point E, in AC, let EF be drawn 
parallel to BC, meeting the diagonal CD, the cir-, 
cumference AB, and the oppoſite ſide BD, in the 
points G, H, and F; and let C, H be joined. Be- 
cauſe CEH is a right angled triangle, the circle de- 
ſcribed with the radius CH is equal to the ſum of the 
in circles deſcribed with the [radii CE, EH. But CH 
x IN = EF, and, fince CA = AD, CE = EG, There. 
0 fore the circle deſcribed with the radius EF is equal 
to the ſum of the circles deſcribed with the radii EG, 
1 EH ; that is, of the three ſolids, the cylinder, cone, 
and hemiſphere, which are between the ſame parallel 
: planes, the ſection of the cylinder, at any altitude, is 
equal to the correſponding ſections of the cone and 
hemiſphere taken together. Conſequent y the cylin- 
der is equal to the ſum of the cone and hemiſphere. 
But the cone is one third of the cylinder ; ; therefore 


the hemiſphere is two chirds of the ſame, and the 
whole ſphere two thirds of the whole cylinder. 


Cox. 1. Hence .5236 D* expreſſes nearly the content 


of a ſphere, whoſe diameter is D. | 
Cog. 2. Every ſphere is equal to a cone, of which 
the diameter of. the baſe is equal to the diameter, of 


the ſphere, and the akitude double the ne, 
| | 418 1 
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u fruſtum of a \hemiſpber is 5757 ta the difference be. 


A4 4 


tween a cylinder and a cone of the ſame, altitude with 
5 the fruſtum, the former having the radius of the 
ſohere, and the latter che altitude of the rufen for 
_ the radius 2 its 1425 5 8 


EN 


\ 


u. W's D be the canes of "the hemiſphere, Sa 


Wy < 0 the altitude of th e Fyltum, an, Og of the 
um 1s .26 8 AN 7 


D. 
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cone, upon the ſame baſe, having its vertex in the 

center i two Wirds. of 4 eylindor, having the ſame 

altitude with the ſegment, and the radits 7 the ſphere 
FRE e N 


The ſpherical ſector, deſcribed by AHC, is two 
Minds of the-oy}inden deſcribed by AF. 
or, finee: the circle deſcribed by EF,” is equal to 


os the ſum of the circles deſcribed by EH and EG, the 


4 * L » * P 
— + : - 
: bl 4 © 43% 72 : "$14 * « 8 4 cone 
» - 1 4 * x 
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cone/CEF ia: equal to che ſum of the 'cofies' CEE and 
CEG. Let the double of the cone CEF be added to 


both, and the cone CEG be taken away, then the dif- | 


ference between the cylinder EB, and the cone CEG, 


that! is, the fruſtum EHBC, is equal to double the 


cone CEF added to the cone CEH. Let the ſpheri- 


cal ſegment AHE be added to both, then, the he- 


miſphere ABC is equal to double the cone CEF, ad- 
ded to the ſpherical ſector ACH, that is, two thirds 
of the cylinder AB equal to two thirds of the cylin- 
der EB, added to the ſpherical ſector Ac. Conſe- 


| quently the ſpherical Kant AHC is two thirds of the 


1 —— 


cylinder AF. | | 

Cor, Every ſector of a ſphere i is equal to a cone, 
of which the diameter of the baſe is equal to the dia- 
meter of the ſphere, and the altitude gable that of 
its ſegnent, 


«A +2 13 Wee 
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Every We conoid is the' bar of in avea riding 
det 


Let there te a cylinder, and a parabolie condid, 


deſcribed by the revolution of the reftangle ADCB, 
and the femi-parabola AC B, around che axis AD; 


the — is double the conoid. 
U u For, 


% 


Fig. 38. 


Fig. 39 
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For, let BHD be the ſimilar and equal curve, 


which paſſes through B, P, having the fame axis 


AB, and the equal ſemi-ordinate AD. Through any 
point E, in AB, let EF be drawn parallel to BC, 
meeting the two curves, and the oppolite fide of the 


rectangle in G, H, FE; ow let P be the parameter of 


the axis. 
Then, ſince EG. =P x AE | 


And EH! =P x KB | 

EG- + EH =P x AB= BC? = EF | 
Therefore, of the ſolids deſcribed by ADCB, ACB, 
ADB, between the kane parallel planes, the ſection 
of the cylinder, at any / altithde: is equal to the cor- 
reſponding ſections of the” conoids taken together. 
Conſequently, the cylinder is equal. ta \ both the co- 
ide; nndithe Gs of ei her bf eln. N 


«a 
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fm 4 109 vas moi awsd nil init e 
Let GH be th ſeuil-· ordinate that biſects AB, and 


let EGF be parallel to AB. Tben, twice! the ſquare 
of G is equal tothe ſquare of CB; and the ſum of 


the ſquares of any two ſemi · ordinates, equally diſtant 
from / GE, is equal to che Iquare of Cg Hence the 


condid AGH and fruſtum CHB taken together, 


that is, the wuole conoid AC B, is equal to the eylin - 


der AF, which is half the cylinder Ac. Sale 
T H EO RE M 
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The fruftun Fr, a 8 PART is Wage to 4 25 of 


the Jame altitude, having its baſe equal to half the 


ſum of the circular ends of the fruſtum. 
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Every 3 of a ſphere is cee . to the ELL of a 


cone and cylinder, each of which hat the altitude of 
the ſegment for the radius of its baſe, the former ha- 
ving alſo the altitude of the ſegment, Sul the latter the 


radius , the dbere for its as, 


* 


Let AHBC be a centres Cs ADBC hs: 
circumſcribing ſquare, AB, CD, its diagonals, and 
EF a ftraight line, drawn from any point E in AC, 
parallel to BC, and meeting AB, CD, AHB, Bb, in 
the points M, G, H, F; and let the whole figure re- 
volve around AC. The ſpherical ſegment, deſcribed 
by AHE, is equal to the difference between the cy- 


linder and conic fruſtum, deſcribed by AF and AG.. 


But that difference is equal to' the difference between 
the cylinder and cone deſcribed * and AME 


revolving upon EF. | 7 
1 For, 
een 


Fig. 40. 


"hh „ 
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For, let the parabola, AKB be deſcribed through 
A, B, having AE for its axis, and meeting EF in K. 
The radius AC, it is evident, is equal to the parame- 
ter of the axis; therefore AC & AE = EK*. But 
 2AC x AE + EC- = AC* + AFz, EM AE, 


- EG = EC, and EF = AC. Therefore 2EK>. 4+ EG* 


= EF* + EM“. Hence the double of the conoid 
AKE, added to the conic fruſtum ADGE, is e- 
qual to the cylinder AF, added to the cone AME, 
ſince all theſe ſolids, deſcribed by their reſpective fi- 
gures revolving, argund che chm m on:ſide AE, lie be- 
tween. the ſame parallel planes. i, But, the double of 


the conoid AKN. is equabto its tircumſeribing cylin- 


der AK, and che cylinder, AK is equal to the cylinder 
altitudes are reciprocally' ꝑroportional. Therefore the 
cylinder, AF, of which; FE; is the axis, added to the 

conic fruſtum M is equal to the cylinder AF, of 
which AE i the axis, alqeq aq the cone AME, and 
the difference between the firit and laſt of theſe ſolids; 
equal to the difference between the gthen two). 

Conſequently the ſpherical ſegmęnt deſcribed by 
AHE, revolying upon AE, is equal to the difterence 
of the cylinder and cone deſcribed * AF. and . 
revolving upon EF. 5 742017 


* 
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Let the elliptic quadrant ABC} ad i its OT WET Fig. 41. 
bing rectangle AKBC,' revolving arbund the ſemi- 
axis AC, deſcribe a convid and cylinder y the for- 
mer ſolid ſhall be two thirds of the latte! 

For, let the quadrant A D de deſctibediabourthe 
center C, with the radius A let ADO de ich cir⸗⸗- 
cumſeribing ſquare and bet EO parallel ta CD. fm 
any point E, in AC, meet the cirele and ellipſe imithe 
points G, H. Then; beeaufe EG“ TH: DSB, 
the circles deſcribed by cheſe Ines art lo propor- 
tional. Hence the hemiſphere AGO F conid 
AHBC : : eyhnder AF DC“: cylinder MK BN Con” 
ſequently the conoid AHBE'is two'thirds* of the Cy. 
linder AKBC. e 41. $1211 21011 1128 H10 2M Hi 911 : 2 

Con. The" ſcgrtent of the CchOi⁰ deſcribed by 
AHE is equal to the difference of the eyHnder and 


cone described dy AN ande enen around“ 
EN. id e ai 10 203 1105 | gilt "aw 10 
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he, Jena ( deſcribed by the revolution of a ſemi. oint 
ellipſe about either ui), „ 5 hae thirds of its circum- 


de cylinder. 

r 4 0805 1 ute There 
AQ A oA 5 ene 

BA: HO. * 
1 — The! 
= ; corre/ſpontting ſegment. ar fruſtum of the hemiſphere a: Iren 
| tn RS wen gr, apf Con 
' of the other. Uns ei ont ar fron 

| | * H E O R EM : XII. 
1 an r and a cone, 75 


have the Jame. baſe and altitude, the difference benween 


| the firſt and ſecond. of (theſe ſolids, is to the difference 
{ between the ſecond and third, ar their common altitude 
ö is to the ſum of that altitude, N 
pe . of the generating hyperbola. 
199% 57% [ + W791 1 


Fig. 42- let the, three ſolids be aeſerided bs the 0 g 
aan AFCB, and the triangle. AHCB | 
K- 7, eng 11 bas 1 ; revolving 
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N olving upon An; let DA be the tranſverſe axis | 
c the hyperbola, and let the ſtraight line EHGF be 1 
3 PO s ſemi-ordinate BC, maren | 
wr it E in AB. x | 
im. hen Be“: 10 ˙ 1 DB N BA: DExEA 
\nd EF: C:: EA: BA 
Therefore EF* : EG*;: DB : DE | 
ence EF* — EG“: EF* ; : BE: DB 
\gain, becauſe EF ; BC':; AE: AB 
Wand | BC“: EH*;: AB ; AE 
ve rherefore ENT EM? 53 AB: AR 
Hence ©. (53% ER ER EH; : AB: BEB 
'e {Conſequently EFαν EG; EF? EH :: AB DB, 
from which the propoſition is manifeſt, 


THEOREM | By, 


| The fruſftum of- a byderbalie conoid is '6qual to the exceſs 

of the correſponding fruſtum of the afſymptotic cone, a- 

bove a cylinder f thr ſume altitude; having the dia- 

meter of er"baſe equal vo ene axir oe the'ge- 
nerating hyperbola. ny” ,n vs © Ye 
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Let AHD be a hyperbola, of which A is the ver- Fig. 43. 
tex, C the center, and HK, DB femi- ordinates to the , 
axis, meeting the aſſymptote CE in G, F; let AE be 
perpendicular to AC, and EL parallel to AB; and 

_ 


- 


N 1 3 
3% rn AT: LON. * w 


. let the whole-figuie wvölde alibutthe axis CG. Th 
hyperbolic fruſtum HKD is equal tolthe'eicels a 
- the: conic fruſtum GKBE; above che cylinder KL, 
becauſe the exceſs of the ſquare of GK; above the 
ſquare of AE, is AT where . to the ſquare of 
HK! r : Mt: Tf - 
Cox. The whole yperbulic condid is . to de 
exceſs df the circumſeribing fruſtum of the aſſympto- 
tic cone, above à cylinder of the ſame altitude, ha- 
ving the diameter of its * ee to the W 
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1 Tue curve farface of a right cone is equal to the ſector 7 
[ 4 circle; ꝙ which'the radu it the hypothenuſe of the 
E generating triangle, and the arch K e to the circum. 
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| 8 The curve * of the fruſtum f a She cone 1 equal 
Lo .., .,: - tothe raden, under half the fide of the frutum and 
a ſtraight IEA to Ie of the eme. of 
its endi. 174 | - 
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The curve ſurface of a right cylinder is equal to the rec- 
tangle under its altitude, and a ſtraight line * to 
the circumference of its _ 3 


r H E OR E M XVI. 


The ſurface of a ſphere is equal to the'reftangle under 
the diameter and N f the generating 
circle. 


For, as the ſphere may be conceived to be made 
up of an infinite number of cones, having a common 
vertex in the center, and their baſes in the ſurface of 
the ſphere, the whole ſphere will be equal to one cone, 


whoſe baſe is the ſurface, and altitude the radius HR 


the ſphere. But the ſphere is alſo equal to a cone, 

of which the diameter of the baſe is equal to the dia- 

meter of the ſphere, and the altitude double the ſame. 

Wherefore theſe cones are equal to each other, and 

their baſes and altitudes reciprocally proportional. 
That is, R:2D::4RXC:58 8 80 
Hence R CG: Dx C:: RX C8 
Conſequently $ = D C. 


E 


| 
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Tube curve ſurface of the ſegment of a ſphere is equal to 


bl 


whoſe radius is the diameter of the ſphere. | 


The curve ſurface of the fruſtum- of a ſphere-is equal | 


j! 
's 


Con. The Knee of a ſphere is equal to a circle 


op Er ORE M XIX. 


the rectangle under its altitude, and the circumference 

of the generating, circle. _ 

This theorem ly be demonſtrated after he fame 
manner. ö 

Cor, The curve gutes of the fepnibnt of a ies 


is equal to a circle whoſe radius is the chord of the 
generating 22 


A , 
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0 the redangle under iti altitude, and the e 
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NUMERICAL PROBLEMS. 


PROBLEM 1, To find the ſurface and ſolidity of 
an upright. triangular priſm, of which the ſides of 
the baſe are 36, 40, 68, and the altitude 80. 4 

PzoB. 2. To find. the ſurface and ſolidity af an e- 
quilateral pyramid, of which the linear fide is 60. 

ProB. 3. Required the ſurface and ſolidity of a 
cylinder, inſcribed in an upright triangular priſm, 


whereof the ſides of the baſs x are 17, 25, 28, and. al- 
titude 30. 4 


＋ 


Pros. 4. Of a 3 pyramid, iffcribed, in a 
right cone, the ſides of the baſe are 312, 96, 360, 
and the altitude 468: Required the ſurface and ſo- 
lidity of the cone ? | 
Pnon. 5 To find the — and ſolidity of the 
fruſtum of a right cone, whoſe diameters are 18 and 
3, and altitude 12. Ft, | 

Pros. 6. To find the ſurface and folidity of a 
ſphere, whoſe diameter is 60, and of a Tegment there- 
of, whoſe altitude is 10. 

- Pros, 7. To find the ſolidity of the three ds. ; 
the axis and diameter of the baſe in each being 45 


4 | and 
U 


* 
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and 30 reſpectively, 45 being alſo the tranſverſe axis 
of the generating hyperbola, f 4} 1 b 7 
Pros. 8. To find the ſurſace and ſolidity of a 
ſphere, whereof the circumference of the — 
circle is 76. Rs 
Px ox. 9. To find the ſurface and ſolidity of a 
cone, whereof the ſide i is 30, and the circumference 


a of the baſe 49. 


Pos. 10. Required the altitudes of the three e- 
qual parts, into which the fruſtum of a cone, whoſe _ 
diameters are 36 and 8, and altitude 42, may be di- 
vided by ſections parallel to the baſe. | 

PRo. 11. Required the weight of lead in a pipe 
500 yards long, the diameter of the bore being 13 
inches, the thickneſs of the metal * „ and the weight 
of a cubic inch .40917 lb. Aead. . x 

Pros. 12. A ſtone in the form of a rectangular 5 
parallelopipedon, meaſures 12 feet long, 7+ feet 
broad, and 8 inches thick. A pound weight, of the 
fame kind of ſtone, Ward 5 in a cylindrical veſſel of 
water 3.8 inches diameter, raiſes the fluid therein .85 
of an inch. . Haquired the "_ of the ſtone ? - 
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tt | 
Sphere is a ſolid conceived to be generated 
by the revolution of a ſemicirele about its 
diameter. IE 
. The center of he ſeinieirtle is equally Aiſtant 
Bien every point on the furface of thb ſphere, and is 
therefore called the center of the ſphere. 

3- Circles of the ſphere, whole planes paſs through 
the center, are called great circles, and all hers 
ſmall circles. | 

4. A ſtraight line, drawn through * center of a- 
ny circle of the ſphere, perpendicular to its plane, 

| and 


T 


and limited on both ſides, by the ſurface of . here, 
is called the axis of that circle. A 


| Fig. 1 


* 
f 
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5. The poles of a circle of the en are the ex. 


tremities of its axis. i, 


6. By the diſtance of two points on the ſurface of 
the ſphere is meant an arch of a greg circle inter. 
cepted between them. 

7. By a ſpherical angle, or triangle; is always 
meant that which is formed on the ſurface of the 
ſphere, by arches of great circles. g 

8. A quadrantal triangle is that of which one of 
the ſides is a quadrant.  _ 

9. A lunary ſurface is a part of the Ade! of tlie 
ſphere, contained by the halves of two great circles. 
10. A ſegment of a ſphere is a part cut off by a 
plane Ar CO Re, © ie 


— 


— 


PRO POSITION I. 


E very ati of a ſphere. is a circle. 
19 3 £44) To | ay ” 


Let a plane ent the phere AGH' in any direc- 
tion. If it paſs through the center, the ſection is 
evidently a circle. But, if it do not paſs through 
the center, let ABCD be the ſeftion, and from E, 
the center of . ſphere, let EF be d drawn perpendi- 
cular to its Plane ; alſo, let FA, FB, FC, be drawn 
in the plane, to meet*the ſurface of the 122 Then 


25 bY 
EA* 


—"* 


— 


** , 


— 
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EA, EB, EC, being joined, the right angled triangles 


EAF, EBF, ECF, have equal Nn EA, 


EB, EC, becauſe they are radii of the ſphere, and 
one fide EF common to all; therefore their other 


ſides FA, FB, FC, -are alſo equal, Conſequently 


ABCD is a circle, whoſe center is F. 

Cor. 1. Any two great circles cut one another in 
a 3 of the ſphere, and therefore n, bi- 
ſect each other. . 

Cor. 2. Only one great circle can paſy through 
the ſame two points, 1n the ſurface' of the * * 
are not diametrically oppoſite. 1-900 


«Cor. 3. Any fide of a ſpherical triangle is leſs than 


a ſemicircle, and any two ſides being produced, in- 
terſect again at the diſtance of à ſemicircle. 


Cor. 4. The two poles of any circle, its center, | 
and the center of the ſphere, are always in the ſame 
ſtraight line, and that yards wand, is perpendicular | 


to the plane of the cirele. D Gr TIER Hts 

Cor. 5. And therefore, if a line or plane be per- 
pendicular to a cirele of the ſphere, and paſs through 
one of theſe points, it will paſs through. the other 
three : Or, if it pals through t two of them,; it will be 


perpendicular to the circle, and alſo paſs through the - 


remaining two. | 
Cor. 6. Hence, two great circles, whoſe planes 
are perpendicular, paſs through each other' $ revel ; 


Cox. 


w 


>” 4 


G a | 
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Con. 7. And, if one een 
pole of another, the latter will paſs through the pole 


the ſame __ ; and converſely. 


ter is F, and axis GFH : Its poles G, H are each oi 


of the former. 
Cor. 8. All parallel tircles have the fame axis ant 


"PROPOSITION Il. 


Each pole of any circle of the ſphere is equally diſtant a 
the ſurface from every point in its circumference. 


Let ABCD be any circle of the ſphere, whoſe cen- 


them equally diſtant from its circumference, 

For, let the ſphere be cut by planes paſſing — 
G, H, and let the ſections, which will be great circles, 
becauſe the line GH paſſes through the center of the 
ſphere, meet ABCD in the lines of common ſection 


FA, FB, FC. Then GA, GB, GC, being joined, 


the right angled triangles GFA, GFB, GFC, have 
the ſides FA, FB, FC, equal, becauſe they are radii 
of the ſame circle, and one fide GF common to all; 
therefore the hypothenuſes GA, GB, GC, and con- 
ſequently the arches which they ſubtend, are likewiſe 
Cox. 1. The pole of a great circle is at the diſtance 
of a quadrant from its circumference. 


Fi Cox. 
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ugh Cor. 2. Hence any plane paſſing through the cen- 
_ ter of the ſphere, divides it into two equal parks, re? 
which are therefore called hemiſpheres. | 

Cor. 3. If a point in the ſurface of the ſphere be 
at the diſtance of a quadrant from other two points 
not diametrically oppoſite, it will be the pole of the l 
great circle paſſing through them. - 

Cor. 4. The radius of a ſmall circle is the ſine of 
it on its diſtance from either pole to the radius of the 

ſphere, or the coſine of its diſtance from the ve 


and 


great circle. f 
7% Cor. 5. Hence, thoſe ſmall circles, whoſe planes 
bol are equally diſtant from the center, are equal; and 

converſely ; ; and of two circles unequally diſtant, that 
0 which is nearer the center is the grenter ; ; Ne con- 
es, verſely. | \ 1 l J 
he Cox. 6. Parallel circles intercept equal arches on 
L thoſe great circles which paſs through their poles. 
d, | 25 "ET >, BOP | 1 2 + | 
ve - FROPOSITION WW. i 
I; Tube intercepted arch of g great circle, whoſe pole is the 
n angular point, is the meaſure of a e angle. 
ſe 0 | | py bY 1 

12 ABC be a ſpherical angle, of which the angu- Fig. 3. 

e lar point Bis the pole of the great circle ACD. Bae 


is the tercepte arch AC the meaſure. of ABC. 
. | * y | | | For , 


4 
TY 


® 1. c. 2. 


d 7. c. 1. 


„ To be. een e 


| For, let-the tangents MB, NB, and the radii of the 
ſphere EA, EB, EC, be drawn. The angle MBN 1s 
the ſame with the ſpherical angle ABC; but MBN is 
equal to AEC ; becauſe, fince AB, BC are qua- 
drants -, and BEA, BEC right angles, MB, BN are 
parallel to AE, EC. Wherefore the ſpherical angle 
ABC is equal to AEC, the meaſure of which is the 
arch AC to the radius of the ſphere. 

| Cox. 1. The circumferences of two great circles 
cut each other at right angles, when their planes are 
perpendicular; and converſely. ® | 

Cos. 2. At the point of interſection of two great 


circles, the oppoſite angles are equal, two adjacent 


angles are together equal to two right angles, and 


each angle is equal to its oppoſite one, at the other 


point of interſection. 

Cox 3. The diſtance of the adjacent poles of two 
great circles is the meaſure of their inclination, or of 
the ſpherical angle. 

For, ſince AB, BC paſs through the poles of ACD, 
ACD paſſes through the poles of AB, BC. ; let P 
be the pole of AB and Q, the adjacent pole of BC. 
Then AP, CQ are quadrants, and AC = PQ. 

Cox. 4. The intercepted arch of any circle, whoſe | 
pole is the angular point, is the meaſure of the ſphe- 
rical angle to the radius of that circle. 

Con. 5. Two great circles, which paſs through the 
poles of parallel circles, intercept ſimilar arches. 


 PROPO- 


{ 
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PROPOSITEFON w. 

5 by 

: If a plane be perpendicular to the diameter of a ſphere, at 

one of its extremities, it touches the ſphere. 


5 Let the plane CD be perpendicular to AB, the dia- 


meter of the ſphere ABG, at its extremity B; then 
CD touches the ſphere in that point. 

For, let F be any other point in CD, and EF, FB 

be drawn. The angle EBF is, by hypotheſis, a right 

angle. Hence EF is greater than EB, and conſe- 

quently F a point without the ſphere. Thus the plane 

CD meets the ſphere only in the . B, and there- 


fore touches it. 


Cor. 1. A ſphere and a plane can touch one ano- 


ther only in one point. 
Cos, 2. If a plane touch a Gare, the dich at the 


point of contact is perpendicular to it. 
Cox. 3. If a plane touch a ſphere, a perpendicular 
to it, at the point of contact, paſſes through the cen- 


ter. 
Cok. 4. If a plane touch a ſphere, its line of com- 


mon ſection, with the plane of any circle of the 


gent to that circle, 


ſphere paſſing through the point of contact, is a tan- 


Cor, 


— 
PINS 
— - + 
* 2 F — 
- 


4 J. Co 1 


b 1. c. I. 
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Cos. 5. A tangent, to any circle of the ſphere, is 
the common 5 Pad of all the circles in whoſe plane 
it is. | 


| 


PROPOSITION V. 


If the angular points of any ſpherical iriangle be made 


the poles of three great circles, another triangle will be 
formed by their intenſectiont, ſucb, that the fides of the 


one triangle will be reſpeclively the ſupplements of the 


meaſures of the angles oppoſite to them in the other. 


Let the angular points of the triangle ABC be the 
poles of three great circles, which, by their interſections, 
form the three lunary ſurfaces, DQ, FR, and EO; 
A being the pole of EF, B the pole of DF, and C tle 
pole of ED. Then the triangle DEF, which is com- 


mon to theſe three lunary ſurfaces, will be, in every 


reſpect, ſupplemental to the triangle ABC. . 
For, let each ſide of ABC'be produced, to meet 
the ſides that contain the angle oppoſite to it, in the 


triangle DEF. Then, becauſe BC paſſes through the 


poles of ED, DF; ED, DF muſt alſo paſs through 
the poles of BC: Therefore the points D, Q are the 
poles of BC. In like manner, R, F are the poles of 
AB, and E, O, the poles of AC. Hence EL, FK are 
quadrants *, and therefore EF the {| upplexnent of KL. 

But, 
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But, ſince A is the 95 of EF, KL is the meaſure of 
he angle at A. Thus, EF is the ſupplement of the 


the ſupplement of the meaſure of the angle at B, 
and DE the ſupplement of the meaſure he the angle 
at C. a IN 

Further, it will appear jn the ſame manner, that BC 
is the ſupplement of HM, the meaſure of the angle at 
D, that AB is the ſupplement of NK, the meaſure of 
the angle at F, and that AC is the ſupplement of GL, 
the meaſure of the angle at E. 

Cor. 1. In each of the three triangles, which, with 
the ſupplemental triangle, make up the three lunary 
ſurfaces, two of the fides are the meaſures of two 
angles in the original triangle; and converſely. Alſo, 
the third fide, and its oppoſite angle, are the ſupple- 
ments of the third angle, and its oppoſite nde. They 
are named ſemi- ſupplemental triangles. 1 | 

Cor. 2. Let a great circle paſs through D, A, the 
vertices of the triangles ABC, DEF, it will cut the 

baſes BC, EF at right angles , becauſe it paſſes thro' 
their poles, and the ſegments BP, PC, of the baſe, in 
the one triangle, will be the complements of the mea- 
ſures of the vertical angles IDF, IDE, in the other, 
taken alternately. 


„ 


Co. 3. If the original triangle be right 3 
the ſupplemental and ſemi-ſupplemental, are quadran - 
| We. tal 


wr: 
meaſure of the angle at A. In like manner, FD is 


= 
| 

| 
[ 


latter are * n. n 


07 all the arches of great circles that can be drawn, from 


others. 


EC, in the fame plane with EGA, is the leaſt, and 
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PROPOSITION VI. 


a point in the ſurface of a ſegment of the ſphere that i; 5 
not the pole of the baſe, to meet its circumference, that 5 
| gr 


which paſſes through the pole is the greateſt, the other, 
in the ſame plane with it, is the leaſt, and that which 
mates a leſs angle with the former is the 2 of twa 


Let AGC he a ſegment of the ſphere, cut off by the 


plane of the circle ABCD; alſo, let G be the pole : 
of the baſe, and E any other point in the ſurface of | 
the ſegment. Of all the arches of great circles which F 
fall from E, upon the circumference of the baſe, f 
EGA, which paſſes through the pole, is the greateſt, | 


EK, nearer to EGA, is greater than EB, more re- 
mote. , 

Becauſe the plane AGEC paſſes Wa the cen- 
ter of the ſphere, and one of the poles of the circle 
ABC, it is perpendicular to the plane of that circle, 
and BOT through its center F', Thus, AFC, their 


line 
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the Wine of common ſection, is a diameter of ABC. Let 
FH be perpendicular to AC, and EA, EK, EB, EC, 
HK, HB be drawn. Then, of all the ſtraight lines 
drawn from H to the circumference ABCD, HFA is 
the greateſt, HC the leaſt, and HK greater than HB. 
Hence, in the right angled triangles EHA, EHR, 
EHB, EHC, which have the fide EH common, EA 


: 

in is the greateſt hypothenuſe, EC the leaſt, and EK 

„ Lreater than EB. Conſequently the arch EA is the 

Ki greateſt, EC the leaſt, and EK greater than EB. 

i Cor. 1. Of all the arches of great circles that fall 

4% on the circumference of another great circle, the per- 
pendiculars are the greateſt and leaſt, and only two 
equal arches can fall from the ſame point, one on 
each ſide of the plane of the perpendiculars, and they 

e meet it at equal diſtances from the perpendicular. 

1 Con. 2. In every iſoſceles triangle, of which the e- 

: qual ſides are not quadrants, the perpendicular from 


the vertex biſects the baſe, and, converſely, the arch 
? from the vertex which biſects the baſe is perpendicu- 
lar to it. | | 


, 


PROPOSITION VI. 


than a circle. 
| In 


= 
— — ——, 


= 
P P 


Any two fides of a Spherical triangle are together greater 
than the third, and all the three fades are together leſs 


* 
* 
— 
- 
d 
- 
- 
= a - 4 
9 1 
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| ig. 7. In the ſpherichl-triavgle ABO, any two fides/ar 

dogether greater than the third. If the three ſides be 

equal, or if two of them be equal, and each of them 

greater than the third, the. propoſition is evident. lu 

every other caſe, let AC be tlie greateſt, and let A be 

the pole of the cirele DCE, meeting AB produced in 

6 D, E. Then BC is greater than BE *, and conſe. 

quently the ſum of AB, BC, greater than AE or Ac. 

1 Further, all the three ſides AB, BC, ca, are to. 
gether lefs;than à great eirele g 

For, if AB, BC be produced to meet in; F; ; BAT, 

vg. c. 1. BCP are {embcitcles: and CA being leſs than the 

ſum of AF, FC, the ſum of AB, BQ, CA will alfo 

be leſs thanithe 12 5 BAF, Br, aß is, leſs than 

a whole cincle. l ; | 

r vi 1 ab 16 FE [ceqataliups SHY e 
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Poſte 10 them u equa! and converſely. 

| „dn 
Fig. 8. In the tiinngie- ACS if the ſides AB, AC be 
=equal;:the:angley ABC AC il alſo be equal. If 
„AB, AC be qundrants, ABC, AC; are right angles. 

If not, let the tangent to the ſide AB at B, meet EA, 
the line of common ſection of the planes AB, AC, in 
ark a: tops. St% 2) 0 gas a0; 42900 T; 

ts tod: bes 2 ets 3ioh d rw 140 ige nen 

. | 8 * | 


5 hos bl @plrexdca! Render et REY angles op- 


os... 0 0 0 


F; A at its extre· 
nities, meet each other in G ; alſo, let FC, FG, EC 


and EB, be joined. Then the triangles FEB, FEG 


have FE common, EB = EC, and the angle AER = 


AEC ; therefore FB = FC, - and the angle FCE =. 
FBE, a right angle. Hence FC is a tangent, and the 


triangles FGB, GCF mutually equilateral. There- 
fore the angle FBG = 108. a conſequently ABC 
= ACB. . 

Again, if the angles ABC, ACB be equal, the ſides 
AB, AC are equal. 

For, in the ſemi-ſupplemental triangle EQF, the 
ſides FQ, QE being the meaſures of the angles B, C, 


will be equal ; therefore the angles at F, E, and con- 


ſequently their meaſures AB, AC, are alſo equal. 
Cox. 1. Every equilateral 99 — triangle i is alſo 
equiangular; and converſely. ö 
Cox. 2. In any triangle, the greater angle is ſub- 


| tended by the greater ſide; and converſely. If the 


angle ACB be greater than ABC, let BCD = ABC, 


then BD = DC, and AB = AD + DC, which is 
greater than AC. 


Cor. 3. In every ifoſceles triangle, of which the e- 


qual ſides are not quadrants, the perpendicular from 


the vertex biſects the vertical angle, alſo, the arch 
which biſects the vertical angle biſects the baſe at 
right angles. 

For, ſince the angles B, C are equal, the ſupple- 


mental triangle DEF will be iloſceles; and therefore 
2 2 the 


„1 


Ls * * 


Fig. 5 


Fig. 9. 


„ 
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the, ſegments of the baſe”E] *E EL, IF, ade "by' the per- 4 


S113 


pendicular, are equal *, and 1 684 plements'* IL, 


IK, equal, which 1 the” Butte, the cat 


1 


angles PAC, PAB. The converſe "appears in the 


12418103 307 bis 


ſame manner. 
7 9 31466134 6 rp Lin; ns ne I 
"Op rofofiftfors; CY 0 
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All the So of any. ſpherical triangle gre together 3 
er than bug, and le s than 1 x right angles. 


_ the ant, 486 he thre? angles ge together 
leſs than fix right angles, becauſe, when added to the 
three ext@ior angle, they only make fix, . And they 
are greater than wwolright angles, becauſe their mea- 
ſures GHj KL, MN, added to DE. EF, TD, the ſides 


of the ſupplemental triangle, are equal.to. three, ſemi- 


circles ; and | DE, EF, FD, being leſs than two ſemi- 
G8 

circ les, G GH” , MN uid be greate# an ones. 
or 5 : WR of all“ the angles GH a ſpherical 


LE T} 21 


TY 110 9 hd « 9 7 the füpplement 6f one 5 


Gr Alt 28 gie 907 nes #151 v7 — 


7 5 DEA 105 allded tb A being 

— to Pires ene les „r fix quadrants, and EF, 

FD, greater 25 5 r GH. Kk. MN, added to 
twice DE, will rel 15 thin ix quadrants, 

; 9 th Cor, 

00 #4 X 5 


* 8 Pol HN EN . 
Con, 4. Ae one * of a {ſpherical triangle 
be right, the Jum of the 478 two is greater than ohe, 


155 Tr 
181p5 YR legs 2.5 
but leſs than. rg wg F 


Cos, 3. If f one, angl 7 5 bella rialigle'ds' 
acute, all the three — are nf Diets leſs than Four” 
right angles, 18 wunem gms! 


Cox. 4. If one angle of a ſpherical triangle be half 
a right angle, or leſs, all the three angles are if GET | 


leſs than three right angles. 
Cor. 5. The exterior angle of any ſpherical triangle 


is leſs than the ſum of derbe interior oppoſite 8 | 
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Am te angles of arte triangle are bee 
er, eu, bs fs] dh two right angles, accarding as 


the ſum bf the polls ſides Sg, wart or, is 
than @ ſenitirele;; and We ves 
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Let the: ſides AB, AG, f the ſpherical i la 
Abc, be produced to meet in D. Then it is mani- 
feſt that, according as the. ſum of AB, BC, is greater, 
equal, or leſs than the ſemicircle ABD ; ; ; the ſide BC 
will be greater, equal, or leſs, than BD, e angle D 
(or A) will be greater, equal, or leſs than B z and 
the ſum of the angles BAC, BC greater, equal, 
or leſs,: chan the ſum of . BCD, 5 Ro two / 


righ angles, ok 
Con, 


Pig. 17, 


* 
, 
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Son- M Acserding us half Ames bas ſides) 
of a, ſpherigal triangle is greater, oqusl, or leſs, [than 
a quadrant. half, the, fym-of the'twn oppoſite angles 


vill be greater, £gual,. or) leſs, port earch 


and converſely. ö 71 N. Jie 1 61, 4 


Cop. 2 be Fegg fg one of the equal ſides of an 
iolceles, ; triangle is groaterz equal, or Jeſs. than a 


_ quadrant, its oppoſite angle will, Ent woos by 


"el * 3 Tight an Ds up 6 HH f 21 JE 
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5 eit tdi et 11 und ans1bevp 
In a right angled ſpherical triangle, according as either of 


ler about the right engle is greater; equal, or teſe 


| than a 975 ; a quadrant, tn abel angle ie grower, 9 on 


than a right angle's and d . 


TIT . 
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! TEST 34 : CY 0140 7 wt 10 81038 "is | So 
Let, ABC. be, a triangle. right angled at B, and let 
the ſides AB, BC be produced to meet in D. Then, 


becauſe they pals through each other's. poles, E „the 


middle of BAD, will be the pole BCD. Let a great 
circle paſs through chéẽ pbints CE, The arch EC is 


a quadrant, and the angle ECB a right angle, Now, 
it is plain that, according as AB is greater; equal, or 


leſs, than che quadrant EB. che oppoſite angle A CB 


will be greater, equal, or leſs, than the ns angle 


FCB and converſely. 


Cor. 


Con. ese ste be botli ei or both 
jeſs than quadrants; the hypothenuſe will'be leſs han x 
a quadrant; butz if the one be greater, and the 0. | 
her leſs, "the: hypottieniaſe will be _ than a qa. 
drant; and converſely. ' 79 
For, of the triangles KC, ave: right angle t 
B, D, in which the fides AB, BC, are leſs, and con- . 
ſequently AD, D0 greater tha quadrants, the W Ti 
pothenuſe AC is lefs than a quadrant, becauſe it is 
nearer to BC than the quadrant CE. But, in the 
triangle aBC, of which the ſide aB is greater, and 
BC leſs than a quadrant, t the Nr is great- 
er than a Ae want by is deer from GB, 
than CE is. W n * 5 12 
Cor, 2. In every 1 la of Which the 
two ſides are not both quadrints; if the perpendicular 
from the vertex fall within, the angles at the baſe 
will be both acute or both obtuſe ; But, if it fall 


without, the one will be obtuſe; and the other acute; 5 
and converſely. . <3! lt! 6104 90 3A; A 0 
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Any two circles f be . ſphere, paſſing reef He . 8 
of two om ten intercept equal arches 4 Hem. © 
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Fig. 12. 


Let Fenn 
ing one another in F, and let F be the pole of the 


great circle ACBD, cutting them in the diameters 


AEB, CED. The circle ACBD paſſes through their 
poles ; let the diameter MN be perpendicular to 
AB, and PQ to CD; then M, N are the poles of 
AFB, and P, Q, the poles of -CFD. Let the ſmall 
circle PGN. paſs through the poles P, N, and cut the 


circle ACBD in the line of common ſection PKLN ; 


the arches BH, DG, of the circles AFB, CFD, in- 


W e n Eng 9 P, N, are e. 
qual. 


For, let EH, HK, EG, GL, PG, NH, n 
The triangles PEL, NEK, are equal in every re- 


ſpect; hence PL = NK, and EL = EK. 


\ The: triangles PEG, NEH, are equal; therefore 
PG = NH; hence PH = NG, and PNH = NPG. 
The - triangles NKH, PLG are equal; therefore 


4 HK = LG. 


The triangles EKH, ELG are equal; . 


the angle HEK = GEL, and HB= GD. Hence the 


arches intercepted between any two circles paſſing 
through P, N are equal. 
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Paor. 1. Two ſpherical triangles, which have two 
ſides of the one equal to two ſides of the other, each 
to each, and the included angles alſo equal; are _ 
in every reſpect. 

Paor. 2. Two ſpherical triangles, which have two 
angles of the one equal to two angles of the other, 
each to each, and the included ſides alſo equal, are e- 
qual in every reſpect. 

Proe. 3. Two ſpherical triangles, which have the 
three ſides of the one equal to the three ſides of the 
other, each to each, are equal in every reſpect. 

Poe. 4. Two ſpherical triangles, which have the 
three angles of the one equal to the three angles of 
the other, each to each, are equal in every reſpect. 

Pop. 5. Two ſpherical triangles, which have two 
ſides of the one equal to two ſides of the other, each 
to each, and an angle equal to an angle oppoſite to _ 
equal ſides, are equal in every reſpect, when the o- 
ther two angles oppoſite to equal ſides, are together 
greater or leſs than two right angles. 7185 

PRroe. 6. Two ſpherical triangles, which have two 
angles of the one equal to two angles of the other, 
each to each, and a fide equal to a ſide oppoſite 
to equal angles, are equal in every reſpect, when 

the 


38 8 F HER I OS. Bol, 
the 4 two ſides, oppoſite to equal angles, are to. 
. gether greater or leſs than a ſemicircle. 

Por. 7. In every ſpherical triangle, if one of the 
angles be acute, one of the ſides is leſs than a qua. 
drant; or, if one of the ſides be greater than a qu 
drant, one of the angles is obtuſe. 

PRor. 8. In every ſpherical triangle, if the three 
angles be acute, each fide is leſs than a quadrant ; 
or, if each fide be greater than a . the 
ren Yr 
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SPHERICAL TRIGONOMETRY. 


J PROPOSITION I 


N any right angled ſpherical triangle, as radius is to 
the fine of the hypothenuſe, ſo is the Jine of one of the 
oblique angles to the ſine of its oppoſite fide. , 


Let ABC be a ſpherical triangle, having a right Fig: 13 
angle at B, and let AD, BD, CD, be drawn to the 
center of the ſphere. , From C, in the plane DCA, let 
CE be drawn perpendicular to DA, and from E, in 
the plane DBA, EF perpendicular to the ſame line, 
and let CF be joined. Then, becauſe DA is perpen- 

Aaa dicular 


dicular to the two lines CE, EF, it is perpendicular 
to the plane CEF, and conſequently the plane CEF 
perpendicular to the plane DBA. But the pline 
DCB is alſo perpendicular to DBA; therefore their 
line of common ſection CF is perpendicular to the 
ſame. Hence CFD, CFE, are right angles. Now, 
in the right angled plane triangle CFE, R: CE :: 
8, E: CF. But the angle CEF, being the inclina- 
tion of the planes DCA, DBA, is the ſame with the 
ſpherical angle CAB, CE is the ſine of AC, and CF 
the ſine of BC; therefore R: 8, AC:: 8, A: 8, BC. 
Con. 1. As radius is to the coſine of one of the 


hypothenuſe. ©; 

Fig. 14- For, let the great circle, of. which Al is the pole, 
meet the three ſides 1 in D, E, F. Then F is the pole 
of AD; and, applying this propoſition to the com- 
plemental triangle FCE, R: 8, FC:: 8, F: 8, CE, 
that is, R: Cos. BC :: Cos. AB: Cos. AC. 


ſides, ſo is the ſine of its a nng's to the coſine 
of the other angle. 
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| 8 ſo is the coſine * the other to the coſine of the 


Con. 2. As radius is to the coſine of one of the 
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PROPOSITION U. 


In any right angled ſpherical triangle, as radius is to the 
fine of one of the ſides, ſo is the tangent. of its adjacent 
angle to the tangent of the other fide. 


From B, let BE be drawn perpendicular to DA, Fig: 15. 
and from E, EF alſo perpendicular to DA, in the 
plane DCA, to meet DC in F, and let FB be joined. 
It may be ſhewn, as in the preceding propoſition, that 
FB is perpendicular to the plane DBA. Hence FB 
is the tangent of BC, and FBE a right angled tri- 
angle; therefore R: EB:: T, E: FB; that is, R: 
8, AB TAT IN BC. | 
Cor. 1. As radius is to the coſine of the hypothe- 


nuſe, ſo is the tangent of one of the angles to the co» 
tangent of the other. U 
For, in the complemental triangle FCE, R: 8, CE 
T, C.: Tꝭ FE; that is, R: Cos, AC ;; T, C: Cot. 
Ae R: Cos. AC :: T, A: Cot. C. 
Cox. 2. As radius is to the coſine of one of the 
angles, ſo is the tangent of the hypothenuſe to the 
tangent of the ſide adjacent to that angle. 
For R: 8, FE : T, F: T, CE; that is, R : Cos. 
A:; Cot, AB: Cot. AC, or R: Cos. A:: T, AC 
E HE | 2 


8 CH. 
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Let the hypothenufe, the two angles, and the com- 


plements of the two ſides of any right angled ſpheri- 
cal triangle, be named the five circular parts of the 

triangle. Any one of theſe being conſidered as the 
middle part, let the two which are next to it be called 
the adjacent parts, and the remaining two the oppoſite 
parts. Then the two preceding theorems, with their 
corollaries, may be all expreſſed in one 6 
adapted to practice, as follous. 


\': PROPOSITION m. 


In any right angled ſþherical triangle, the reftangle un- 
der radius and coſe of the middle part, the rectangle | 
under the Fotangents of the adjacent parts, and the 

rectangie rnd the fines of the oppoſite rw? are all 


eg. 


\ F 


2 R N Cos. M = Cot. A X Cot. a. 
ty e 8, len 


A + x {4 . TT Tok is 


Fig. 16. Cas L Let the hypothenuſe AC be the middle 


* 
: 7 
A * * * * _ 
4 en 
* 
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Then *R ; Cos. ACEC: Cob: nes 
herefore (R: T, C ::) Cot. C: R:: Cos. AC ; Cor. A. | 
And VR: Cos. AB:: Cos. BC: Cos. AC. b 1. c. r. 


Casz II. Let the angle A be the middle part. 


Then R: Cos. A:: T, AC: T. AB. Ce 6 
Therefore(R:T,AC::)Cot. AC: R:: Cos. A: T, AB. 
And IR: Cos. BC: : 8, C: Cos. A. . c. 1. 


Casx III. Let the complement of the fide AB be 
the middle part. 


Then R:, AB:: IA; I te, 


Therefore (R: T, A::) Cot. A: R:: 8, AB: T, BC. 
And „ne, 


s G R WU 


With reſpect to right angled triangles, the general 
problem in ſpherical trigonometry is, When any two 
parts beſides the right angle are given, to find the 
three remaining parts. Of which there are the fol- 


lowing caſes. 
ef 


| Casx 1. When the hypothenuſe and one of the 
angles are given. 6 1 N 
Cask 2. When one of the fides ad © one of its ad- 


jacent angles are given, | 
* CAsR 


| Fig. I 7. 
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Casx 3. When one of the ſides, and its oppoſite 
angle, are given. | L 8 
CasE 4. When the er and « one of the 


ſides are giyen. C 


Cask 5. When the two ſides are given. = 8, 
Cast 6. When the two angles are given. Co 
In applying the above propoſition to the ſolution of Wi anct! 
theſe caſes, let each of the given parts be made the ¶ baſe. 
middle part, by which two of the required parts wil Fe 


be found; and, to find the remaining one, let the AB, 


ſame be aſſumed as the middle part. C 

By Prop. XI. and Co. 1. B. I. each of the un. ¶ ano 
known parts is in every caſe, except the zd, limited WE Thi 
to one value. the 


PROPOSITION wyv. 


In any ſpherical triangle, the fines of the fides are di. 
rectiy proportional to the fines of the oppoſite angles. 


This propoſition has been demonſtrated in the caſe 
of right angled triangles. 


Let ABC be any oblique angled Mantle, divided 
into two right - angled triangles ABD, CBD, by the 


. BD, falling from then vertex upon the | 
baſe AC. 


In 


ſite 


ill 
he 
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In the former, the complement of BD being the 
middle part, R x 8, BD = 8, AB & 8, A“. In the * 5. 
latter, the complement of BD being the middle part, 
R d, BD= 8, BC x 8, C. Hence 8, AB x 8, A 
2 8, BC x 8, C, and 8, AB: 8, BC: : 8, C: 8, A. 

Cor. 1. The coſines of the two ſides are to one 
another directly as 850 coſines of the bs 78 of the 
baſe. of F 

For this may be ee in 1 like manner, by making 
AB, BC the middle parts. 

Cox. 2. The tangents of the two ſides are to one 
another inverſely as the cofines of the' vertical angles. 
This will follow from making the angles ABD, CBD 
the middle parts. 
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The ſum of the tangents of two arches is to their differs 
ence, as the rectangle. under the fine. and coſine of half 
their ſum to the rectangle under the fine and cgſine f 
half their di difference. F 4 


* 


' it E Th 


Let AB and AC (= AE) 1 the two cd AG, Fig. 18. 


AF their tangents, D the center, DK, Dl perpendis: 


cular to BC, BE. Then the triangle GDF: BDO 


61 GD x DF: BD x DC: : GD x DH: BD x DE 2209. 
GDH : BDE. g 


And 


2 LP UHTRNEGS. 


: 
16 
„ 
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f 

And alternately GDF: GDH : : BDC : BDE. 
Therefore FG: GH:: BK x KD: BI v ID 
That is, T, A + T. 4. T, A — T, 4: 8, *4 


3 Con is, e Cor — 


Fig. 19. 


are equiangular. 


5 perpendicular to BK, BD, DL; and AH, AM paral. 


BD x CH. 


T 


The ſum of the fines of two arches is to their different 
as the rectangle under the fine ' of half the ſum, ani 
cofine of half the difference of theſe arches, is to tlt 
reclangle under the ſine of half the difference, and © 
fine of half the ſum. 


Let AB and AD (= AK) be the two arches, C the 
center; KO, DL, parallel to CA; CR, CI, BG, 


lel to BD, BK. The right angled triangles BGO, 
CHA, alſo BO, CMA, by reaſon of parallel lines, 


Hence BG : BD :: ca : CA, and BG x CA = 


* Alſo, BO : BK:: CM: CA, and BO x CA= 

BK x CM. 
519 BG: BO: 75 BD * cn : BK x CM 
BI x CH": BR x CM. 


That 


ok IL 


Boox II. „ 
\ 3 


That is, 8, A 8, 4: 8. A- 13 . * Cos. 


ID 
+0 
£ 
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The ſum of the fines of two arches is to their difference as 
the tangent of half the ſum of theſe arches is to 150 5 
1 tangent of balf their difference. "A 


Let AB, AD, be the two arches, C the enter, CF, Fig 20. 
DO, BQ, perpendicular to Ca, alſo DM, BN. per- | 
pendicular to CF, BE = ED, and FEK the tangent 
at E, which will be parallel to BD, becauſe they are 
te both perpendicular to the radius CE. Now, by ſimi» 


lar triangles, 
* DO : BQ: : DL : BL :: GK : HK. 


Therefore DO + BQ : DO — — BQ:: 2EK : 2EH 
: EK : EH. 


That is, 8, A 4 8,6 8, 4 —8, 6 :: T, LEY 


7, a= 


B b b 


37s 8 P HE RIC Ss. -BooxY, 
| N 7 An . An 


5 4 „ 
* „ 


CE Ma 4 Nv. 


% * 
- 
LL ik#s# ES 8 a 


The ſum of the cofines of two arches is to their difference Or 
as the co-tangent of half the um of theſe arches to the 
Hongent of hal, f their di ference. 7 


For, in the fame figure, 12 85 DM : BI: Dl: 
_ FG. 


Therefore BN + DM BN — DM: : 2EF-: 2EG 
2: EF: EG. 5 
„That is, Cos. A T Cos. a: d Des; 
en e . 
9 2 


* 
f . . * 
4 - E 4 - - f% 2.47 to 4 Go 12 
ad & 1 o ex 4 - , F 
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= "PROPOSITION - : "We 


2 any | Pheric 3 tho! en f hal alf the ſum of 
the ſegments" of the baſe is to the tangent: of half the 
um of the two ſides, as the tangent of half their dif- 
- 1: ference, to the tangent of half the . Fs the ſeg- 
ments of the PP. | 


1 ; "2643 


For, Cos. AB: 8 BC :: Cos. AD : Cos. DC. 
+ Ts tote Cos. AB + Cos. C: Cos. AB — Cos. 


BC: Cos. AD + Cos. DC : Cos, AD — Cos. DC. 
's p | ; | And, 
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And® Cot. = 
1. . g — DC Fl 
or, Cot, N Cor, AD DD r, AB —BC 
J. AD 8 wh 
Hence, T, AD 5 DC , AB N BC * 
J. AD—DC' $A | 


Con. 1. The cotangent! of balf the ſum of the ver- 
- tical angles, and the tangent of half their difference, 
or the cotangent of half their difference, and the tan- 
gent of half their ſum, according as the perpendicu- 
lar falls within or without, are reciprocally Propor- 
tional to the tangents of half the ſum, and half the 
difference of the angles at the baſe. 
For, let the vertical angles ABD, CBD, or their 
meaſures, be denoted by x and y; then, applying this 
propoſition to the ſemi:ſupplemental triangle EOF, 


ve have T. -E: T, AED :: 7. . N . 


272. — 7 E. But, when the perpendicular falls 
EI 2 IF; 


Y 
JK 


is the com- 


within, EI — F = 5, and 


plement of : 5 7 And, when it falls without, 'El 
571013 50 T 


r OM and E the complemetit 
| . of 
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g - 


of 2. or, EL+IF = x Ek, EF, 


the complement of * 


i Vo x . 4 x + 
2, Cot. T. :; „ 2, . 


Cor. 2. Hence, 75 
e 


11 x 


v2; SL * BT 
as Cor t=2; TEE 85 * T, 
AC g * * = | 


Cos. 3 Alſo, 
1 cot. —L: ET: erer, AR 
2 7 SEE * —. 
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PROPOSITLEON M. 


I» any ſpherical triangle, the fine of half the ſum of the 
two fides, ir to the fine: of half their difference, as the 
co-tangent of half the vertical angle to.the goes of 
half the dj Ne of the angles at the baſe. | 


For, fince T, AB: T, BC: e Cos. .. Fig: 1. 
Therefore T, AB ＋ T, BC: T, AB — T, *. R 
Cos. & ＋ Cos. y : Cos. « — Cos. . | 
Hence d 8, — co. 2 + BC : _ Ln. 2. 


.. LIN MEETS Rn, 


: Cot, : x, £#2 


Again, fince 8, AB: 8, BC :: 8, C: S, A. © 4, 
Therefore 8, AB + 8, BC: 8, AB — 8, BC: : 

8, A8, C: 8, A 8, C. hy | 
Hence * S, AB Z BC * Cos. on : Cos, 22 


Wan r 


2 B: T, —— AC | . | 6 3. C. Fo 


; | PROPO, 


„% 8 f H ER I CS. oerl 


1 
8 
+ 

* 


PRO POSITION un. 


In any ſpherical triangle, the cofine of half the ſum of thy 
tuo fades, is to the cofine of half their difference, a 
i \. the co-tangent of half the vertical angle to the tangent 
= - of half the ſum of the angles at the be. 


Fig · 17. For, in the demonſtration of the preceding prope 


ſition, we have theſe analogies. N 
8. co. ES of a 4 — BC 
: 's & | " 4 


2 * 
Whence, RT: 2 BC . Cos. abs 
+ 
2B: T. SS 


1 7 ” 
4 ” k 7 . X ” Y” 
* aa » . 
* 
o 


- * p | N ; 71 
. * . . 5 4 : 1 
PO PMO!SEFT:EON (3. . 
= = XC | > 6 2 * oo * 


angles a the baſe.is to the fine of half their difference, 
as the tangent of half the baſe' to the r f Bay 
the — of the two dis. 


went 


For, in the triangle EOF, whoſe ſides 10. QE are 


'S 


F, E are meaſured by the ſides AB, BC; alſo, whoſe 
baſe EF is the ſupplement of the meaſure of the angle 
at B, and whoſe angle at Q is meaſured by, the * 
plement of the baſe c. E 


„E; 58, BF. 188 . | 


C 
— it 
Thats, 8, At: 8, 2 BIS: bs 65 L A0 T, 
. AA t- 2752 MC i A. 77 


” 8 
2 | : — 


= 1 
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In any n triangle, the coſine of half the ſum of the 


balf the ſum of the two fides. 


In any ſpherical triangle, the fine of half the ſlum f the 


the meaſures of the angles A, C, and whoſe angles 


angles at the. baſe, is to the cofine of half their differ. 
ence, at the tangent of half the baſe to the tangent of © 


Fig. 2 i. 


13 


For, | 
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For, i in the ſemi-ſupplemental triangle EOF, 


7; V4 s.. EQ 7 A : Cos. = Cot, 2 


T. EXE * 
= VE I 


Tatar TD 4 7 775 os. — — : T, FAC : T 


S C H OL I U M. 
| Let one of the fix parts of any ſpherical triangle he 
neglected; let the one oppoſite to it, or its ſupple- 
ment, if an angle, be called the middle part, the two 
next to it the adjacent parts, and the remaining two 
the oppoſete” parts. Then the four preceding propoſi- 
tions may be expreſied i in more dgeverpl ares as fol. 
Jows: - 


1 =” 9 


PROPOSITION, X. | 
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In any ſpherical triangle, the ſine or coſine of half the 

." Jum of the adjacent parts, is to the fine or coſine of half 

- their difference, as the tangent of half the middle part 

1 to the tangent. bell the difference, or TO on of 
the oppoſite parts. | A 

\ | * 
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7 from the extremities ET, tak 7 any ! 14 
angle, arches of great circles be deſcribed to meet the 


ſides, and ts cut off a part on each from the vertex, e- 
qual to the other fide ; the rectangle under the fines f 
half theſe arches ſhall be equal to the reklangle under 
| the fines of half the ſum and half the difference of the 
Gs and the difference of the uu. | 
Le ABC be a ſpherical triangle, having two une 
qual ſides AB, BC. From BC, the greater, let BD 
be cut off equal to BA, and from BA produced BR 
BC; and let great circles paſs thro A, D, and E, C. 
Then, 8, + AD x 8, 4 EC = 8, „ 
89 


/ 


For, in BA produced, let AF = AC, and FG = AE; 
alſo, let the ſtraight lines AG, GD, DA, EF, FC, 
* be drawn. The ee AD ind EG ove 
1 ene parallel; 


- * 1 
* 
. 
A 
4 
— 
L4 


T5, c.. l. 


4 


{ - 


5; n I N bh Of Sp 


paral drip” FA a proat. circle biſect the angle at B, 

it alſp bi 1515 s he arches AD, EC, and is perpendicu- 
lar their plages ; cherefore the chordg, AD. EO are 
perpehdicular to. the lines of common ſection, and 


conſequently both are perpendicular 2 the plane of 
that great cirele. But AG and EP are alfo parallel, 
Therefore the plane of cke triangle. DA is parallel 


to the plane of the triangle CEF. Let | the plane 


| AFC, which ety the latter in FC, cut the former in | 


"2 BF 7 


| ED that paſts 19 — 7 A, . 8 and | conſequently 


it is alſo a tangent to the circle That paſſes through 
A, D, 8 * Hence the angle ADG = : GAH = EFC. 


| But the angle DAG = CEF. Thexefore che triangles 


AGD, EFC are cquiangular, AD: A6 :: EF: EC 
AD: Z AG:: Z EF: 2 EC, and + AD x 2 EC 
2 Li 40 N Er. iran} nj maidony 191597 140 


07; „„ ASI A b- Sf e 


8 Dung r bt bft O 14.046, 1.1 


PR OPHOSITI Oe 27/4 e 
* elde ali} g bas zg ow? nau s 326.3 


31 


"33106 1 46 1 t de lars of the ras bite, ar the ec. 


1 under the fines of half the ſum, and half the 


HB "if ile hahe, "ind" the Mund of the los 
. to the ſquare of the fine of half the vertical. _ 


gs DE 19082 316 29htt: 29211, 218 NI W. 
x 110 Hy 3T6 221906 Sou odd mad 0 [4 It 


dy 


. 


__ 


15 any ol ical i langle, the ae under the fn nes of | 
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Le ABC be the triangle, BD = BA; RBC, rig. 23. 
and BG biſecking the vertical angle B; then EG 
allo bife@ts ab, EC, and Eibd\thenrtt right nts 
Therefore, in the right angled rriangle ABF, EBG: 


Han 1 8. A 7 e as 6 IDA } 


(9 OY, Kt 58, AF. 8 1 5 Bis 1 pt 4 — 
8 18 „kg. EG 8, B. Nb 1 


9 
244 . 


an * 1 BOr R. 8, AF 4 s, IG; 


85 8. Loh 19. 8 gi, ng h 211 dy, 9 N 


Fo Age a 
18. A5 X ei 8. 15 85 


1 J 70 1 "916 , RY 50 


0 E di; 5 5 * o ; leg 16 ly 15 Fly 
W 1 allkg . thi , 1112. 9fl} 9 git! 55 Ale 1 


nr 064-0 UN. * OLA 212116 Fr os 7 Xs F. 
ite F «1 392 A 0 1 Zs 2M ih 
Watt ogg N Ber I. 
. Toa 18 ca 905 116 914 489 
K , bis 901. £: HJ 7708 2 TA 
Of the general problem in NN Trigongmetry 
there are f. x Caſes.” 
"'Cx52 1. When two 0 and an A inge oppoſite to 


one of them, are gn i A %o OY — 
Cask 2. When two gde and a ſide oppoſite t; to | 
one of them, are given, $40 e ee Et 
| Casp 3: When two ſides, and the included angle 
7 are given, Mn een 1 \ 1900003." 2 
Cas 4. When two. angles, and he included. fide 
us gs... r 4A Age ke. Nerd BY 


Caen 5 When the ha ades are e given, 


Cask 6., When the three angles are given. a | 
3 As | 

| 

| 


s SPHERTCS Won u. 


ingþ'twa.right ahgled Mangles all theſe caſed may be 
fobved, by means of the 3d and 5th propoſitions only. 
But a much better ſolution may be obtained, from 
the 4th, 10th, and 12th propoſitions. And the caſes 
5277 94 1 1 10 Se 

may be all reduced t 


Nee or ſemi-ſupplemental | triangle, in the 2d, 
Ath, and 6th caſes, theſe may be converted into the 
iſt, 3d, and Ith, reſpeftively, (©, «+ 2 


- x Prop. X. XI. and Cor. each of the unknown 
parts is limited to one value i in all the caſes, except - 


ing dome of thr hybjoaſes:of thej 1ſt ang 70 $7 64 
In the third Cale the unknown ſide may be found, 


without finding cle ant angles, by thehns 'of the follow- 
ing Theorem, which is demonſtrated i in the Appen 
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THEOREM In any ſpherical triangle, as the ſquare 


of the radius is do tio rectangle under ſthe fines 1 0 
two! ſides, 0 iö the verted tuo of the included a gle 
to the exceſs of the verſed ſine! of the baſe above the 
verſed Ine of thEUertence' bf telt wo fides.”" 
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2369p 111 26 gent ent Wen! 46 
. projet as objeiciaits repreſent every 81 
| of it upon the ſame plane, as it appears to * 
eye in a certain poſition," bg 
2. That plane upon which the; bbs is projeded, 
is Da the plane of projection; and the point where 
the eye is ſituated the projecting point. TY 
3. The ſtereographic projection of the ſphere is that, 
in which a great eirele· is aſſumed as the plane of pro- 
jection, and one of its poles as the projecting point. 
4. The great circle, upon whole plane the projec- 
tion is made, is called the primitive, 
5. By 


Fig. 24. 
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the. polesi vfl ahoi primitive, and interſacting it in the 


vb Bye he ſemi- tangent of an arch in meant the 
Ungar of balf ghatrarghy M A nie . 

9:66] By: the; line Hof mtaſures of any cirele en 
 ſphereiag meant that diameter of the primitive, pro- 
need indefinitely, -bioh-is: perpendicular to the ine 


"of £9mmon dion of the cirele and the primitive: 
111 e S (49: ami men ial an | 


dium! | 35 (17 [44111 
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The projection r repreſentation f any point i 


where iti Rraight Lihe, ation from it to the * 
jeQing Porgt, interſecks khle plane of OO 

; 219119 9f1y co 510. fo) of 56115 AA M Nass te 
Ai. boJ2afotg 918. of) log offs wont ono e 1 


PRO POSITION . 
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My tt 9H Akt 44 445,440 baibgjogy tr Jatos 14, OE * * 1 
Every, $7t% fired which paſſes, through the projeing | 
point is profected into a frraight line, Paſing through 
ARE MET gabe hrimiti ut 4, and ener arch of it, ree- 
Alec T xben the ther pig f 4h Brimitives js projected 
into its fees N ot) noma: 5: 979 2th 


th: Jorongl on n omb att wares 2 


ene eee FIND tf 


line of common ſection BED, E being the centeracf 
the. ſphere. From A, the projecting point; let there 
; be 


* 


be drawmſtraighe lines 'AP}"AM;' AN, AO, to any 
number of points, N, M, N, Sen the circle ABA: 
Theſe linꝭs will mterfe& ih, Which is in the! ſame 
plane with them; ler chem meer it in the points pi | 
m, u, 9 then p, m n, ꝙ are the projections of P M, 
N, Q. And thus the whole circle ABCD is project. 
ed into the ſtraight line BED, _— K the 
center of the primitive, + | © © 1 

. becauſe the points C ai * are projected. 


into the gk os e As. is 
the ta, n AE; ibs MG. Thugz. the arch MG, is 
ed into its ſemitangent . PC into its, ſemi- 


tangent pE, &c. All arches, therefore, on the circle 


ACD, reckoned from the pole C G, are projected i in- 


to their ſemi-anggnts, 7 l. J f. 0. l. 0. K Ml, 
Con. 1. Each of the quadrants contiguous to the 


projeding point is projected 1 into an indefinite ſtraight 
line, and each of hole that are remote," into a radius 
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of the primitive. 2 
Cor, 2. Every War tele th paſtes through 


the projecting point 18 projected! into that ſtraight line 
which i is its common ſection with the primitiye, ah, 


r 5 


Con. 3: Every ſtraight line, in the Plane of the 


; primitive, and produced indeßnitely, is thelpreſeckian 
of ſome circle on the ſphere paſſing through: the pro- 
je&ing point. 290d. 4 8 100 0911324 nonſg 4 10 H 
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25 circle on the ſphere which does not paſe throg 
* be projecting OP is Tue into a circle. f 
6, xt 7: e uf WA ep 
. the circle be parti to the primiive the propo- 
ſition is evident. ie 
For, a ſtraight line, alles from the projecting 
point to any point in the circumference, and made to 


revolve about the circle, deſcribes the ſurface of a 


cone, which is cut by a plane, (viz. the primitive), 


parallel to the baſe; and therefore the ſection (the ã- 


gute into which the circle is projected) is a circle. 
Ik the circle MN de not parallel to the primitive 
BD; let the great circle ABCD, paſſing through . 

the projecting point, cut it at right angles, in the dia- 
meter MN, and the primitive in the diameter BD. 
Through VI, in the plane of that great cirele, let Mr 
be drawn parallel to BD; let AM, AN be joined, and 
meet BD in n „Then, becauſe AB, ' AD are qua- 
OA ee 
Xt 5 Hi * and 


Js 


„a . 
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Con-. 1. The centers, and EI of all atlas, pa- 


rallel to che at! have be he 212 in its 


center. #4 ot 


Cor. 2. Tha center, and poles of 6 PREY in- 
clined to the: primitive, aha veꝭ their projections in. the 


line of meaſures. * DS e uy ee eee ee by) 


Con. 3. All projected great circles cut the primi- Sy 
tive in two points diametrigally pppoſte ; and every 


circle in the plane of projection, which paſles thrqugh 


the extremities, of a diameteſiſof the primitive, or ; 


through the prgjeRions-o., two points that, axe diame- 


uically oppoſite; on the {pbere, is / the-proieftign.of 


ſome great irc. „ ot di oe 
Con-. 4. A; tangent. to any circle of the ſphere, 
which does not paſs thrqugh the, projeRipg ppint, i is 


projected into a tangent to thay/cirgle's prgjeQzon ; ; 


alſo, the circular! projections ob taggen cirgſes tquch 


one another. 1 %% g id ig bill 


Cox. 5. The extremities pf chef diameter, on the 


ting: of meaſures of any projefted: eirclęs age diſtant 
boom che center of the primitive, b. fig d pb ner 


of the circle on the ſphere 's leaſt andrigntatelt, di- 


dance, from the pole. oppoſite ds he prag. 
Dd d n. 
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and the üngle AF r = Al. :THAS, the 
conic ſuffice? defcribea"by the revolution oy. 
bout the title MN; it” cut by the Priniitive why. 
contrary poſition, NEO e n | 
caſe, likewiſe a circle. 
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4 s Pu u i ds woot 
Coll b. The extrethities of the liktneter, bn the 
Une of meaſures of any projected great circle, are di- 
kat om lite cbntel of te primitive, By the "tan 

gent ünd cotaugent or Half the W inclina- 


tion to the primitive. 
bn. 5. The radius of any projected cel . e- 
qual to Half the fum, of half the difference, of the ſe- 


mitangents of the circle's leaſt and greateſt diſtan- 


ces from the pole oppoſite to the projecting point, 


according as the e ircle Wee een 
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equal to the angle formed 


be N of the ſphere, is is 
5 their 5. rojeftions, 1 
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rod lo. „o 23454181514, 
"Le 4 FGL, and _ be the two tatigents, and A the 


24139 1155 


bre ecting ale ook: 8 gt the ſphere | 
in "the circle 13 „nie in the line 


pq 5 

: e the line of common ſeQtion, 
og. 21 1s * 

of the pl lane” KOH, with th Fe. Then the 


mom FGH = LMN. If the plane FGH be parallel 


pyimitive BLD, the propoſition is manifeſt. If 


er in ood in FAG TOR let the 
| „„ plane 


Wed 


»nslq 


Boox III. 


plane FK H, parallel to me primitive, be.extended to 


meet FG H in the line FH. Then, becauſe the plang 
AGF meets two parallel planes, BLD, FXH, the lines 
of common ſegion LM. EK are parallel; therefore 


| the. angle AML = AKF. But, fince A is the pole 


of Bl. D, the chords, and conſequently the Arches 


AB, AL are equal i and the arch ABG is che ſum of 


the, arches AL, BG. Hence the angle AML is equal 
to an angle at the circumference, ſhading upon AG, 
and therefore equal to AGI, or;FGK. Conſequently 
the angle FGK = FKG, and che fide FG = KK. In 
like manner, HG = HK. Hence the triangles GH, 
KHF, are equal in every reſpect, and the angle FG H 
= FKH =LMN; 541120 TONY 
Con. 1. An angle, contained by any two circles of 
the ſphere, i is equal to Hes gle reed by ! their, pro- 


jections. n % \\ Nun V. Irv 0 WIN NN W 


For, the tangents to theſe roles on the ſphere; are 


projected into ſtraight lines, which either e 
ith, or ee een deren 


mitive. 137 M1 # 53; 1 {tot 7 ; ai O1 
Con. 2. An angle, cont ained by any tw o circles of 


the ſphere, is equal to. the angle 12 4 ed by | the rai 
of their projetions; at th th e point, of co COnco 


e. 
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2 The 7404 UA a great, cirele's Projettion. is diſtant from 
"the center US the Primitive 7 the langen. US the great 
Henin, ” 


| Babe e s (inclination tt 7. primitive "Ie and its radius, is 
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Fig. 27. 7 Let BMDN bet the Prizitipe, EA 1 its ſemi. axis, — 
| A. the, projecting paint ;, a lo, Jet MEN be the dia- 
wetef of any great circle, oblique. to the primitive, 


| and. FMGN its projection, the ſemicirele below the 
* | plane "of. the. primitive being projected into the arch 


MN, and that ;ahove/igto. MGN.,, Let BED be 
drawn perpendicular to MN, interſeQing the projected 


4$* 


,xcixcle i in F, G.; [wr II. the middle of FG, is its cen- 


18 2 JC g 4 


ar WS & 2 F. Ne, n+ be drawn, and | let NF, NG 
week the RFim) tire ww, J N Then, LE, 10 being 

. — becaple GNF is a ſemicircle, XN. is a right 
| angle, 1 LBNQ is likewiſe a a ſemicircle and LEQ a 


> 


fraight lige. "Alſo, bay 12 be the point in in che ,propo- 

E ee of whieh.G is he projeQion, and ler KE 

be Joined... AP Mb, being perpendicular, to both 
| AE, and EG, Is perpendicular to the plane AEG, and. 
. to. EK. Thus, KE and DE are both at 

. right angles to MN, 'the line of common ſection of 

1 go, e n the primitive, and therefore KL D 

F is 
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is its angle of inclination to the primitive. ; Now, the 
riangles AEG, NEG, having EG common, AR = 
EN, and GEA, GEN right angles, are equal in every 
reſpect. Thus, the angle EKA = EAK = EN 
EQN; therefore AEK = NEQ.; ; whence DEQ = 
DEK = angle of inclination. - Again, the angles * 
ENF, EGN are equal; therefore their doubles MEL, 
EHN are equal ; and conſequently the complements 
of theſe LEB, ENH alſo equal. Thus, ENH = LEB 

= DEQ = angle of inclination, and to the radius 
EN, EH is the tanigent, and HN the ſecant of the 
2000 ENH. 
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| 1s A. be the projeding point, ABCD : a great Fig. 28. 
circle paſſing through it, perpendicular to the propo- 


ſed great circle, KEL their line of common ſection, 
and BED the line of common ſection of ABCD, and 


the primitive. Then, becauſe ABCD i is perpendicular | 


both to the propoſed great. circle, and to the primi- 
tive, it is perpendicular to their line « of common ſec- 
tion, and conſequently BE, EK are likewiſe perpen- 


dicular to the ſame. Hence BEK is the angle, of i in- 


clination of the propoſed circle to the primitive. Let 


AK, AL be drawn, and meet BD. in F, G, the 
Araight line FO is the diameter of the projection, 


3 


8. s Un I A HG 8. e iow 
* Les it he bitegd in I. and let. &, H be geined. Be. rele- 
cauſe FAG is a right angle, HA = H, and the angle dicula 
HAF =, HEA, S EK G IKE; from theſe equals, Co 
taking dhe equal; angles, EAT, FRE, there remains || mitiv 
HAE = NER, the angle of inclination. And, in the I circle 
right angled triangle AEII, to the radius AE, EHs Ig 
| the tangent, and AH the fecant of HAR. | 
31g B03 20] OZ 1 0 9% 7 
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Fig. 2. et MN be che projection of & great cirele, meet- | 
ing the primitive in the extremities of the diameter 1 


MN, and let the diameter BD, perpendicular to MN, 

Te. 75, og the projection in ; G. Let FG Go bifedted i in 

Hand N, I be joined Then becauſe any angle, con- 1 

tained byp-tworoireles! cofrithei4he#t) is equal to the f 

angle formed by the radii vf their projections at the 1 

point of rencburſe, the augle chntuinkll by the pro- 

_ pbſed+ great Ciccle rad / thę primitive is equal to the 6 

nungle ENTIZ of which EH is the tangent, and NH the 
„ ſetaht th the oadius:of the) primitiv. 

Sol. 1 HII cirotes! with bee b gc 

My1N:4@th©þfojedtions of * great circles, and have 

| Ubeir,ceilteds;in the line BG. All circles which paſs 

throbþh che paints F. Gy are che projoctions of great 

MAT = MAH e Signs e as 4 ide, 

\ (AMI + 7 | 
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circles, and has tir ceqtets bh Gen Hl: Peiten 


dicular to BG. 1H = 4H, un nne us, 
Cox. 21 If NE; Nl be bonlihhed to theet che pri. 

nitive in L, T, chen BL“ is the mbaſüreföf tlie great 

crcle's RENEE to the primit ve, and MT = 2BL: 

'A bar od ot HAA Slangm bainns dg 

12 11 to 11891 Sf HA, bas sg 5d: 


0 rn ss v. 


The center of pron of a Small Gircle,, | gradient 
to the Srimitive, is diſtant from the center of the pri- 
- mitive, the ſecant of the circle*s diſtance from its near 
er pale, and the radiut: of projeftions is themangont of = 
| uren, 40 inne 2 i wp Viſinniig off ur + 
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11 ABCD be a>. preaDeirtle;, paſſing througtthe Fig. 29 - 


projecting pointy. and; perpendiculay 46 the ptopoſtl 
{mall circle, MON their line of cbnimon ſection and 
BOD the line of common ſectiom df ABCD, andthe 
primitive. Then BD is the atis, und O tlie ceriter 
of the ſmall; circle e AM An N be draten 
meet BD in G, F; FG is tlie diameter on kiel ling uf 


meaſures of the ſmall; circles pregedtion Let it be 


biſected in H, and EM. MH joibedo Then, becauſe _ 
AE: EF: : NO „OF, CE {ER;MQ+OF het | 
fore the points C, E, M) are in ar ſtraight line, and 
that ſtraight, line is perpendicular ta A1 Hence 
— HF, and the angle HMF (= HFM = FEM 
EME) 


* . 


Fig. 30. 
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+ FME) = FEM + FOE ; taking from theſe. the e- 
qual angles OMY, FCE, there x4cmaigs the angle 
HMO = FEM. Confequently the angle HOM 
Moo — and HME a 75 angle. Thus HM, which is 


— * r * PRO 1 
N to the radius the projection, is the tangent 
- r UN 
MD, the diſtance of f "the fmal mall wen e from its s Near- 
* of MD, i SES BS Pn 


er Ble, and HE is the ſecant of t the fa ſame. ud 
Con. 1. Let FPGQ be the projection of x {mall 
circle, perpendicular to the primitive, and interſecting 
u m PS und let LEK be lie dtameter of the pri- 
u pe pen ccf 10 BE; "the line of 
en & 1 F, W e in we 
Ane Rail An 2 
vor fte An N Ff Nl Urs IE. ET 
0, F 2231 10 ar aomeo2 1 bo: 
my Col. thank le EP EH 2 Tah ale and FP 
Vir beats e ue 0 Eee ies tot a 
Fol * triangles" Bit, IPA 1e ET in every 
reſpea Ig + is Nm 19 Jo + 6 1156 
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. prijativves  abe pull 28 tnelined t» thi 
primitive, are in the line of meafares diftant from the 
wr of the priate, an IS of 
haff its inclination, | | 


great circle KL, it paſſes through its poles, (which are 
alſo the poles of all its parallel fmall circles), let theſe 
be p, 9, and let Ap, Ag, meet BD in F, Q their pro- 


and CK common to both, pC will be equal to BK, 
which meafures the inclination of the great circle, (or 


its parallel ſmall circles), to the primitive, Now, EP, 


to the radius AE, is the tangem of 4 C, and EQ the 


tangent of + gC, or eotangent of + C. 4 
Cor. 1, The projection of that pole which is adja- 

cent to the projecting point, is without the imitive, 

and the projection of the other within. | 
Cox. 2. The diſtances of either projected pole from 


are directly proportional to the radii of theſe circles. 


For AP biſects the angle EAH, and conſequently 
AQ biſeQs the external angle EAR. Hence EP: PH 
: EA: All, and EQ: QH : : EA: AH, 
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| Becauſe ABCD is perpendicular to the plane of the mg ans 
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PRO POSITION VI. 


Isen either pole of a projefiedgreat circle, two ſtraight. 
let be drawn to meet the primitive and the projec- 
his non, they 'wwill Pr pun MO hag 


— cirdes. 


Fig · 31. From the pole P, of the projected great circle 
FI, let there be drawn any two ſtraight lines PL., 
PQ, meeting the primitive in R, 8, and the projection 
in L, Q; then ſhall r 
of an arch equal to Rr. 
| For 88, RR are the projefions of _ has WP 
„ of which paſſes through A, p, a pole of the primitive, 
| and a pole of the great circle, and which, therefore, 
| intercept equal arches upon them. Now, RS is one 
of the intercepted arches, and the other is projected 
into LO. Hence LO, RS are correſpanding arch- 
es. | ; h 
Cox. Hence, if, from the point where the projec- 
tions of two great circles interſect one another, two 
ſtraight lines be drawn through their adjacent poles, - 
theſe will intercept on the primitive an arch, which it. 
the meaſure of 2 . 
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PROPOSITI 10 N "wn i 


Through two given points, in the plane & the primitive, 
to deſcribe the projection of a great circle. 


PROPOSITION IX. 


Sbrough e given point, in the tircunifebencs of th} - 
tive, to deferibe the projetion' of a great circis that 
ſhall Av with the * Fe given org. 

PROPOSITION X. 


wy gy © * oy 7 
3 « ++ 0 ” " kd WW > 
a 
x 


Through a given poing in the circumference of a project. 

ed great circle, to deſcribe the) projettion.of - another 
great circle, thet _ make with the l a yon 
angle. | cnn Tay 
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PROPOSITION XI. 


To de efcribe the Arojeftion of a ſmall circle, parallel: to the 
primitive, its diftance from the projetting point being 
given, 
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- PROPOSITION I. 
| 24-0 Wa 4G Q 4 
To deſeribe the projection of a ſmall circle, perpendicular 
v the primitive, ite polo, aud diftance from its pold, 
 benif\givend 0" 6412 10 980 0 1  MAEZCEH ! 
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e any part of « projected great circle. _ 
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Tunonzu i. 1, dum et of the polatzy.tn-wheh 
a perpendicular ſmall circle meets the primitive, a 
ſtraight line be drawn to any point in the circumfe- 
rence of its projectioh, and continuld to mect the di- 
ameter of the primitive that is perpendicular to the 
line af meafures; the: point of concourſe wilt be he 
pole of the projefted great circle which paſſes the- 
the poles of the {mall circle, and that point in the 
circumſerancy of its projeſtion, ., þ, «; (1 9 < 

Turo. 2. If two equal circles, one of which is pa- 
rallel, and the other inclined to the primitive, be b. 


jetted, the diſtancks of the pole of the inclined pro- 
jected circle, from the centers of the projections, 
be directly proportisnaÞto the radii of theſe projected 
einele. 

Tron. 3. If tu equal circles, one of which is 
parallel, and the other inclined to the er x 
projected, ſtraight lines, drawn N th 
the inclined projected circle, will Tok corre- 
ſponding arches on the projection. 

PRosLEM 1. Given the diſtarice of à eireſe from 
its pole, and the projection of chat pole, to' deſctibe 
the projection of the-circle. | 

X10UEAi9TA | ProB. 
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. Pros. 2. About a given projected pole, to deſcribe 
the projection of a circle that ſhall paſs through a gi- 
ven point, in the plane pf the primitive. 
Pros. 3. To meaſure any part of a given projec- 
tion. F 
"Pros; 4. Through a given point, in the plane of 
8 the” primitive, to deſcribe the projection of a great 


circle that ſhall form a given angle with a Jen _ 


nen, circhs} ++ m A ² et 
P xo. g. To deſcribe the projection of a great circle 
that ſhall-form r net * n ont 
ar P e d en 
\ProB. 6. To ar the 8 of à great 
circle that ſhall have a given arch intercepted between 
two given projected great Og and form A given 
angle with one of them. 
- Lenwa 1. The tine of the ſum of two Ache is to 
the ſine of their diſference as the ſum of the tangents 
of theſe arches is to their difference. 4 90 
Lane: 2. The coſine of the ſum of two CD is. to the 
3 f el arches, as the difference between 
the cotangent of the one, and the tangent of. he o- 
er) is to their ſum. | | 2 


55 ON STR ATION of Prop. VI. Book II. 
Let DEF be the projection of the ſpherical triangle 


ABC, the point D being the projection of B, and the 
15 | center 
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cent 
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center of the primitive. Let EF be joined, and the 
tangents EG. EG; drawn. Then Pain as 
ED + D E Dy: Cot. br: 1. 
"DEF — DEE DE — - DFG a 
2 


That is, T, + AB ＋ T, 4 BC. T, 4 A3 — T, 450 
izumi 3: 
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Prop. VII. may be demonſtrated in like manner, 
Nane che ſecond lem TDi 
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orthographic projection of the ſphere, the 
projecting point is ſtill ſuppoſed to de in the axis 
2 aſſumed as the primitive or plane of 
projection, bot zr 16 great « diſtance, chat a ſtraight 
line drawn from it to any point of the ſphere, may 
—— n. to Aud 27 of che 

dd to Jof b. 

eee of any point; there. 
le eee meets 
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Reh great 4 irete, 70 the primi tive; is pro- 
Jjefted into a Giameter of "the" primitive 3 and"every 
areb of it, res rechaed fun the pole aria: ir 
pro ected into ttt 3 ait di coin 
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Let BFD be che primitive, and ABCD. a great Fig. 35 
circle perpendicular to it, paſſing through its poles 
A, C; then the diameter BED. which, is their. line 
of common — be the prc ction of the circle 
ABCD. OY 27 223 A d I 2 "ou 

For, if 3 point as G, in the circle ABC, a 


CEO "I 


perpendiculag.GH, fall upon BD, it will allo be per. 
pendicular to, the plane, of the primitive. Therefore 
H is the projection of G. Heace che whole circle is 


projected into BD, and any arch AG" into EN. _ 
Gl, its ine. ee wen eee e eee 
Cox. 1. Every arch of the W F 
from its interſection wich the primitive, ia projected 
into its verſeck Be. 1% % ne 
Cor. 2. The orthographic projection. of any point on 
the ſurface of the ſphere, is, within the primitive, di- 
ant from its center, by the ſine of that paint s diſtance 


mol either pole of the primitive. 
F f f : Cor, 
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Con. Every ſmall circle, perpendicular; to the 


primitives is projected into [its Jing of cmmon ſec- 


tion with: the primitive, which is alſo its own diame· 
ter z and every arch of the, ſemaicircle above the pri- 
mitive, reckoned from the middle point, is projected 
into its no. to eil 31 „ H Hy 9101 fl: 
Con, f. Every diameter of the primitive is the pro- 
jection of a great cirele, and every other chord the 


projection of a ſmiall circle... Fhasupslaco bas HI 


Con. 5. A ſtraight line; perpendicular to che pri- 
mitivez is projected into, a point, a parallel to the pri- 
mĩtive, into an equal ling, and one inclined to the 
primitive, into a leſs line, fuch, that radius is to tb 
coſine of the inclination, as the inclined line to its 
projection. 

Cor: GA ſpherical angle, at the Dat is pri- 
mitive, alſo any rectilineal angle, whoſe plane is pa- 


Fallel. toad the pimpen is projected into an equal 


angle. a ned 301 1 an Ns 
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A circle Hale ln ce priputipe, is projefted int a girl = 
ade fg fellb and congentria with the primitive. 
nd HI ni asm i dt gal (lolo 7875 
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Let the ſmall circle FIG be parallel to the plane of 


ms primitive BND. The ſthaight dine Hk, which 
joins their centers, is perpendicular to the piii ve 
therefore E id che projection of III Let adfitadius 
HI and IN perpendicular to the primitite h draun. 
Then IN, HE} being parallel are in the fame plane; 
therefore IH, NE, the lines of common ſecioh uf the 
plane IE, with cwefparallel planes, are parallel,” and 
the figure IIIEN is a parallelegram Hence NR = 
IH, and conſequently FIG id projectell into un equal 
eircle KN IL, Aheſe center 15 E Agtgifl A 2 A400 
Con. The'tatius of the proſbctibn is the con of 
the paralle d dtanee from the primitive, r n 
ol its diltance from the pote ef the primitives 
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An incliued circlb is proſultedt into aui lige, bl ge | 


v9 bs » 6 


verſe axis is the diameter of the circle. 


CAsE I, Let ELF, be A great FEY inclined to the 


primitive EBF, and EF their line of common ſection. 


From the center C, and any other point K, in EF, 
let the perpendiculars CB, Kl. be rated in tlie plane 


of the primitive, and CI, KN, in the plane bf the 
great circle, meeting the circumference in L, N. Let 
JS, ND, be perpendicular to CB, KI; then G, D 


; are 


Fig 34. 


Fig. 35. 
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are che prsjectlot of Is) NIA And; betfdlc the tri- 
angles 100, NK De equlangular; Ch = CGν,ỹ 
NNW DE -) or EC H 24 EKP4 DN theres: 

forOthe points G; P. are an the ce of an ellipſe, ot 


which EF is the tramſvefſe, and Q the ſemi-· conju - 


gate axis. ON TO 0 Ievps bas MI or 1eivatbasr 

C68. 1. In a projected great circle, the ſemi-conju 
gate axis is the coſmꝭ of the great circlels iniflination'- | 
to theprinilise. Ad = 1.51 x 49% bas JA = 10 2 (0/4 


Cob . Ferpendienlars tothe tranſverſe axis inter- 


cept correſponding ardhes1 sf! the prdjedtion and the 
primitizss 211905 5117-07 ei aizs 2havins7) off: 1.200) 
Oo.. The execntricity ef the projection is the” 
fine of the great cirele's inclination to the primitive. 
Jo »Snito> 3d zi eixs SI off HER A 
ten . Let ANB be a ſmall eirele; inelined e 
the primitive, and let the grent reite LBM, perpen- 
dicular to both: interſech them i the lines AB; LM. 
From the ebnter O, and aH dthrer point N in the 
diametet AB, Udet the ꝓpeypendieuluts 0P, NQ be 
drawn in the plane of che mall oirele, to in cet its 
circumſetrence in 'F „melo from from tlie points 
A, Nj O,. BBl AG NI, OC, BH, be drawn per-. 
pendivular 10 BRI and früm Fr QT; PE, QD, TF, 
perpehdiuulaf co the prime; then G, I. C, H, E, 
D, Fase the projedtions* er der peilt Bees 
Op is perpendicular to LBM, and OC, PE, being 
812 to the primitive, are in the ſame plane, 
* 


the 


zr 


298 
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the plane COPE & rlenntendithlat td LBM Bur the 
primitive is perpendicular to BBM. Therefore the 
line af common ſection EC is perpendicular to IBN 
and to LM. Hence P isa parallelogram, and EG 
= OP. In like manner, , Dl, are proved per- 
pendicular to LM, and equal to OT, N. Thus, 
ECF is a ſtraight line; and equal to the diameter NT. 
Let QR, DK, de parallel to AB, LM; then RO! ; 
NQ = DI = KC, and PR Xx RT = EK i ỹjj 
AO HCG :: NO: Ot; therefore AO OG:: R 
DK, and ECYD CG t EKF-4DK*anbnogts 1405 * 95 
Cox. 1. The tranſverſe axis is to the conjugate; aa 


radius to the cone of; the gircle's inclination. to the 


primitive. „tho nonembare*tsb5 * 511 050 
Con. 2. Half the tranſverſe axis is the coſine of 
half the ſum af the greateiꝭ and heaſt diſtances of 2 | 
{ſmall cirele from. the primitive. 1 131 _ eee 
Cox. 3. The extremities. of, th are 


in the line of meaſures diſtant from, che:canter uf he | 


primitive, byithe coſines of the. greateſt and leaſt di --- 
ſtances of the ſmall circle! from the primitive. 

Cor 4. If, from thejextremitjes of the conjugate 
axis, of any clliptical, projectiqn, perpendiculars ba 
raiſed, (in the tame gr Sion, if the cirle do nod in 
terſe the primitive, hut, if ocherwile, in oppoſite di: 
reQigns,) Auey will intercept, an, arch of the primjq ,< 


wer whoſe pore equal tothe] circle's, diameter / 1: 
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: PROPOSITION, W. 

| oF, HOITIZ2O0 qc + 5 

7. he projected poles of an inclined circk are, in-its Fn 

e mieafures, diftant from the caner of the primitive, 
— Arca primitive. 
i 

e ABCD de a arte died ne e both to 


che primitixe and the inclined cirgle, and interſecting 


them in the diameters AC, MN. Then ABCD paſ- 


ſes the poles. of the incl | 

WY War ANT wide AD eden 
be P, Te let 5 be icular to 

e Boy ene ee 


p, q are the projected poles, and it is evident that 
= 8,BP, or MA, the inclination. 


pj, the projected n. and the extremes of 


joigate daß, ate an in one And the fame 


5 2 | 

Con. Ns Genes be of a ſmall circles 
inclination to the primitive, ſo is the coſine of its 

diſtance fol Hd ON podle td fie Giftes of the cen- 

a of its enn from the center of the primitive. 
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„7. deſeribe the projection & a ſmall ertle purallal io ube 

primitive, ite diſtance. ſrum the poie ibe primitive 
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OREM 1. In any inclined circle, two diaine- 
ters, which cut each other at right angles, are pro- 


jected into _— diameters of the ellipſe. 
THEOR. 
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Taxon. 2. In every elliptical projeftian, half the 


| "tranſverſe axis is to the excentricity, as radius to the 


plane of the primitive, Waun 


pole, and the projection of that pole, to deſeribe the 
1 projection of the circle. 5 | 


DEMONSRTATION of the laſt ruros· | 


fine of the cirele's inclination to the primitive; and 
half the conjugate axis is 
dius to the tangent of the ſame. 

PROBLEM: I. ts Lad. 


great circle. 
Pros. 2. Given ae of a circle from its 


\ Pros. 3. Through a given point, in the plane of 
the primitive, to deſeribe the projection of a great 
circle, having a given inclination to the primitive. | 


0 


Boon II. 


& 


\ 4 FE 
* 


Let the ſpherical triangle ABC de projeted ortho- 
graphically upon ABD, the plane of one of its ſides ; 5 


and let the projections of the other two ſides be con- 
tinued to meet the primitive in F, D. Let AEF, 


© BED, the tranſverſe axes of the ellipſes ACF, BCD, 


to the ee as ra- 


1e 57 2 — —_ 
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Book IV. 8 35 HERICS a 
BD, and'1Þ, CO perperidicular to AF. Then AK, 
LM are the fines of the two ſides, GH the verſed ſine 
of the included angle, and PO the exceſs of the 
verſed ſine of the baſe, above the verſed fins of AL, 
the difference of the two ſides ; 1 8 
de Bert EIN: GH: IC. 
And AE: AK:: LC: 00. | 
Therefore AE x GE : : AK „ IM :: GH : FO. ; 
. That is * 8,AB x BBC: :V,B: * 
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7. line 7. for equal read equal . 
8. dels”, | 
10. for ax. 4 read ax. 3. 
8. 11. for DEF read EDF. 
— 19. for ax. 2. read ax. 1. 
9. 2. for ax. 2. read ax. 1. 
29. + ult. for ABD read ADB. 
40. 2. for 10. 1. read 9. I. 
41. 4. for ſquare read ſquares, 
46. 9- for BCA. read CBA. 
59- 6. for cor. 24. read cox. 23. 
61. 4. for 12. 1. read 11, l. f 
62. 23. for 11. I. read ugy 1. 
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Page 2. In def. 12. for a ſurface, read a plane ſurface, | 
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